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FOREWORD 


By MAuRICE R. SCHARFF,! M. AM. Soc. C. E. 


The Committee of the Power Division on Depreciation began its work in 
1938 as a Sub-Committee of the Committee on Power Cost. It soon became 
apparent that the subject of depreciation was of interest to more than the 
Power Division, and eight Divisions became affiliated with it to create a 
Joint Committee on Depreciation. This Committee was created under the 
auspices of the Power Division, with the writer as general chairman, and 
includes in its membership the following Members of the Society: 


C. A. Farwell (City Planning Division) 

H. O. Locher (Construction Division) 

Edwin F. Wendt (Engineering Economies Division) 

Roy W. Crum (Highway Division), Robley Winfrey (Alternate) 
E. L. Myers (Irrigation Division) 

Maurice R. Scharff (Power Division) 

E. B. Black (Sanitary Engineering Division) 

S. S. Steinberg (Surveying and Mapping Division) 

William G. Atwood (Waterways Division) 


From time to time the Committee has undertaken to advance its objectives by 
the preparation of a number of technical papers on the depreciation problem. 
These have been circulated among members of the Committee; but a convic- 
tion has been growing that to advance a program of detailed, technical, and 
complex discussion is of little value unless the basic and simple definitions 
underlying it have been established previously; that is, until a common lan- 
guage has been outlined and an agreement has been reached as to its funda- 
mental characteristics. 

That is the central purpose of this Symposium: To avoid emphasis on 
technical details and make a new beginning toward formulating a preliminary 
agreement on fundamentals, upon which, later, can be built a sturdier “super- 
structure.” 


1 Cons. Engr., New York, N. Y. 
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RELATIONSHIP TO REGULATED INDUSTRY 
ve WeAusWiatis,?Mi Alt Soc. CoE, 


SYNOPSIS 


Ever since the advent of the active regulation of public utilities, the problem 
of depreciation has been and now is in a very confused state. In an attempt 
to find some satisfactory solution to the problem, a great deal of effort has been 
spent by independent writers, public utilities, and regulatory authorities. 
Numerous treatises, reports, and books have been written on the subject. 
Numerous concepts and methods of depreciation have been advanced, and 
many different solutions advocated. The present situation might appear to 
be a mere battle of words, or a battle over theories and definitions, which not 
only fails to clarify the situation but, on the contrary, obscures the basic factors 
that control the problem. 

As a part of the Symposium on Depreciation devoted to a consideration 
of the fundamental aspects of the problem, this paper approaches the problem 
from the viewpoint of the actualities of depreciation and it is free of theoretical 
formulas and definitions. Two current views on the problem are examined 
and their relative merits are discussed. One of these views is based on the 
so-called age-life theory and definitions resulting therefrom that involve as- 
sumptions as to the future or remaining life of property. The other view is 
that depreciation cannot be made to suit a definition, but rather the definition 
must truly express the actualities of depreciation. This view states that de- 
preciation in property as of any time is an accomplished fact, and, to determine 
that fact, engineering and technical knowledge should be used in the same way 
as it is employed in connection with the safety standards, replacements of 
_ property, and selections of equipment. The writer favors the latter view. 


The basic purpose of this Symposium on depreciation has wisely been limited 
to a consideration of the general aspects of the problem with the aim of ex- 
ploring the true character of depreciation and the possibility of its measurement 
by engineering and scientific processes. Engineers are interested as to the 
réle that the profession should play in helping to determine the proper treat- 
ment of this much discussed problem. 

The most difficult aspects of the depreciation problem confronting public 
utilities today are those in connection with estimating depreciation for ac- 
counting and with determining depreciation for rate-making purposes. These 
difficulties arise from certain existing facts, circumstances, and contentions, 
the more troublesome of which may be stated as follows: 


2 Pres., Pennsylvania Water & Power Co., Baltimore, Md. 
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(a) The earnings should be based upon fair return on the fair value of 
property devoted to public service. 

(b) It has been suggested that depreciation taking place within any period 
of time is the difference in fair value at the beginning and end of the period. 

(c) Some advocate specifically that public utility earnings should be limited 
to a “fair return” on the original cost less the balance in the depreciation re- 
serve resulting from either the actual charges made or charges that should 
have been made in the past against operating expense on an age-life method of 
accounting for depreciation. 

(d) Most enterprises, including public utilities, pass through three stages 
during their economic life—namely, (1) the development stage; (2) the normal 
productive life stage; and (3) the declining stage. The actual capacity of 
enterprises to make substantial provision for depreciation necessarily will often 
be more or less limited and difficult in the first and third stages and sometimes, 
by general business conditions, in the second. 

(e) The desire is often expressed that the sums, however arrived at, that 
are currently set aside for depreciation and charged as operating expense 
should serve the purposes of accounting and rate making. 


In attempts to satisfy these various facts, circumstances, and contentions, 
numerous definitions of depreciation have been formulated, many of which are 
mere combinations of words that do not contribute sufficiently toward a clarifi- 
cation of the problem. As a consequence, numerous “‘concepts” have grown 
up which seem to have for their purpose the conveyance of some factual or 
real substance to the various definitions of depreciation. One of the present 
problems is the formulation of a conception of depreciation that will afford a 
common understanding as to the true scope and character of the problem. 
Such a concept should recognize that depreciation cannot be made to suit a 
definition, but rather the definition must truly express the actualities of 
depreciation. 

The approach to a common understanding of depreciation must, of neces- 
sity, give recognition to the manner in which, and the purposes for which, the 
result will be used. For example, depreciation related to reproduction cost 
new of a replica of an old item of property might properly include certain ele- 
ments, or the effects of certain causes, that would not properly be included in 
depreciation related to reproduction cost of old facilities in terms of modern 
property; and, similarly, depreciation related to original cost may properly 
consist of still another group of elements. 

It has been contended that depreciation at any given time cannot be mea- 
sured by engineering or scientific methods with reasonable accuracy, and that 
future life can be estimated with greater accuracy either by deducting from a 
reasonable original estimate of life expectancy the elapsed life of the property, 
or by some other method. On the other hand, it has been claimed that the 
effect of forces that cause depreciation are generally measurable by engineering ~ 
and scientific methods at any given time with greater accuracy and reliability 
than remaining life can be estimated. 

If the assumptions on which the first group of concepts are founded were 
correct, then in so far as proponents of this group of concepts are concerned, 
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the problem resolves into an estimate of total life (present age plus remaining 
life) and the application of mere arithmetical processes in the treatment of 
depreciation. Since the present age ordinarily may be ascertained, and since 
it is asserted that the necessary arithmetical processes are available, the in- 
determinate part of the problem simply reduces to an estimate of the remaining 
life. Therefore, particular interest is attached to the methods by which, and 
accuracy and reliability with which, such life can be estimated. 

The future life of any element of property will be controlled by the combined 
action of those forces that cause depreciation—namely, physical (wear and 
tear, decay, action of the elements, etc.); and functional (inadequacy, ob- 
solescence, changes in the art, changes in demand, and requirement of public 
authorities, etc.). The forces that cause functional depreciation are essen- 
tially economic in character, some of the more important of which are: 


(1) The price of economically feasible new facilities, which prices will be 
controlled by manufacturing methods and general price level; 

(2) Greater efficiency, capacity, reliability, better operating characteristics, 
less operating costs and hazards, or any other similar characteristics that may 
contribute to the justification of the replacement of facilities; and 

(8) The rate of growth of the particular enterprise and of the territory or 
area in which products are sold or service is rendered. 


Do not the same forces which control remaining life also control the amount 
of depreciation at any given time? However, is there not a very fundamental 
difference between the problem of measuring depreciation and estimating future 
life at a given time? In measuring the depreciation existing at a given time, 
comparatively reliable bases are available or obtainable as to the extent to 
which the forces causing depreciation have already acted. In estimating future 
life, however, there is little to serve as a guide as to when, and to what extent, 
these forces may or may not act. All estimates of future life involve un- 
certainties and are assumptions, and the farther these estimates are extended 
into the future, the less reliable they become. 

The assertion is frequently heard that future life of public utility property 
can be estimated on an actuarial or statistical basis in the manner that in- 
surance companies treat human lives. The correctness of such a conclusion 
seems open to question. Insurance companies deal with large numbers of 
humans whose life spans, by nature, vary comparatively slowly from generation 
to generation. They also segregate individuals by occupations, races, sexes, 
etc., into groups such that the risks may be appraised and made as nearly 
uniform for each group as possible. The extreme caution with which in- 
surance companies use aven their large volume of reliable statistics as a guide 
to future life is clearly shown by the care they use when they insure life against 
new and unknown risks. 

The forces that control human-life characteristics are obviously not com- 
parable to those that govern life characteristics of most utility property, and 
for very sound and obvious reasons. Consider, for example, the electric utility 
industry, which has grown from relative insignificance to its present status 
during the past several decades. Coincident with, and inseparably related to, 
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this growth is the fact that the facilities that comprise the industry’s property 
have been continually improved. Many of these improvements have resulted 
in functional depreciation, which has been one of the predominant causes of 
retirement of property in the past. Other improvements have resulted in a 
change in life span of facilities. 

At the same time, the improvements in most property have made it im- 
possible for the life of one generation of property to serve as a reliable guide 
to the life of a succeeding generation of property. Therefore, it may be true 
that in the case of most electric utility facilities, statistical treatment will not 
be possible until statistics are available of lives that have not been affected 
by improvements. 

In the case of a relatively small proportion of the facilities of most utilities, 
proper statistical data may be a reliable guide to future life. However, with 
the possible exception of communication utilities, this proportion susceptible 
of statistical treatment is not a large percentage of the total property and thus 
does not carry much weight in the problem as a whole. 

A general conclusion as to estimates of future life for most electric utility 
property might be stated briefly. Such estimates, even for the near future, 
have limited accuracy and reliability, and, when extended into the more dis- 
tant future, they would appear to have even less accuracy and reliability. 
Even if future life could be determined with absolute accuracy, it is not, of 
itself, the measure of depreciation. An estimate of future life is merely an 
element to be considered to the extent that it may be a measure of future use- 
fulness, but it should be recognized that future or remaining life is not neces- 
sarily synonymous with future usefulness. 

The problem of measuring depreciation at a given time is fundamentally 
different from that of estimating future life in years. . The factors that have 
caused depreciation are well known to engineers, for these are constantly ap- 
plied by them in selections and replacements of facilities. Measurements of 
depreciation, like the selection and replacement of property, are essentially 
comparative procedures in which an item of existing property is compared in 
a proper manner with an available modern item of property. In such a com- 
parison, the various points of difference such as efficiency, reliability, etc., are 
evaluated. Technical data and experience are available that can be utilized 
in making such valuations. There are also numerous technical and scientific 
data, tests, and procedures that are valuable aids in the determination of 
physical condition. An evaluation of the foregoing having been arrived at, 
the result must be expressed in terms appropriate to the use for which the 
determination is made. 

The ascertainment of depreciation may well be » subject for engineering 
investigation and careful exercise of judgment rather than something that can 
be treated by those not familiar with engineering matters or something that 
can be solved by using perhaps the simplest arithmetic. Replacements and 
selections of property often require the exercise of sound engineering judgment, 
and decisions are not always easy to make; but such applications of judgment 
are not avoided through the adoption of simple methods that may lead to 
unsound results, The increasing complexity of modern manufacturing proc- 
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esses requires the development of engineering ability to solve the problems 
involved. Cannot this same engineering ability be devoted to the more ac- 
curate determination of the condition of equipment and depreciation? There- 
fore, is there a justification for the conclusion often hastily drawn that measure- 
ments of depreciation cannot, with study, be made with the needed accuracy 
and reliability? 

There would seem to be no adequate justification for treating the matter of 
depreciation in a superficial manner merely for the purpose of attaining alleged 
simplicity. In estimating the rate at which depreciation may be expected to 
progress in the future, it seems proper that the estimated rate for the immediate 
future should be guided by the rate at which depreciation has progressed in the 
immediate past, modified by judgment as to the conditions and circumstances 
expected to prevail. This would seem a more accurate and reliable guide than 
reliance on estimates of future life based on assumptions and fragmentary 
statistics from the distant past when it is known that the prevailing conditions 
are not comparable therewith. 

The problem that lies before engineers seems to be rather definite and is 
certainly pressing: First, a sound basic concept or common understanding of 
the true meaning and scope of depreciation must be developed; second, an 
orderly and basically sound procedure for measuring depreciation must be 
formulated that will use the vast volume of technical and scientific data and 
methods available, and, above all, one that will yield comparable results under 
comparable conditions and circumstances; and third, an orderly and basically 
sound procedure of deriving estimated rates of depreciation for the future from 
measurements of past depreciation must be formulated. None of these sug- 
gestions is intended to carry the implication that engineers must or can reduce 
the treatment of depreciation to a simple arithmetical process which will 
eliminate or even reduce the quality or amount of sound judgment required 
in the treatment of the problem. 
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RELATIONSHIP TO COMPETITIVE INDUSTRY 
By EUGENE L. GRANT,? M. Am. Soc. C..E. 


SYNOPSIS 
Writers on depreciation seem to agree on nothing except that other writers 
on the subject are somewhat confused. Many apparent differences of opinion 
on this controversial subject might be reconciled by recognition of the following 


two points: 


1. A clear differentiation should be made between three fundamentally 
different depreciation concepts. These might be described briefly as the 
popular concept, the accounting concept, and the appraisal concept. 

2. Depreciation estimates will enter in different ways into different kinds 
of business decisions; it is necessary to examine the specific alternatives pre- 
sented in any case to see what depreciation estimates are relevant. All busi- 
ness decisions are between alternatives for the future; the only possible dif- 
ferences between any such alternatives are future differences. What is past 
is relevant only because of its possible aid in forecasting the future. 


This paper illustrates these two points by brief discussions of the relation- 
ship of depreciation to five types of problems existing in competitive industry, 
as follows: 


(a) Engineering economy studies relative to a proposed new investment; 

(b) Engineering economy studies relative to proposed retirements of ma- 
chines and structures which are still capable of rendering service; 

(c) Establishing selling prices; 

(d) Making appraisals based on replacement cost new; and 

(e) Shaping public tax policy to recognize the national interest (particularly 
the national defense interest) in private decisions on plant expansion and plant 
retirement. 


THREE FUNDAMENTAL DEPRECIATION CONCEPTS 


A prerequisite for any discussion of depreciation principles should be a 
reading of the explanation, in the treatise by J. C. Bonbright entitled “Valua- 
tion of Property,” 4 of the different concepts attached to the word “deprecia- 
tion.’” One concept involves the popular meaning of the word; two others 
involve special technical meanings. Failure to realize the fundamental differ- 


8 Prof. of Economics of Eng., Stanford Univ., Dept. of Civ. Eng., Stanford University, Calif. 
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ences between these three meanings has been responsible for much confusion 
in the literature of this subject. The concepts are: Decrease in value, amortized 
cost, and difference in value between an existing old asset and an hypothetical 
new asset taken as a standard of comparison. (Bonbright gives a fourth basic 
concept of depreciation as “impaired serviceableness.” As he states, this is 
not a value concept at all although it has sometimes been used to confuse the 
issue in value determinations. ‘‘As good as new” is not the same as “‘as valu- 
able as ever.”’ Impaired serviceableness is only one of many possible reasons 
for fall in value.) 

Decrease in Value—This implies that value is somehow determined at two 
different dates. The value at the later date subtracted from the value at the 
earlier date is the “depreciation” regardless of what combination of causes may 
have been responsible for the value change. When “depreciation” is used in 
everyday speech, this is the meaning usually implied; it is also implied by most 
dictionary definitions. It should be noted that this meaning may be applied 
to various concepts of value. As explained by Bonbright, the most useful con- 
cepts of value are “market value” and “‘value to the owner.” 

Amortized Cost—This is the concept of depreciation implied by the usual 
accounting practice. From the viewpoint of accounting, the cost of an asset 
is a prepaid expense to be apportioned among the years of its life by some more 
or less systematic procedure. The controversial questions here are what the 
estimated life should be and how the apportionment should be made. It 
should be emphasized that it is cost, not value, which is apportioned in ortho- 
dox accounting. Although the phrase “book value”’ is commonly used to de- 
scribe the difference between the cost of an asset and the total of the deprecia- 
tion charges made to date against the asset, this difference is more accurately 
described as ‘‘unamortized cost.’? Confused reasoning may result from a 
literal interpretation of those classifications of accounts which define deprecia- 
tion as “loss in value.”’ Only if value is defined in what might be called a 
neutral sense, as any money amount that may be associated with property, 
can it be Pid that the accounts really record value. 

Difference in Value Between an Existing Old Asset and an Hypothetical New 
Asset Taken as a Standard of Comparison.—This is the appraisal concept of 
depreciation. An upper limit on the value of an old asset to its owner may be 
determined by considering the cost of reproducing the service which the old 
asset is expected to perform with the most economical new asset available for 
performing the same service. The present cost new of this hypothetical new 
asset is the depreciation base. The depreciation deducted from this to deter- 
mine the value of the old asset is a measure in money terms of the inferiority 
of the old asset to the hypothetical new one; the old asset may be inferior for 
a number of reasons such as shorter life expectancy, higher prospective annual 
disbursements to get the service performed, and lower prospective annual re- 
ceipts. The writer believes that it is in this field of measurement in appraisal 
depreciation that engineers can make their greatest contribution to theory and 
practice. Such measurements, which are primarily an engineering function, 
can shed light on comparisons of alternative methods of depreciation account- 
ing. Moreover, the appraisals of which they are a part often may serve as the 
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only criteria by which decrease in value (depreciation in the popular sense) 
may be estimated. 

Despite the frequent confusion among them, all three of these depreciation 
concepts are useful. Any suggestion that two of them be given different names 
would doubtless be futile. Throughout the remainder of this paper they are 
called “popular depreciation,” ‘‘accounting depreciation,” and ‘ ‘appraisal de- 
preciation,”’ respectively. Some fundamental differences among these three 
concepts are revealed in Example 1. 

Example 1—A man bought a new home in 1932 for $6,000. In 1940 he 
sold it for $6,000. In the intervening years he rented it to a tenant for part 
of the time; and in reporting his taxable income for this rental period to the 
government, he made an annual depreciation deduction of $125. This was 
based on a $1,000 lot on which no depreciation was charged and a $5,000 house 
on which straight-line depreciation was calculated over an estimated 40-yr life. 
The purchaser arrived at his $6,000 bid by estimating the cost of buying a 
similar lot at $1,000 and the cost of building a comparable house in 1940 at 
$6,500; from this total of $7,500 he deducted $1,500 because of the shorter 
life expectancy, higher early maintenance costs, and less modern design of an 
8-yr-old house. 

In this incident the popular depreciation was evidently zero, as the market 


value in 1940 was the same as in 1932. The accounting depreciation was | 


$1,000—that is, in of $5,000. The appraisal depreciation was $1,500. 


Increase in residence construction costs between 1932 and 1940 had com- 
pensated for the causes making for decline in value so that there was no popular 
depreciation. Changes in price levels had no effect on accounting deprecia- 
tion, as the accepted principles of accounting call for basing depreciation charges 
on cost. Price level changes did not affect appraisal depreciation for quite a 
different reason; they had already been taken into account by using the present 
cost of a new asset as the depreciation base. 


ENGINEERING Economy Stupigs RELATIVE TO A 
Prorosep New INVESTMENT 


Answering the question “Will it pay?” with respect to a proposed plant 
investment may involve the conversion of a first cost, P, an estimated life, n, 
and a salvage value, L, to an equivalent uniform annual cost. This requires 
the use of an interest rate, 7, which should be the minimum rate of return that 
will make the investment attractive. This minimum attractive return should 
depend on both the prospective return obtainable from other investments and 
the apparent risk of the particular investment in question. 

With zero salvage value, the equivalent uniform annual cost is obtained by 
multiplying the first cost by the capital recovery factor, eae - With 
a salvage value, the annual cost of capital recovery is a, 


LR Le ¢(1 +1)" . 
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It may be shown readily that this is equal to the sum of interest on first cost 
and a “sinking-fund depreciation” annuity, provided the interest rate used on 
first cost is also used for the sinking fund. Thus the annual cost of capital 
recovery may be described as interest plus depreciation. 

As the two preceding paragraphs describe conventional theory in engineer- 
ing economy, they require no detailed explanation. However, a point not 
always understood should be emphasized—namely, that this equivalence cal- 
culation simply states: ‘‘Here is a uniform series of payments which, with the 
final salvage value, would serve to pay. back the first cost in n years with the 
minimum attractive rate of return 7.’”’ The calculation is not concerned with 
the central problem of depreciation accounting, the allotting of cost among a 
number of different years. The equivalence holds good regardless of what 
plan of accounting is to be used and has no relation to any actual or hypothetical 
sinking fund for the replacement of invested capital. k 

Although such a capital recovery calculation may be thought of as the 
amortization of cost with interest and thus appears to combine a recognition 
of the time value of money with the viewpoint of accounting depreciation, it 
is really the viewpoint of popular depreciation—prospective fall in value re- 
gardless of cause—which is relevant. For this reason, estimates of life and 
salvage value in economy studies to determine whether a proposed plant in- 
vestment will pay may properly differ from the estimates of life and salvage 
value to be used in the depreciation accounting if the investment actually 
is made. 

Example 2.—For instance, imagine that the home owner in Example 1 had 
anticipated that a house purchased in 1932 would be salable a number of years 
later for the same price. Obviously this forecast of no popular depreciation 
would have been relevant in an economy study comparing home ownership 
and renting. If price level changes are forecast as likely to influence possible 
resale value of a property, this forecast should influence the annual cost of 
capital recovery used in a study to determine the economy of acquiring that 
property. However, the forecast of price level changes has no place in de- 
preciation accounting as it is ruled out by the conventions of accounting. 

More important than this in many economy studies is the forecast that long 
before the date of its retirement the value to the owner of a proposed machine 
or plant will be very low. This forecast may be based on past experience 
that improvements in design render plant obsolete in a short time, or on an 
expectation of the termination of the present demand for the product, or on 
other reasoning. It is a common policy, particularly in the manufacturing 
industries, to require that new machinery “pay for itself in three years” or in 
some other short time from one to five years. It is also common for the ma- 


\ chine, installed on the basis that it must pay for itself in three years, to have 


its depreciation accounting based on a 10-yr life. Past experience might show 
that similar machines had served fifteen years before retirement. Recent 
regulations of the Bureau of Internal Revenue, U. S. Department of the 
Treasury, have had the effect of bringing the accounting depreciation—at 
least for income tax purposes—more closely into line with past evidence of 
total realized life, and have thus increased the discrepancy between the life 
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assumed in the economy study and that assumed in the subsequent depreciation 
accounting. 


Economy StupIEs FoR PRoposED RETIREMENTS 


Perhaps most property retirements in modern industry are retirements of 
machines and structures which are still capable of rendering service. Such re- 
tirements are made because of some one’s decision that it pays to make them. 
Unless such decisions are made merely on a “hunch” basis, they require an 
estimate of the cost of Seung the service of the old asset for some specified 
future time. 

It should be ebvinds that this “cost”? is a money difference between dis- 
posing of the asset at once and disposing of it at the specified future date. The 
only “depreciation” involved is the difference between the net amount realiz- 
" able from the immediate sale of the asset and the net amount realizable from its 
future sale. This is depreciation in the popular sense of decrease in value; the 
relevant ‘‘value” is net price in a second-hand or scrap market, or value to the 
owner for some other purpose. Accounting depreciation based on the past 
cost of the asset is irrelevant; so also is the difference between the unamortized 
cost (“book value”’) and the present net realizable value. The money originally 
spent for the asset has been spent regardless of what decision is now made about 
continuing it in service. 

Although this should be obvious, unfortunatey it is not. The literature of 
replacement economy is full of formulas which, as part of the attempt to de- 
termine whether a proposed replacement will pay, add to the first cost of the 
proposed new asset the ‘‘loss”’ which the books would record on the disposal of 
the old asset—that is, the difference between the ‘‘book value”’ and the net 
realizable value. \ (Although under individual unit depreciation accounting, if 
the “book value” of a retired asset is greater than its net realizable market 
value, the difference must be written off on the books [either as a charge to 
current expense or in unusual cases as a charge directly to surplus ]; the usual 
description of this difference as a “‘loss’” which occurs at the time of the retire- 
ment is misleading. The so-called “loss” is simply a portion of a prepaid ex- 
pense which would have been allotted against past accounting periods if correct 
forecasts of life and salvage value had been made; because it is impracticable 
to go back and correct previous accounting statements, this must be charged 
off at the time of the retirement. Under group depreciation accounting, no 
such “loss” entry is made as, presumably, a retirement short of the estimated 
average life of a group of assets will be balanced by another at more than the 
average life. This viewpoint is implied in recent regulations of the Bureau of 
Internal Revenue; ‘‘losses” on retirements made sooner than the estimated 
average life are no longer allowable as tax deductions except in extract tia 
circumstances.) 

The most celebrated of these formulas was first published in 1923 and has 
been copied year after year since that time in textbooks and handbooks; it 
still (1941) seems to be “going strong” after eighteen years. One proposed 


; z E 
Ea Nakao te ie pry ei Economies of Labor-Saving Equipment,” Mechanical Engineering, Me 45, 


November, 1941 DEPRECIATION PROBLEMS 1623 


formula® went so far as to charge against the proposed new asset not only the 
“loss” on the current retirement but also a portion of the “losses” on previous 
retirements of a series of predecessor assets which performed the same service! 

It is the writer’s impression that confused reasoning on this matter is not so 
common in industry as would be suggested by the high percentage of the re- 
placement formulas which contain this mistake. Nevertheless, it is common 
enough; there is no question that high book value of old assets often operates 
as a deterrent to economical retirement. The writer believes that this error is 
more common in large concerns than in small ones. The control mechanism 
of a large corporation often depends on accounting figures to such an extent 
that its employees impart a fictitious reality to the apparent evidence of the 
accounts. The owner-manager of a small concern is likely to be more conscious 
of his competitive position and of the actual differences between alternatives. 

Modern writers on semantics have emphasized how readily one may be 
misled by words or phrases that have unfavorable associations. Two such 
phrases may be partly responsible for some of the confusion that exists about 
depreciation. One is the definition of accounting depreciation as “loss” in 
value; the other is the common description of unamortized cost as ‘‘unrecovered 
investment.”’ ‘Loss’? has an unpleasant sound which somehow makes de- 
preciation seem worse than other operating expenses. ‘‘Unrecovered invest- 
ment,” despite its sanction by the Bureau of Internal Revenue, is an inaccurate 
description of “unamortized cost.’”’ In some cases the ‘investment’ in a ma- 
chine actually may be “‘recovered”’ in its first few months of service, and in 
other cases it may never be recovered; neither fact has any relation to the de- 
preciation that has been recorded on the books. (Even if “‘book value”’ really 
were unrecovered investment, it would not be relevant in a replacement 
economy study.) 


DEPRECIATION IN PrRiciING Po.Licy 


In a competitive market, prices are a result of the bargaining of possible 
buyers and possible sellers. Depreciation as one element of cost enters into 
the bidding of the possible sellers. According to economic theory, under free 
competition prices tend to reflect costs to the marginal producer—that is, the 
highest cost producer who is actually able to make a sale. The supply side | 
of the market depends on decisions by individual possible sellers as to whether 
or not they will sell at some given price. In practice, the ‘‘cost”’ to any possible 
seller which should be relevant in his decision whether or not to sell at any 
given price depends on whether or not he has the necessary plant to produce the 
product. Thus two types of decisions involving depreciation enter into the 
bidding of possible sellers. 

One is a decision whether prospective prices are high enough to justify the 
provision of new plant facilities. As already pointed out, in many competitive 
industries new construction is not undertaken unless there is the prospect of 
capital recovery within a much shorter period than the estimated total service 
life of the plant. A price higher than production cost by the most economical 


6 “Beonomie Life of Equipment,” by H. O. Vorlander and F, E. Raymond, Transactions, A.S.M.E., 
Vol. 54 (1932), RP-54-2. 
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new method, including in production cost a much larger depreciation allowance 
than will subsequently be included in the cost accounts, tends to attract new 
capacity into the market. In this manner, improvements in design which 
make it possible to produce more economically tend to reduce the return to 
the owners of older, less economical plant. ' 

The other decision is whether or not a given market price justifies continuing 
to operate an existing plant. If the owners of an old plant are faced with a 
choice between the alternatives (a) to sell at slightly more than the increment 
cost of production and (6) to shut down the plant, it is to their advantage to 
choose alternative (a). The only depreciation properly included in this incre- 
ment cost is the difference between the decrease in value, that is, depreciation 
in the popular sense, which will take place if the plant is operated and if it is 
shut down. In the common instances in which decrease in value is practically 
independent of operation, this increment of depreciation entering into pricing 
policy will be practically nothing. 

The danger that excess productive capacity in an industry may result in 
“cut-throat”? competition in which prices are forced down to increment cost of 
production has its influence on economy studies relative to proposed new ca- 
pacity. The “pay-for-itself-in-three-years” requirement is often partly at- 
tributable to this hazard. 

Under the imperfect competition that actually exists in most competitive 
industries, prices in an excess capacity industry may not actually fall to the 
increment cost to the marginal producer. Producers may prefer a partial 
shutdown rather than a sale close to increment cost of production. If total 
allocated book cost determines the point at which this shutdown occurs, it is 
accounting depreciation which actually is relevant. It should be emphasized 
that it is what each prospective seller thinks at the time that his relevant costs 
are, not what subsequent events prove them to have been, that determines his 
pricing policy. 

Because depreciation may enter into competitive prices in such different 
ways, it is desirable that contracts in which the determination of price involves 
the determination of ‘‘cost’”’ should not depend on a competitive price analogy 
for the establishment of depreciation cost. Such contracts should provide 
definite money amounts for depreciation (or a means of readily determining 
the money amounts) and thus avoid the necessity for adjudicating disputes 
which inherently are extremely difficult to adjudicate. 


DEPRECIATION IN APPRAISALS BASED ON REPLACEMENT Cost 


An appraisal of an asset on the basis of its replacement cost should give an 
answer to the question, “What price for this asset would provide its future 
services at the same annual cost as would be obtainable from the most economi- 
cal new asset now available to reproduce the service?” The depreciation de- 
duction from the price of the hypothetical new asset should be a money mea- 
sure of the inferiority of the existing old asset to the most economical new one. 
The old asset is usually (although not always) inferior in having shorter life 
expectancy; it may also be inferior in requiring greater annual disbursements 
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to obtain the service performed or in having the prospect of lower annual 
receipts. 

The theory that should govern this depreciation measurement is the same 
theory that applies to a somewhat comparable problem in engineering economy 
—that of determining the investment justified to secure an increase in life or a 
decrease in annual disbursements. Consider, for instance, the following 
problem. 

Example 3—A structure, A, has a first cost of $1,000, a prospective life of 
ten years, and involves estimated annual disbursements of $500. An alterna- 
tive structure, B, has a prospective life of twenty years with estimated annual 
disbursements of $500. With interest at 7%, what is the maximum amount 
that could be paid for B without realizing higher annual costs than A? 

This problem may be solved by letting x = the first cost of B which would 
just make annual costs “break even.” Each investment may be converted into 
an equivalent annual cost by multiplying by the appropriate capital recovery 
factor. Equating the annual costs for A and B: $1,000 (0.14238) + $500 
= x (0.09439) + $500. That is,-7 = $1,508. 

Because of the time value of money, in this problem a 100% increase in life 
justifies only a 50% increase in investment. Only with 0% interest would it 
pay to spend twice as much for a 20-yr service as for a 10-yr service. The 
interest rate used in this calculation should be the minimum attractive rate of 
return on investment, considering the risk and the return available from other 
investments. Obviously this return should be greater than the bare cost of 
borrowed money. The higher the minimum attractive return, the lower the 
valuation placed on additional life expectancy. ; 

A prospective saving in annual disbursements may justify a much higher 
investment. For instance, if structure B had the added advantage of annual 
disbursements of $300 instead of $500, the equation would be: $1,000 (0.14238) 
+ $500 = x (0.09439) + $300; or x = $3,627. 

Example 4.—In applying this viewpoint to the appraisal of existing old 
assets by comparing them to hypothetical new ones, it is the value of the 
shorter-lived asset that is the unknown in the equation. For example, the most 
economical new asset that might be used to perform the service of an existing , 
~ old one has a first cost of $1,000, an estimated life of twenty years, and esti- 
mated annual disbursements of $500. The old asset has a remaining life ex- 
pectancy of ten years and estimated annual disbursements of $500. With 
interest at 7%, how much could be paid for the old asset to just “break even” 
on the annual costs with the new one? 

Let x = the value of the old asset to ‘break even’; x (0.14238) + $500 
= $1,000 (0.09439) + $500; and x = $663. 

If the new asset involves lower prospective annual disbursements, this de- 
creases the value of the old asset. For instance, if the annual disbursements 
with the new asset are $450 instead of $500, «x (0.14238) + $500 = $1,000 
(0.09439) + $450;‘and x = $312. 

If the annual disbursements for the new asset are $405 or less, the equation 
shows that the old asset has no value in comparison with the new one. That 
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is, on the basis of a 20-yr life for the new asset it would pay to make an im- 
mediate replacement. 

The preceding paragraphs explain a theory on which depreciation estimates 
in replacement cost appraisals might reasonably be made. The writer believes 
that so-called reproduction-cost appraisals in competitive industry have little 
meaning unless they are really based on the cost of replacing the service. He 
realizes, of course, that few appraisals are actually made in this manner. 

The elements in such an equal-annual-cost appraisal are: (1) The expected 
service to be performed; (2) the selection of the hypothetical new asset to per- 
form it and the estimate of its cost; (3) the estimation of the remaining life 
expectancy of the old asset; (4) the estimation of the life expectancy of the 
new asset; (5) the selection of an interest rate or minimum attractive return; 
and (6) the estimation of the saving in annual disbursements or the increase 
in annual receipts to be expected from the new asset, or both. 

Each of these elements deserves a brief comment: 


(1) The service should be the one that is to be performed in the future by 
the old asset. The result of the appraisal must be recognized as relevant only 
to the value, to the owner, of the asset for this particular service. For some 
other service a different conclusion regarding value might be reached. 

(2) The reason for the relevance of replacement cost in an appraisal is its 
relation to the cost of replacing a service. This implies that the replacement 
cost used should be that of a new asset which would provide the contemplated 
service most economically. If there have been improvements in design or 
changes in the service performed, the new asset will not be physically identical 
with the old one; often it will be entirely different. 

(3) The estimate of remaining life expectancy does not necessarily depend 
onage. As stated at the beginning of this paper, the only possible differences 
between any two alternatives for the future are future differences. It is the 
look forward that is relevant in the appraisal; the look backward (at age) is 
only useful if it helps in the look forward (at life expectancy). Sometimes—if 
the only event limiting the life of either an old or new asset is the prospective 
termination of the service—the life expectancy of the old asset may be the same 
as that of any new one that might replace it. In such cases, if there is no 
difference in prospective annual disbursements or receipts, the old asset has no 
value-inferiority to the hypothetical new one and the appraisal depreciation is 
zero. Sometimes it may seem likely that it will pay to retire the old asset 
very soon. It is the prospective date when it would pay to retire the asset 
from this particular service that is relevant in estimating its remaining life, 
rather than the prospective date of termination of its physical life. Where 
the estimate is being made from a mortality curve, the curve will usually in- 
dicate the remaining life expectancy of an old asset to be greater than the 
difference between the average life indicated by the curve and the present age 
of the asset. , 

(4) If a mortality curve based on past experience is used as a basis for the 
estimate, the average life indicated by the curve should appropriately be used 
as the expected life of the hypothetical new asset. On the other hand, if the 
prospect of obsolescence of a new asset is so great that an economy study rela- 
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tive to its proposed installation might reasonably be based on the requirement 
that it must “pay for itself” in a short time, it would seem appropriate to use 
that same short time as the expected life of the hypothetical new asset. 

(5) The recognition of the time value of money is simply the recognition 
that an extra investment to secure longer life or lower operating disbursements 
or increased receipts is not justified without the prospect of a return. The 
interest rate appropriate to use should be the minimum attractive return which 
will justify an investment considering the risk. Usually this will be higher than 
either the cost of borrowed money or the interest rate obtainable on a con- 
servatively invested sinking fund. 

(6) It is the prospective saving in annual disbursements from the most 
economical replacement asset that is often given inadequate consideration in 
commercial appraisals. This saving may result from a combination of causes 
which might be described as wearing out, obsolescence (or obsoleteness), and 
inadequacy. Even if the new asset selected as a standard of comparison is 
identical with the old asset, the new asset is likely to require lower annual oper- 
ation and maintenance expenditures because of its newness and the lack of 
wear and tear. If the new asset is superior because of improvements in design, 
it will have lower annual disbursements for operation. If the service to be 
performed has changed since the old asset was installed, a new asset will be 
better adapted to the present service and will cost less to operate. If all of 
these influences are present, it should be emphasized that they combine to 
create a value-inferiority of the old asset to the hypothetical new one. 


An apparent paradox here is that the less the contempleted service, the less 
will be this value-inferiority of an existing old asset to a hypothetical new one. 
If an old plant is to be used merely for stand-by purposes, no saving at all in 
annual disbursements might be possible from the substitution of a new plant. 
However, in this connection it should be emphasized that the appropriate 
substitute plant for stand-by service may be quite different from that for regu- 
lar operation; the price of similar machinery in the second-hand market might 
provide the relevant ‘‘replacement cost’”’ from which no depreciation deduction 
would need to be made. It is also true that the alternative of abandoning the 
stand-by service may place an upper limit on the value of that service. 

Subject to certain very important limitations, the preceding discussion of 
appraisal depreciation on an equal-annual-cost basis may be described as an 
advocacy of sinking-fund depreciation in appraisals—or present worth de- 
preciation as it is somewhat more accurately called.’ These important 
limitations are: 


(a) An interest rate equal to the minimum attractive return sufficient to 
justify an extra investment is usually higher than the rate commonly used in 
sinking-fund depreciation. This tends toward higher valuations than usually 
are obtained by the sinking-fund method. 

(b) A recognition that it is the comparison of the remaining life expectancy 
of the old asset with the life expectancy of the new asset will often tend to give 
higher valuations than the sinking-fund method based on the present age of 
the old asset. 


7 “Engineering Valuation,” by Anson Marston and T, R, Agg, Ist Hd., 1936, McGraw-Hill Book Co,, 
Inc,, New York, N. Y, 
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(c) The use of the cost of the most economical new plant to provide the 
service as the depreciation base rather than the cost of reproduction of a plant 
identical with the old one, and consideration of the prospective saving in annual 
disbursements from such a plant, will generally tend toward much lower valua- 
tions than will be found in"conventional appraisals by the sinking-fund method. 


The writer believes that in competitive industry this last limitation is likely 
to be the most important one, and that appraisals made on a true equal annual 
cost basis are likely to give values that not only are below reproduction cost 
appraisals on a sinking-fund basis but also are below such appraisals on a 
straight-line basis. 

A word of caution is necessary regarding the addition of the appraised 
values of separate machines and structures in a manufacturing plant to reach 
an appraised value for the plant as a whole. This will often give an over- 
valuation; consideration of the alternative of replacing the plant as a whole 
with one of quite different design may give a much lower equal-annual-cost 
value for the entire plant than consideration of separate alternatives of replac- 
ing parts of the plant without changing its basic design or arrangement. 


Tur NATIONAL INTEREST IN THE EFFECT OF DEPRECIATION 
Tax Pouicy on Private Decisions REGARDING PLANT 
EXPANSION AND RETIREMENT 


Defense needs have made every one conscious that there is a national in- 
terest in the nation having the best possible plant for the production of goods 
and services. This means the most economical plant for the bulk of produc- 
tion, and stand-by capacity of less economical plant to meet emergency needs. 
Tax policy with regard to depreciation may have two undesirable effects: It 
may handicap plant expansion and the substitution of more economical plant 
for less economical plant; and it may make it pay to retire plant which might 
subsequently be useful. 

If the decrease in value of an asset is much greater than the allowable tax 
deduction for depreciation, what appears for tax purposes to be income may 
actually be recovered capital. Income and excess profits taxes may take as 
much as 62% of this recovered capital. The prospect of this can, and does, 
operate as a deterrent to plant expansion. This fact was given belated 
recognition in the excess profits law which permitted amortization of new plant 
for tax purposes in five years when it was certified by the military services to 
be necessary for defense needs. 

Property taxes may make it pay to retire plant that would otherwise be 
kept to permit expansion of production during emergencies. The policy of 
basing allowable depreciation rates for tax purposes on the evidence of actual 
retirements may have a similar effect. 

There is serious need for a study of the effect of depreciation tax policy on 
business decisions in private industry. 


A Suecestion RecarpiInG DEPRECIATION ACCOUNTING 


Many of the matters covered in this paper do not bear on the question of 
choice of the best of the various possible methods of making the time distribu- 


/ 
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tion, on the books of account, of the prepaid expense of fixed assets. This 
paper, rather, is concentrated on a discussion of many depreciation problems 
in which no scheme of depreciation accounting has any relevance. Neverthe- 
less certain points brought out in this paper bear definitely on the selection of 
a depreciation accounting policy. These points may be summarized as follows: 


1. In an industry in which production methods are rapidly improving, ap- 
praisals based on the cost of reproducing the service may show that fixed assets 
have a very low value to their owners within a short time after their installation 
even though it may be many years before their probable retirement. 

2. The prospect that this will occur is commonly recognized in competitive 
industry by a refusal to purchase new fixed assets unless it seems likely that 
they will ‘‘pay for themselves” in a much shorter time than will be used as their 
lives in subsequent depreciation accounting. 

3. Because of this, the limit on competitive prices which exists due to the 
possibility of production at the ‘“‘cost”’ obtainable in a new plant of the most 
economical design practically depends on a “‘cost”’ which includes a greater 
depreciation allowance than is commonly included in depreciation accounting. 

4, In contrast to the influence on competitive prices of this high prospective 
depreciation of a proposed new plant, the influence of depreciation of an old 
plant on competitive prices is likely to be relatively small. 

5. High book values for old assets operate to discourage (irrationally, to be 
sure) replacements that are really economical. 

6. Low depreciation rates allowable in income tax returns for new assets 
operate as an obstacle (an entirely rational one) to the installation of new plant. 


The merits of alternative possible depreciation accounting methods may be . 
compared by various standards. There is no inherently correct way to appor- 
tion depreciation on the books of account; it all depends on the objective being 
sought. 

Maurice Scharff,? M. Am. Soc. C. E., has Ru dnested that accounting de- 
preciation in regulated industry be manta consistent with decrease in value— 
that the accounting depreciation assigned to any period be based on the 

_ difference between the appraised values at the beginning and end of the period. 
In competitive industry the irregular operation of the forces influencing value 
changes would doubtless result in this method showing erratic fluctuations in 
annual depreciation. As some of the uses of accounting make it desirable that 
there be reasonable regularity in the annual depreciation charge, and that this 
charge be not subject to the suspicion of manipulation which would surely 
exist if appraisals were controlled by the management, this suggestion has 
obvious disadvantages. 

Nevertheless it has much merit as a basis for judging the adequacy of the 
depreciation charges made under some regular systematic scheme of deprecia- 
tion accounting. If the “decrease in value” shown by an appraisal based on 
the cost of reproducing the service with the most economical modern plant 
should be much greater than the accounting depreciation, one might reasonably 
infer that the accounting depreciation was inadequate. 


8Transactions, Am. Soc. C. E., Vol. 104 oo p. 1132; also ‘‘Public Utility Depreciation,” by 
Maurice Scharff, Columbia Law Review, June, 193 
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It is the writer’s guess that engineering studies in the manufacturing in- 
dustries of the value-inferiority of the existing old plant to the most economical 
new plant would indicate that the decrease in value in the early years of life 
of a plant was much greater than the accounting depreciation in most of the 
cases where straight-line depreciation accounting is based on actual retirement 
practice. This guess is consistent with the usual practice of manufacturers of 
requiring the likelihood of a short capital recovery period as a prerequisite to 
the installation of new machinery. 

Changes in depreciation accounting practice in the United States have 
seemed to follow criticisms of current methods made on theoretical grounds. 
As writers on accounting theory began to point out that the distinction between 
a capital and a revenue expenditure was one of degree rather than of funda- 
mental character, depreciation accounting began to develop. When the ar- 
bitrary and irregular depreciation charges made by some corporations were 
criticized, a trend developed toward the adoption in each industry of standard 
rates for each class of assets used in the industry. A current theoretical 
criticism is that rates are not based on actual retirement practices, and the 
suggestion is made that they should be based on the available evidence of actual 
realized lives such as might be obtained by mortality studies using the annual 
rate method or turnover method. Recent policies of the Bureau of Internal 
Revenue with regard to depreciation deduction in income tax returns are based 
on the viewpoint involved in this criticism. The effect of these policies has been 
to make substantial reductions in the annual depreciation expense shown on the 
books of many taxpayers, particularly those in the manufacturing industries. 

A first impression might be that, because this is a trend to substitute de- 
preciation rates based on the facts of realized lives of property for arbitrarily 
guessed higher rates, it is desirable. The writer holds a contrary view, par- 
ticularly with respect to the manufacturing industries. That is, he believes 
that the decrease in value in the early years of life of much manufacturing 
equipment is so great that straight-line depreciation based on actual retirement 
experience is inadequate in those years. A more realistic change in current 
depreciation accounting policies would be to use a high rate in the early years 
of life of an asset followed by a lower rate in later years. This would bring 
depreciation accounting more closely into line with decrease in value, and would 
bring the accounting estimate of profit more closely into correspondence with 
the estimates made in the economy study on which the plant investment was 
justified in the first place. 

Factual studies in various industries by engineers whose familiarity with the 
most economical production methods now available enabled them to estimate 
the value-inferiority (that is, the appraisal depreciation) of existing plants 
would permit determination of the past decrease in value—the popular de- 
preciation. Such studies would permit judgments on the adequacy of the 


accounting depreciation which would serve to confirm or disprove the writer’s 
present views. 
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RELATIONSHIP. TO PUBLIC WORKS AND 
GOVERNMENT FINANCE 


By Roy W. CRUM® AND ROBLEY WINEREY,!° MEMBERS, 
AM ASoce# CE, 


SYNOPSIS 


Physical properties depreciate regardless of whether they are privately or 
publicly owned or whether operated for a profit or solely for nonpecuniary 
purposes. It cannot be escaped, but generally public accounting methods and 
policies have given it no attention. Accounting for depreciation and the use 
of depreciation estimates in management are the possible points on which pro- 
cedures involving public works and government finance may differ from those 
followed in privately owned industries and business. The object of this paper 
is to illustrate how depreciation should be used in the management of public 
works and enterprises operated by governments. 

The administration and management of publicly owned utilities, which are 
supported entirely by user charges, such as water works and light and power 
plants, should involve in general the same principles and financial procedures 
‘as privately owned properties, and will not be discussed herein. It is true, 
however, that many of them are not operated under full adherence to these 
principles. 

In the management of certain other publicly owned and operated services, 
of which the highway systems are perhaps the most prominent example, depre- 
ciation of the various property units is an important economic factor; but it is 
one which bears quite a different emphasis than in the case first cited. 

In this instance knowledge about the rate at which the property units must 
_ be replaced is important to the administrator in order to enable him to plan 
future development as well as financial programs. The emphasis herein is upon 
planning for the future and upon the development of sound and adequate 
financial and economic programs. 


INTRODUCTION 


Typical of the accounting practices of most highway departments in the 
past is the example of an expensive piece of road machinery purchased out of 
current funds, and with its entire cost charged to the current year’s main- 
tenance expense, although it must continue in use for many years. Such a 
practice undoubtedly accounts for the money, which may be all that the law 


9 Director, Highway Research Board, National Research Council, Washington, D. C. 
10 Research Associate Prof., Civ. Eng., Eng. Experiment Station, Iowa State College, Ames, Iowa. 
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requires, but it does not give the administrative official a true picture of his 
operations nor any help in planning to have the necessary funds available when 
it becomes necessary to replace the machine. 

For this reason, responsible highway officials have been giving much study 
during the past several years to developing systems that will enable them to 
account for the depreciation of the highway and other property in their charge. 
The same situations exist in other types of governmental service. The writers 
are relying principally on the highway illustration of their thought, since that 
is the business with which they are familiar, but they emphasize that the 
illustration is applicable to other activities of government. 

Funds for the operation of such public services are secured through various 
tax imposts and direct charges to users; and in making his recommendations 
for financial support, the administrator is not concerned with making a return 
upon the investment but with providing adequate service in accordance with 
the wishes of the voters. 

It is a fact that public accounting for governmental service does not usually 
distinguish between running expenses and capital investment, but nevertheless 
some breakdown into cost factors is necessary for the highway planner. De- 
preciation is the most significant of these. 

It is desirable that public policy include some recognition of the depreciation 
of public property as a means of effecting better financial management. Knowl- 
edge of the length of service lives and of salvage values, which are the basis of 
the depreciation rate, could be used in the management of public services in 
many ways. A few of these are as follows: 


(1) By application of the probable rates of retirement of property to the 
existing property, it is possible to estimate the retirements to be made in 
future years. 

(2) The replacement program, estimated as in item (1), may be combined 
with a program of extension and betterment and may be used to formulate a 
financial program for the future. 

(3) True annual cost can be shown only when the expense of depreciation 
is included. Since annual cost is the basic unit used by engineers in deter- 
mining economic justification of selection of projects, as well as total revenue 
needed, depreciation is an important element on which complete knowledge 
should be had. ; 

(4) Correct depreciation rates are necessary when making comparisons of 
highway costs with other modes of transportation. 


In the case of highways the correct rates of depreciation to use can be 
determined by study and analysis of past experience. This work, along with 
other planning studies, is now (January, 1941) being done by forty-six state 
highway departments in cooperation with the U. 8. Public Roads Administra- 
tion. As reports of these studies become available, reliable information will 


be at hand on which to base estimates of depreciation and forecasts of probable 
future retirements, 
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VALUE AND DEPRECIATION 


Although length of life and not money value is the factor of greater im- 
portance in operating a publicly owned business composed of thousands of 
items of physical property, it is necessary to take account of the property items 
by ordinary bookkeeping methods. On that account the public official must 
have a clear understanding of the nature of value and depreciation and of de- 
preciation estimating and accounting. 

Definition of Value—Once attention is called to the point, it is quite easy 
to understand that it is only the anticipated worth of future services that gives 
value to any property. Past services and earnings are just so much “water 
gone by the mill.” Every estimate of present value in reality is a forecast of 
future happenings. 

The fundamental basis of value is present worth of probable future service. 
The fundamental basis of the fair value of each specific property item is the 
present worth to its owner of the probable future services to be rendered by 
the item during its future service life. 

Manifestly, neither the number of future years of service nor the yearly 
return for services can be forecast with certainty or exactness; nevertheless, 
every sale of property and every estimate of value are based more or less con- 
sciously on the present worth of such anticipated future services as judgment 
indicates to be most probable. Reliable estimates of the values of industrial 
property units can be made only on the basis of the sound judgments of valu- 
ators, well qualified by training and experience, who give careful consideration 
and such weights as are just and right to every factor in each case. 

Depreciation is negative value, to be determined at every date in the service 
life of a property unit by the sound judgment of well-qualified, impartial ex- 
perts as to its probable future service life and its probable future economic 
efficiency. 

Definition of Depreciation.—The depreciation of any physical property unit, 
at any service age, is its loss of value, since its service started, due to decrease 
in the present worth of its probable future earned operation returns, below what 
such present worth would be if the unit were still new. 

Thus, depreciation is just a question of values at different dates based on 
forecasted (probable) numbers of years of future service and probable values 
of the yearly services. Such forecasts can be made correctly only by the sound 
judgments of impartial persons who are qualified to understand the mortality 
and other technical characteristics of different kinds of physical property units, 
and who personally examine the particular units whose depreciations are being 
determined. 

Property units should be reexamined by qualified persons, from time to 
time throughout their service lives, and the estimates of the depreciations at 
different dates should be kept constantly in accord with sound current forecasts 
of the numbers of years of future service and of the yearly operation returns 
for such service. 
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DISTINCTION BETWEEN DEPRECIATION AND MAINTENANCE 


Maintenance expenses are those for keeping the property units in good 
condition for use. Examples are the costs of inspecting, painting, and repair- 
ing structures and equipment. Maintenance expenses are paid from yearly 
income, and constitute part of the yearly operation costs. Maintenance cost 
accountancy, therefore, consists simply in making properly classified accounting 
records of the yearly maintenance expenditures. 

Depreciation losses of value, on the other hand, are something which cannot 
be made good in a physical way until new units are substituted for the de- 


preciated units at the ends of their service lives. Depreciation expense 


accountancy, therefore, is a comparatively complicated process by which annual 
depreciation expense allowances are made each year out of income and used 
(usually reinvestment in new property units for replacements and additions) 
to create a depreciation reserve, which should be at all times just equal to the 
total accrued actual depreciations of all existing property units. In this way 
the correct annual cost is known and the depreciation reserve account shows 
the true loss in value of existing property, from which, of course, the present 
true value of existing property is determined. 


Usr oF DEPRECIATION IN PuBLIC ACCOUNTING 


Because of the time-honored custom in governmental accounting of staying 
strictly in the cash accounts, depreciation of public properties simply has not 
been accounted for. Even for municipalities it is probably safe to state that 
only in recent years has there been any attempt to account for depreciation of 
their electric, water, and other utilities. In those few cases where cities have 
made allowances for depreciation in their accounting, there has been little 
attempt to determine accurate rates. 

When, therefore, mention is made of the depreciation of other public prop- 
erties, particularly those which do not produce direct revenues, immediate 
objection may be raised on the ground that the government is not in business 
for profit, is not compelled to operate its functions and businesses solely from 
user revenues, and that there is no need of knowing the relations between 
investment, expenditures, annual costs, and revenues. Nevertheless, if econ- 
omy in government is to be attained, sound principles of business management 
must be followed. As governments more and more take over and enter into 
operations that might be regarded as business enterprises, either competitive 
or noncompetitive with private interests, it is essential to adopt accounting 
practices, equal to those that the government prescribes for regulated utilities. 
This will include the accounting for physical properties, depreciation, operating 
revenues, operating expenses, and the compilation of balance sheets and oper- 
ating statements. 

In many government-operated functions, such as printing shops, ware- 
houses, central purchasing bureaus, state garages, and municipal utilities (not 
all, of course), it is probable that if all the costs were collected’ and reported 
it could be shown that such activities handled by the government could be 
purchased at less cost from private companies. Where there is, and where 


\ 
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there is not, legitimate opportunity for the government in business can best be 
determined by accurate cost analysis and scientific evaluation of the worth 
of the services. Depreciation is a large item of cost in the management of 
any business that requires large investments in buildings and equipment; yet 
it is the one that government agents and the public alike are prone to forget. 

Engineers in government service are responsible for the operation of huge 
public works. Their future and the future of public works depend upon the 
showing they make. Yet generally they are deprived of the opportunity of 
making an actual financial accounting of their enterprises because of laws 
prescribing archaic accounting methods or because those in charge of govern- 
ment accounts permit nothing but ‘“‘cash and carry” accounting methods. The 
engineer can do much to improve the accounting of governmental activities, 
particularly for those which involve his works. 


ACCOUNTING FOR DEPRECIATION OF HIGHWAYS 


Within the length of this paper there is opportunity to present just a sug- 
gestion of what might be done for a state highway system—in fact, what has 
been done, because the State of Kansas in 1941 completed a set of property 
investment and depreciation ledgers for its primary system of about 9,200 miles. 

Obviously, before depreciation can be estimated it is necessary to account 
for the physical properties that depreciate. For highways, as well as for other . 
properties, it is necessary to adopt accounting units that will permit accounting 
for the properties by location and kind. If any system of highways is laid out 
into a number of route sections with termini at more or less fixed geographical 
landmarks, a number of basic units are obtained, complex though they be, 
which will serve for accounting operations as well as for engineering and con- 
struction operations. These route sections should be governed in length by 
municipal, county, and state boundaries, route intersections, stream crossings, 
abrupt changes in topography, character of traffic, and convenient construction 
project termini. 

Within the route section it is necessary to provide for investment accounts 
on the basis of the function and character of the construction, with due regard 
to the retirement characteristics and depreciation rates. Suggested classifica- 
tions are those construction accounts tentatively recommended by the Com- 
mittee on Accounting of the American Association of State Highway Officials. 
This classification results in the following investment accounts for each route 
section: 


Right of way 

Engineering 

Roadway and drainage grading and earthwork 
Drainage structures and roadway earthwork protective structures 
Roadway surface and base (by roadway surface type) 

Improved shoulders and approach surfacing 

Bridges, viaducts, and tunnels (by individual structure) 

Traffic and pedestrian services 

Roadside development 
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The accounting unit, as will be observed from the foregoing classification, 
is best chosen as the dollar, with a control in miles or square yards for roadway 
surfacing, cubic yards for earthwork, and other suitable construction units for 


other items. It is difficult to identify most of the physical parts of the high- ~ 


way, so the average costs and the “‘first-in, first-out” theory must be used in 
accounting for certain retirements. Supporting the accounts of each route 
section should be construction cost reports made up from the final payment 
estimate and engineer’s final report. 

The process of estimating depreciation for the highway system need be no 
different from that used for other types of properties. Perhaps there is not 
available as much factual information and well-informed opinion as to deprecia- 
tion and the factors causing depreciation of highways as there are for certain 
types of industrial properties, but the same basic principles and methods should 
be used. As the highway systems are rebuilt, expanded, and relocated, data 
become available that can be analyzed by accepted statistical methods to de- 
termine probable average lives and life expectancies. Again, these methods 
are the same as are being used by many utilities and other industries. 

To account for depreciation of public properties on a correct basis is new; 
depreciation reserve accounts and depreciation expense in public highway ac- 
countancy until recently were wholly foreign elements. Because of a diversity. 
of ages, qualities of construction, service conditions, types of materials, and 
variety of design, highway property lends itself to a modified form of group 
depreciation accountancy. If each route section is considered separately, all 
the variables can be investigated and the annual depreciation calculated for 
each investment account for each route section. With this breakdown, total 
depreciation can then be obtained for any complete route, area, and account. 

To complete the accounting picture, maintenance costs, administrative 
costs, and other items of annual cost should be allocated to the same route 
sections so that the true annual cost may be obtained for comparison of types 
of construction, of the effects of volume and character of traffic, and for com- 
parison of annual costs with annual revenue. 


SUMMARY 


It is not intended that the foregoing treatment of depreciation in relation © 


to public works and public finance should set out any new principles of de- 
preciation or accountancy. Instead, a suggestion is offered that depreciation 
accountancy does have a place in government accounting procedures and 
finance. The full meal in any business of government is not paid for until 
capital costs are properly accounted for. This is particularly true of those 
functions or activities which produce a definite revenue, or which are in sub- 
stitution for services or goods that may be, or logically could be, supplied by 
private sources. Until financial reports take full account of all items of annual 
costs, and account for investment in physical properties, they must be regarded 
as only partial truths. 

In recent years there has been much talk of budgeting, long-range planning, 
and public spending to increase the level of business activity. Knowledge of 
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the depreciation of public properties is essential to a wisely made plan involving 
any one of these three ideas. A government spending or tax budget, and a 
building program, could be arranged somewhat on an even keel over a period 
of years if attention were given to the rates of depreciation of the several prop- 
erties of the public and the probable future needs. All too frequently, once 
money is spent for a public works or a public building, it is considered that no 
future obligation will exist. Government buildings, no less the same as for 
private buildings, decay, become functionally obsolete, and suffer for need of 
modernization. Depreciation studies will bring out these needs, determine 
rates of losses in values, and become the basis of estimating annual sums neces- 
sary to provide the citizens with physical properties necessary to the proper 
functioning of their government. Why, for instance, could not every state 
legislature, school board, and city council provide about a constant sum annu- 
ally for building replacements and extensions? In the end the costs would be 
less and the burdens more evenly spread over generation to generation. De- 
preciation is inevitable; a good government must recognize and must budget 
for it in the same manner as for other annual expense. 


\ 
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STABILITY OF GRANULAR MATERIALS 
By R. E. GLOVER,? EsQ., AND F. E. CORNWELL,? Esq. 


SyNopsis 
Results of studies made for the purpose of developing a theory of stability 
for granular materials, based directly on fundamental laws of behavior, are 
presented in this paper. Some elementary linear solutions are obtained which 
are applied to the problem of estimating the stability of earth dams. 


INTRODUCTION 


The primary purpose of soil mechanics is to develop methods of correlating 
laboratory tests with the performance of structures in the field. The correla- 
tion problems for granular materials are similar, in many respects, to those for 
elastic materials. Methods for calculating the performance of elastic structures 
have received much attention and the analytical tools for making the calcula- 
tions have been grouped into a “‘theory of elasticity.’””’ Much of the theory of 
elasticity is built upon the postulates of equilibrium and of geometrical con- 
tinuity subject to the relation between stress and strain imposed by Hooke’s 
law. It is important to note that simplicity of the fundamental postulates 
does not insure a simple solution of the correlation problem since the elastic 
equations, in many cases, are difficult to solve. 

The equations of equilibrium are as important for granular materials as for 
elastic. materials but it can be seen readily that the continuity condition may 
not be appropriate for granular materials since these can often be sheared 
extensively without losing their properties. 

In the elastic case, it has been proved® that a solution to the problem of 
stress distribution is unique provided it meets the foregoing equilibrium and 
continuity requirements and, in addition, satisfies the condition peculiar to the 
problem. These latter conditions are usually imposed at boundaries where 
conditions are known and, therefore, they are called “boundary conditions.” 


Norg.—Written comments are invited for immediate publication; to insure publication the last 
discussion should be submitted by March, 1942. Opening discussion on this paper appears elsewhere in 
this issue. 

1 Senior Engr., Bureau of Reclamation, Denver, Colo. 

2 Asst. Engr., Bureau of Reclamation, Denver, Colo. 

3*A Treatise on the Mathematical Theory of Elasticity,’’ by Augustus E. H. Love, University Press, 
Cambridge, England, 4th Ed., 1927, paragraph 118. 


1639 


1640 GRANULAR MATERIALS Papers 


In the analysis to be described, equilibrium equations expressed in terms of 
stresses have been retained. The continuity condition is also retained where 
the stress system is such as will prevent relative movement between grains. 
Where slippage between grains is possible, the continuity condition has been 
replaced by a condition between the maximum and minimum principal stresses. 
This relation is the one commonly referred to as Coulomb’s law, which states 
that resistance to shearing is compounded of an intrinsic cohesion, and a 
frictional resistance proportional to the normal stress acting on the plane of 
shear. 

The trained engineer will find little that is new in this description and the 
methods to be described are not much more than a mathematical mobilization 
of relations with which the engineer has long'been familiar. The inducement 
for the expenditure of effort, on analyses of the type described herein, comes 
from the possibility that the use of simplifying assumptions may be avoided 
and the reliability of the results thereby enhanced. 

In developing a mathematical approach to the solution of any physical 
problem, one is faced with the necessity of reducing the problem to an exact 
status by means of specific definitions. It is usually necessary to replace the 
actual material, which is almost never continuous, by an ideal continuous 
material. Of course, it is desirable that, in so far as possible, the properties of 
the two materials be identical. In the present case, certain consequences of 
the granular structure of the actual material are imposed upon the ideal. Other 
limitations arise from purely mathematical difficulties. 

In the theory of elasticity, stress is defined in terms of the resultant force 
transmitted across a small plane area within the body. In the present case it 
is expedient to modify this concept because of the presence within the voids of 
water under pressure. The term ‘“‘stress,’’ as used herein, is defined as the 
force transmitted by the contact pressures between grains over a small area 
divided by the area, and therefore excludes the percolation pressures. : 

To form the concept of stress in the granular material, pass a plane through 
it and find the surface that passes through no particle but which lies as close 
to the plane as possible. The particles on one side of the surface touch those 
on the other at several points, and at each of these points a force is transmitted 
from particle to particle. Now consider a small part of the area of the surface. 
The average stress on the small area is defined as the resultant of the forces _ 
transmitted from particle to particle across it, divided by the area of its pro- 
jection on the plane. Conceptions of average normal and shear stresses can 
be formed in the same way. Since it is apparent that the diameter of the small 
area previously mentioned must be large compared to the diameter of a grain, 
in order to include enough contact points to yield a valid average, a stress 
computation made for a point, as designated by coordinates, will represent an 
average stress in the immediate vicinity of the point rather than a stress at a 
point. : 

The stress convention is shown in Fig: 1. Forces of gravity, flotation, and 
- fluid friction, as well as an additional body force which is indicated as due to 
earthquake, are included. When it is desired to obtain the total force trans- 
mitted across a section, pore-pressure forces must be added. 
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The solution requires that every small element of volume must be in equi- 
librium under the stress resultants and forces that act upon it. In addition to 
equations of equilibrium, it is required that the stresses satisfy the equations 
of elasticity in those regions where the relation between stresses is such as will 
not permit grains to change their relative positions, and in the regions where 
this condition is not met, it is assumed that the relation between the principal 

stresses is such as to make slippage imminent on the planes of least resistance. 


a4 


OGy 
(u +549) dx ( Y atey “) ie 
xy 


Lait akg 


Fic. 1.—Stress CoNvENTION AND Bopy Forces 


It should be noted that the terms “elastic”? and “plastic”? are used herein 
to describe zones in which previously stated relations between principal stresses 
exist and not as descriptions of types of material used in the structure. A 
solution consists of a distribution of stresses expressed as a function of the 
coordinates x and y which satisfies the conditions as stated. 


NoraTIoNn 
The letter symbols used in this paper are defined where they first appear, 
and they are assembled for convenience of reference in Appendix I. 
Srress RELATIONS IN THE ELastTic AND PuastTic ZONES 


Let o be the normal stress on any plane, positive when compressive, and 7 
the shear stress. According to the theory of failure, which is accepted herein, 
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it is true, for every plane at every point, that 
th SSC ASO otece, csr ae reed eee (1a) 


in which C and f are positive constants, known as the cohesion and the coefhi- 
cient of friction, respectively, whose values depend upon the material; and it 
is also true that relative sliding of the material on the two sides of the plane is 
incipient when 


fefe CAP f cy. 6 (16) 

but impossible when 
fal Oe of on ies «S40 9 ee (1c) 
Relations 1 may be written in terms of the function 
R= C-+ fir Hl 7 \.5 3. a. So ee (2) 


as follows: R2=0,R =0,andR>O. In Eq. 2 Ris a function of the position 
of the point and the orientation of the plane. Let Ry be the minimum value of 
R at a given point. Then Eq. la, which is satisfied everywhere, is equivalent 
to Ro 2 (0); 

Plastic Region—At any point where Ry = 0 there must be one or more 
planes; it is found that there are two, for which R = Ry = 0, and along which, 
therefore, slipping is incipient. At such a point the material will be said to be 
in the “plastic state,’ and any region at every point of which the material is in 
the plastic state will be called a “plastic region.” 

Elastic Region.—At any point where Ry > 0 there is no plane along which 
slipping is possible, since R= Ryo > 0; and at such a point the material is 
assumed to obey Hooke’s law and will be said to be in the “elastic state.” Any 
region at every point of which the material is in the elastic state will be called 
an “elastic region.” 

As a consequence of Hooke’s law, certain conditions of compatibility are 
satisfied at all points of an elastic region. For a two-dimensional body these 
conditions (which are discussed at 
length in works on the theory of 
elasticity) are reduced to the single 


equation: 
ys : ao, , Po ar 
‘ capes cy : 
7, Sin ¢ Ox? + ‘Oy? a 5088 SS OF . (3) 


The Functions R and Ro.—Func- 
tions R and Ro may be expressed in 
terms of the principal stresses or in 
terms of the normal and_ shear 

kb stresses. Let o; and o> be the prin- 

cipal stresses, positive when com- 

pressive, and a; algebraically the greater; and let ¢ be the angle measured 

counterclockwise from the line of action of o; to the plane of o and r. 
Equilibrium of the triangular element shown in Fig. 2 requires that 


% Cos ¢ 


o = 0; 8in? > + o2 COs? >. 5. ouk~. vals Je (4a) 
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and 
THES 2.02) BIN PCOS Pi... soso wees beers aoacs (4b) 
or : 
Cisne == 
c= ee see bi tee Salk Sa tiaeweae ek a (5a) 
and 
CO: => 
pS 3 SLA Dah eackots aspeyt dee AG ween Seas (5b) 


After substituting Eqs. 5 in Eq. 2 and simplifying, 


Ca = 


5 (feos 2o +|sin24])....... (6a) 


R=o+ pate _ 


Then remembering that Ro is the minimum of R at a given point, and that at 
a given point o; and oc» are constants, one finds 


Ro = C+ fE52— VIF pUS Lae oe (6b) 


This minimum is attained when 
o weoare tan (NA ff — Jey waht.) Soe cenee (7) 


The two planes thus defined form the acute angle, arc tan ; , which is bisected 


by the line of action of oi, the greater of the principal stresses. These are 
the planes along which slip occurs, if it does occur. 
Other useful relationships, the derivations of which are omitted, are: 


Oito2_ G2 ty 
5) = Qo titties estes eee (8a) 
= = dcx pi NR OER PRN Lp es artis OND Eta (8b) 
EE eS ROY ree ee Soe 7 (8c) 
2 2 
oy = AE _ 1 T0526 CTaths 1 959+ OSE ee (8d) 
Ty = As = BIN Oates as ae ecpath «ecto nee (8e) 
art oy piss <e Mtl, kena gas ck ogee (Sf) 
Oz — Cy 
At EY gee LT REP I gt Okt (89) 
CO >-109 
and 
COR) Ogee ie contest, De ys Andes (8h) 
v1 — 0s 


n which @ is the angle measured counterclockwise from the x-axis to the line 
of action of o;. It frequently happens that confusion arises in the computation 
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of 6; and it should be remembered, therefore, that: 0; — o2 is never negative; 
@ is referred always to oi, the greater—never to o2, the lesser; and @ is defined 
not by the value of tan 2 6 (Eq. 8f), but by the value of tan 2 8 and the algebraic 
sign of either sin 26 or cos2 6. If Eqs. 8a and 8b are substituted in Eq. 6b, 
the following expression for Ro is obtained: 


Ry = 0+ sehen MEP gaat ity : Fea (9) 


CoHESIONLESS MATERIAL 


The types of solutions available at present are applicable only to a cohesion- 
less material; that is, one for which C = 0. For such a material the law 
Ry = 0 Becomes, in terms of the principal stresses, from Eq. 60, 


pats Nae G3 0) cg OR (10a) 


or, in terms of oz, oy, and Tzy, from Eq. 9, 


{ieee URE 2 


oA) bolton rok SET EI CE MOIEl O (10d) 
By letting B = weet Eqs. 10 reduce to 
B-1 
n= Bi" Sls Merete alse, iol wile eh MO ick ard lel eb aitene rents (11a) 
and 
O2) + oy eB Noe — ot A eget ae oe (11b) 


The equalities represented by Eqs. 11 are two ways of stating the plasticity 
condition, and the inequalities represent a relation that must be satisfied in 
elastic regions. These expressions imply, and it can be proved, that tensile 
stresses are impossible, that inside an elastic region neither of the direct stresses 
can vanish; also that inside or on the boundary of a plastic region, if either 
direct stress is zero, then all the stresses are zero. It follows that all stresses. 
vanish at a free boundary, and it should be noted that any boundary subjected 
to water load alone is free, provided the water pressure is continuous across 
the boundary. 

Boundary Between Elastic and Plastic Region.—It is clear that, across a 
boundary between an elastic and plastic region, the direct stress normal to 
the boundary and the shear stress tangential to the boundary are continuous, 
but it is not clear whether the direct stress tangential to the boundary is or 
is not continuous. 

It appears that the theory must permit such a boundary to move as the 
loading on the outer boundaries of the body is varied. If the direct stress 
tangential to the boundary is not continuous, then, as the boundary moves, 
there must be sudden changes of stress at points on the boundary, and sudden 
movements of the particles, involving infinite accelerations. Such consequences 
are to be avoided, and it is postulated, therefore, that all stresses are continuous 
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across the boundary. Of course, this postulate holds only in case the properties 
of the material are continuous across the boundary. 


APPLICATION TO THE PROBLEM OF EARTH-DAM STABILITY 


The structure to be analyzed is idealized by dividing it arbitrarily into a 
series of elastic and plastic regions (see F ig. 3). Odd Roman numerals (I, III, 
V, etc.) are used to designate regions assumed to be plastic and even ones (II, 
IV, VI, etc.) denote regions assumed elastic. In every case it is assumed that 


Vi 


Fie. 3 


the inner boundaries, those joining two regions, are straight lines. The use, 
in the equations of inner boundaries, of arbitrary constants a and 8 with sub- 
scripts associating them with the elastic region involved is also illustrated. 
The corresponding terms for the outer boundaries (that is, numbers n; and ne) 
used in the equations of the downstream and upstream slopes are constant, 
of course, for any one dam and are obtainable directly from known data. 
Note that the problem, as illustrated, is cut into three parts in which are 
grouped regions I, IJ, III, regions III, IV, V, and regions V, VI, VII. The 
separate parts are referred to as applying, respectively, to the upstream toe, 
the dam, and the downstream toe. For each part a new system of axes, with 
its origin at the point common to all three regions and with the x and y axes 
parallel to and with the sense of those for regions III, IV, V, isused. Additional 
parts are needed when the slope of either fill is not uniform throughout. In 
such a case the actual slope is approximated by two or more sections of constant 
slope and then a new group is introduced at each point where there is a change. 


EQUATIONS AND LINEAR SOLUTIONS FOR ELastTic REGIONS 


The forces acting on an element of the material are shown in Fig. 1. If 
the accelerations of the water are negligible, the equations of equilibrium are 


seen to be 


Or OT xy du ss 
ssh Fy aaa roamtee oe hak "ieee aiid os ated (12a) 
and 
Ooy Ona, Ou Se 12b 
apabads vf Nema OER ees tt on x (12b) 


~ 
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The three partial differential equations (Eqs. 3 and 12) must be satisfied by 
any solution for an elastic region. Consider a definite region ‘%,” and make 


Oui 
C= Die a pie Ae es (13a) 
and 
Ou; 
Cai Cx = ht = Paar ae (13d) 
Then the general linear solution of Eqs. 3 and 12 is 
On = Cos (Ais @ FF Goi “PF Get). . si. > fee (14a) 
C7 Cai (bi; x + bos y + bs:) Phe a en Chk, eA (146) 
and 
Tey = Ca [— (1+ Bei) & — (Gis + Cus) y + das]... eee (14c) 


in which a1;, doi, d3:, 614, bei, bai, and ds; are arbitrary constants. 

In general, however, one does take the vertex or common point of all the 
regions involved ‘as the origin of the coordinate system. With this in mind it 
is evident that all stresses must vanish at zc = 0, y = 0. Then the solution 
in the elastic region ,“‘2”’ reduces to 


0; = Cx (aii xv + Ag y) She jay esle, ot sulst coiwe, of cede nal CenEreannne (15a) 
Cc Cx (bis x + bo: y) Bite: Gratis. cat ehcaeeiMe tree icinte hel chien (15d) : 
and 
Try = Cox [- (1 + bo) i (dis + Ci:) y | She ksh el Aenspeie em (15c) 


In these expressions, the four arbitrary constants a1;, @2;, b1;, and ba; will 
be determined, along with a; and §;, by the boundary conditions along « = a; y 
and & = By. 

The inequality Ro > 0 expressed in Eq. 110 as 


oz tay > BN (2 — oy)? +4 Tey. coset ee ee es (16a) 


must be satisfied in order to comply with the definition of an elastic region. 


EQUATIONS AND LINEAR SOLUTIONS FOR PuastTic REGIONS 


_ In any plastic region ‘%”’ a solution must satisfy two partial differential 
equations and one algebraic equation; namely, Eqs. 12 and the equation arising 


from the law Ryo = 0. This latter equation, called the plasticity equation, 
is from Eq. 118, 


Oz to,y=BV (eo. — Oy)? ed Thay aeah Sacer eee (16b) 


The general linear solution of Eqs. 12 and 16b, in which C1; and C»; are defined 


by Eqs. 18, is 
oc = — Cx (Cu tn — nb) (ex — nyt) 


ees eae (17a) 
Oy = Ca by(e—ing + €)...2 4 AU ae (17b) 

and 
Toy = — Ca (1 — 2b) @ — ny te’)i. eee (17c) 


oe 
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in which };; is determined by 


(1 n?)? bis — 20 (m + Cu) (n? — 1 — 27) +4n (1+ P)] dx 
(eet C43)? + 41 £f). S000 (18) 


except that the foregoing solution does not include the case corresponding to 
nm— ©, which is 


oz = C3; Aoi (y ahs e’)  sPee seis) goth sinei's faut amenewee) fou otheten ats (19a) 
| Cra non Ute) see cain ae, See (196) 
and 
Dag Ca Cu (y + e’) Sbitonhericitch areas Rosoeols Sop (19c) 
in which 
Be+ 1 aD 
= (Etta 2 ioe 0 | ar (20) 


Note that in each type of solution for a plastic region there are two cases, 
coming (for example) from the two solutions of the quadratic equation for b,;. 
These are distinguished, whenever the two are different, by denoting that in 
which o; is the larger of the two values of o, as the passive case, the other as 
the active case. 

As for elastic regions, the most important case is that in which the stresses 
are assumed to vanish at x = 0, y = 0. For such conditions, 


C—O og, (Caged Me Oe (i — Nees iets ve (21a) 
ORS OUTED Os re nee a ee (216) 
# ; 
and 
Te Oo Ae Dia) IU) «cn eee eee (21c) 


in which 6; is determined by Eq. 18. Note that along x = n y these expressions 
yield oz = oy = Try = 0. Another useful case where C1; = 0 is that in which 
all stresses are zero along y = 0. Then for the active case, 


Be I 
Or Co B HR 1 Yio Faons ale teliebetay ats: apse stabs ot (22a) 
Sy eanC ablia ct Ae Sek ot ORT eee (226) 
and 
Tzy = 0 salle sbotOOe oa aedeel ot sist ols). e winner siete ste (22c) 
and for the passive case (in addition to Eqs. 226 and 22c) 
B+1 
— ee Ye ha Meets Cw aca Moke eagles Z 
Ox Co; B 4 Ysivwsis ( 3) 


The condition that all three stresses vanish along the outer boundary ‘is 
sufficient to exhaust the arbitrary constants in a plastic region. Hence the 
solution is then known completely in an “outer’’ plastic region—that is, in a 
plastic region part of whose boundary is part of the boundary of the structure. 

Slip Lines—The direction of the slip lines may be determined by computing 
the two angles 6 and ¢ by formulas already presented. However, this compu- 
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tation may be shortened as follows: Let y equal the angle between the y-axis 
and a slip line, counted positive clockwise. Then the directions of the two 


families of such lines are, 


2, 274 Sis x 
tan VW = M1 = — ir oy, = FA ged nabe it ue Sheree ( 24a) 
and 
fe e —2f try + oy — Gz 
tan ~2 = Az = — Spe Oe op eee (246) 


Note that if the stresses are linear, as they are in the present solutions, then 


\, and XA» are constants and the slip lines are two families of parallel straight 


lines. It is convenient to use the exact check formula, 


Avie Ae ood, 
eo. Bc bso ome katy ttn nl ee (25) 


CONDITIONS FOR FAILURE 


In the plastic zones the stress distribution is such that slippage is imminent. 
This does not mean, however, that a failure by sliding can occur since the 
direction of slip may be toward the foundation or an elastic zone where a reserve 
of strength is available. Under such condition, no slip of significant magnitude 
can occur and the structure is stable. The existence of a plastic zone then 
means simply that the material in-the zone has acquired all the load it can 
carry. Any further load must be accommodated by encroachment on the 
reserve in the elastic zones by a readjustment of the boundary between the 
elastic and plastic zones. However, if a situation arises in which a continuous 
slip line can be drawn beginning in one free surface and terminating in another, 
then there is no limitation to movement and a slide may be expected. The 


condition for a sliding failure may then be reduced to a question of the possi- ~ 


bility of drawing such a line. If a set of conditions is assumed which precludes 
the possibility of stability, no solution can be constructed. Such a condition 
can be readily obtained, for example, by choosing too steep a slope. In this 
case, the impossibility of constructing a solution is a definite indication of 
instability. Cases have occurred, however, in which a failure to obtain a 
solution may have indicated merely that no solution exists of the type sought. 
It is hoped that such questions may be answered as soon as more solutions to 
the fundamental equations are obtained. 


The type of analysis described does not lead to an evaluation of a factor of © 


safety but to a determination of stability or instability. An idea of the reserve 
strength available may be obtained, however, by investigating the reserve R 
in the elastic zones and by studying the solution to determine whether small 
or large changes of loading would be necessary to produce the conditions for 
a slide. 

APPLICATIONS 


Example 1. Solution of a Typical Uniform Material Dam of 1 on 3 Upstream 
and 1 on 2 Downstream Slopes, with Reservoir Empty.—Fig. 4 shows the analysis 


Fy ae 2. 
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Origin 
I, IV, and V 


: i X 
WuGa 


L\ 


Origin ee 
I, II, and 1 Origin 


V, VI, and VII 


+15 


ao 
S) 


Stresses, in Thousands of Lb per Sq Ft 
oe 
ao 


LEGEND 
——-—-— Stresses at Base of Dam 
Stresses 50 Ft Below Base 


-5 
Data 
Leis nirotad amen tiart tis Pap le tn carte shale CSch Tecate neta: s oeretd a dnahtt 100 
WWipstresinSlOpe sof hate hele Meeker clos! atels Terstes he a ccs element, Setar oot lon3 
TWOWMOSLTOAIRATSLOD OM shel ice hee ast sr tel Metets a lect ctardtae. 3G athe oes Tewcders 1 on2 
Woeliciontiol Frietion,s fasta se. tks ac he Feat 2 aioe Rr ee eats nea ee 0.7 
Drvidensity inl by perieurktsry he Chic vel ajck akheciete saghe etoile coatons « 120 
Equations oF STRESSES 
Regions I and VII: Region IV: 
oz = — 0.271 yy o, = y (— 0.008 x — 0,244 y) 
Cy ry) cy = y (— 0.096 x — 0.816 y) 
tTzy = 0 try = y (— 0.184 x + 0.008 y) 
Region IT: Region V: 
oz = y (0.066 x — 0.811 y) or = —O0.171y7y@+2y) 
oy = y (0.176 x — 1.108 y) oy = — 0.5438 y (@ +2 y) 
tzy = y (0.108 x — 0.066 y) tay = 0.0857 (@@ +2y) 
Region III: Region VI: 
oz = 0.099 y (x — 3 y) oz = y (— 0.129 x — 0.359 y) 
oy = 0,344 y («@ — 3 y) oy = y (— 0.281 x — 1.190 y) 
try = 0.033 y (w@ — 3 y) txy = y (0.190 « + 0.129 y) 


Fie. 4.—TyprcaL ANALYSIS FOR Empty RESERVOIR 


as completed and also lists data used in the computations. An outline of the 


solution follows. 
Upstream Toe.—For region I, Ci, = 0 and Cz = y. Stresses were com- 


puted by Eqs. 22. 


EE 
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For region III, Cis = 0, Cos = y, » = 3. Stresses were computed by 
Eqs. 21, using the value of bis from Hq. 18 for the active case. 

For region II, Ci, = 0, C22 = y. Stresses for this region are given by 
Eqs. 15. In order to evaluate the four arbitrary constants in these equations 
and the two arbitrary constants in the equations of the boundaries, the direct 
and shear stresses were equated across the boundaries—that is, across = a2 y 
and z = B2y. This led to the six simultaneous equations, 


diz Bz + Go. = — 0.27108 
bie Bo =e bee bas ¥, i 
(1 + bye) Bz + diz = 0 
Qi2 Ae a Ae. = 0.09886 (ae — 3) Seale cre eens Benen (26) 
bie 2 + boo = 0.34432 (ae a 3) 
and 
(1 + boo) a2 + ai2 = — 0.03295 (a2 — 3) 


Eqs. 26 were solved and the numerical values placed in Eqs. 15. The resulting 
expressions for oz, gy, and Tzy are given in Fig. 4. For a check of the inequality 
which must be satisfied in any elastic region (see Eq. 16a), the point x = 0, 


y = — 1 was used, from which o, = 0.311 y, oy = 1.108 y, Tzy = 0.066 y,. 


and B = 1.7438; then (see Eq. 16a) 1.409 y < oz + gy (as required). 
Dam.—For region III the values determined in the computations for the 
upstream toe were applicable. This is true because of the fact that a shift in 
the origin of coordinates, to any point along the boundary where all stresses 
are zero, produces no change in the expressions for stresses. Stresses for region 
V were computed by the use of the same formulas and data as for region III 
except that n = — 2. The stresses in region IV and expressions for the 
boundaries were established by equating direct and shear stresses across 
x=o,yand xz = B,y. The inequality was checked as at the upstream toe. 
Downstream Toe.—Stress values for region V were obtainable directly 
from the solution for the dam. For region VII the stresses were the same as for 
region I at the upstream toe. The work of obtaining the stresses in region VI 
and of fixing the boundaries between regions was done by equating stresses as 
before, only this time the boundaries x = ag y and « = 8. y were used. 
Directions of the slip lines as shown in the various plastic regions, Fig. 4, 
were obtained by substituting stresses for the region in question in Eqs. 24. 
Example 2. Solution of a Typical Zoned Dam of 1 on 8 Upstream and 1 on 2 
Downstream Slopes, with Reservoir Full—Fig. 5 shows the results of the analysis 
and data used in the computations. An outline of the procedure follows. 
Upstream Toe.—In this area the percolation pressure contours are taken 
as horizontal and as having a hydrostatic spacing vertically. The percolation 
function may then be written as uw = — Dy (y — H). This gives a nh Dé 
and for a value of y + Dy e of 120 Ib per cu ft; then, C2 = 57.6; and C; = 0. 
The remainder of the solution is similar to that in Example 1. 
Dam.—Stresses for region III may be taken from the upstream toe solution. 
Region V, which is taken as dry, was computed asin Example 1. In region IV 


~~ ae 
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Origin 
2 2 to SA Ne eee Ree: Ti, IV, and V Yi 
Percolation Pressure tS >X 
Contours—<~ Slip Lines Origin 
Origin I, 1, 01 TF ZN V, VI, and VII 


ON PRESSURE CONTOURS 
AND DIRECTIONS OF SLIP LINES | 


+16 


+8 


a = 


Es 
0 OTS 5 lt ea Ee RO | 
LEGEND ——— 


Stresses, in Thousands of Lb per Sq Ft 


Dam 100 Ft High i 
——-—— Stresses at Base of Dam 
-8 Stresses 50 Ft Below Base 
Data 
eis ht Orman plat ay. wataetsatay/ic ao oihe se ie 0 erie w Ste arn orm gcopen vate 100 
Diryge density, ame lb per cut ta eta skits ote cle. Shad ahesiht siantetia sete ae 95 
iWistindcuarty. sm lbapencutt tess, rr aed neice cee cadets uate 8 120 
Woekicient Of MICULON, faoanettsis tears Aisle scat aatarnieandeeketor ete cold a 0.7 
Equations oF STRESSES 
Regions I and VII: Region lV: F 
or = — 15.614 y : oz = 15.092 x — 35.711 y 
oy = — 57.6y oy = 46.984 « — 113.32 y 
Tzy = 0 try = — 10.117 2 + 18.123 y 
Region II: Region V: 
oz = 3.788 « — 17.930 y oz = — 16.234 («& + 2 y) 
oy = 10.140 x — 63.797 y oy = — 51.558 (w@ +2 y) 
tzy = 6.197 x — 3.788 y tay = 8.117 (@ +2 y) 
Region III: Region VI: 
or = 5.695 (x — 3 y) oz = — 60.195 2 — 56.423 y | 
cy = 19.833 (x& — 3 y) oy = — 130.968 x — 146.390 y 
Tzy = 1.898 («& —3 y) tzy = 88.790 x + 60.195 y 


Fie. 5.—Tyrican Zonep Dam; ANALYSIS FOR FuLL RESERVOIR 


the percolation pressure contours were assumed parallel to the boundary 
x = a4 y, so the percolation function was written as 


ae Olay, 
Eh lp peer ae ED Na oes Ha tae 27 
U4 Dy Ba Sak ( ) 
Then 
TO ELEC Pa ae cet | (28a) 
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and ; 
OU 3 ak Dw A eh aft eee (28b) 
Ox pads 
When y + Dw e = 120 lb per cu ft, 
Ci NAO Be 8 Gre ee ae (29a) 
Bs — a4 
and ae 
Cu = BU cele MS | a eT (29b) 


120 B, — 57.6 a4 


The remainder of the solution is similar to that given in Example 1. 

Downstream Toe.—Horizontal percolation pressure contours, spaced hydro- 
static vertically, were taken in regions VI and VII. Then for these regions: 
u= — Dwy; C2 = 57.6; and C; = 0. 

Stresses in region V were computed for the dam assuming that it is dry. 
These same stresses were used when equating stresses across x = Bgy. This 
involves no inconsistency because the stresses computed for region VI are 
contact stresses and do not include the percolation pressure. The upward body 
forces due to flotation below river-bed level in zone V, however, are neglected. 
The details of the remainder of the procedure have been given previously. 

By letting the percolation function in region VII be variable, its limiting 
value for stability may be determined by joining regions V and VII directly. 
This may be accomplished by equating normal and shear stresses across a 
common boundary and solving for the value of the pressure in the percolation 
function. This computation has been made for various conditions and the 
results are given in Table 3, Appendix IT. 


CONCLUSION 


All present available solutions, of the fundamental equations that have been 
established in this paper, are linear in form. This definitely limits the stress 
systems in the various regions and makes mandatory a system of linear bound- 
aries between regions. More general solutions are needed to avoid many of 
the present limitations. The present linear solutions should be considered as 
representing a first step in the development of a general method of approach. 
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APPENDIX I 
NovTaTION 
The following symbols, used in this paper, conform essentially with ‘Soil 


Mechanics Nomenclature” approved by the Society in 1941 and published as 
Manual of Engineering Practice No. 22: 


a 


& 


KH TAHAS H 


R 
Ro 
U 


= arbitrary constant (aii, @2:, a3i, etc.); 
NL Rafe 
Ky 


= arbitrary constant (b1;, bei, bs:, etc.); 


= cohesion; also arbitrary constant (Ci, C's, Cs:, etc.); 

= density of water; 

= arbitrary constant (dij, dei, d3i, etc.); 

= ratio of voids to total volume; 

= coefficient of internal friction; 

= depth of water in reservoir; 

= horizontal earthquake acceleration force expressed as a force per 
unit of volume; 

No, N3, etc. = arbitrary constants in the equations of the outer bound- 
aries; 

= a function representing the reserve strength to resist shear failure; 

= the minimum of R; 

= percolation pressure; 


x and y = rectangular coordinates; 


o 


arbitrary constant in the equations of the inner boundaries; 

arbitrary constant (see a); 

dry weight per unit of volume; 

an arbitrary constant; 

angle of the z-axis to the line of action of oi, counted positive 
counterclockwise; 

tangent of the angle y; 

normal component of stress, positive when compressive; 


o, and oy, = normal stresses on planes normal to the x and y axes re- 


spectively; 

= shear stress; 

shear stress in direction of x on plane normal to y; 

angle from the line of action of a; to the plane under consideration, 
counted positive counterclockwise; 

angle from the y-axis to the slip lines, counted positive clockwise. 
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APPENDIX II 


TABLE 1.—Luimitine Stopes ror Various EARTHQUAKE INTENSITIES 


SE 


Earthquake CoErFFICIENT OF FRICTION 
acceleration— | Wet density, 
fraction of lb per cu ft 

gravity 0.50 0.55 0.60 0.65 0.70 0.75 0.80 
115 4.63 4,25 3.94 3.69 3.47 3.28 3.11 

120 4.41 4.06 3.76 3.01 3.30 3.12 2.97 

0.00 g 127.5 4.15 3.81 3.54 3.30 3.11 2.94 2.79 
135 3.94 3.62 3.36 3.13 2.95 2.79 2.65 

142.5 3.77 3.46 3.21 3.00 2.82 2.66 2.53 

115 5.99 5.37 4.89 4.49 4.17 3.90 3.67 

120 5.64 5.07 4.61 4,24 3.94 3.69 3.47 

0.05 g 127.5 5.22 4.70 4.29 3.95 3.67 3.44 3.24 
185 4.90 4.41 4.03 3.72 3.46 3.24 3.05 

142.5 4.64 4.19 3.82 3.53 3.29 3.08 2.90 

115 8.41 7.23 6.37 argh 5.19 4.77 4,43 

120 7.74 6.69 5.92 5.32 4.85 4.47 4.16 

0.10 9 127.5 6.99 6.08 . 5.40 4.87 4.46 4.11 3.83 
135 6.43 5.62 5.01 4.53 4.15 3.84 3.58 

f 142.5 6.00 5.26 4.70 4.26 3.91 3.62 3.38 

115 13.91 10.93 9.05 7.76 6.82 6.11 5.55 

120 12.18 9.75 8.18 7.07 6.25 5.63 5.13 

0.15 g 127.5 10.43 8.52 7.23 6.31 5.62 5.09 4.66 
135 9.25 7.65 6.56 5.76 5.16 4.68 4.30 

142.5 8.40 7.02 6.05 5.34 4.80 4.37 4.03 

115 38.58 21.79 15.33 11.92 9.81 8.38 7.35 

120 27.73 17.60 13.00 10.38 8.69 7.51 6.64 

0.20 g 127.5 20.11 13.97 10.79 8.84 7.53 6.59 5.88 
135 16.18 11.81 9.37 7.81 6.73 5.94 5.34 

142.5 13.77 10.38 8.39 7.08 6.15 5.46 4.93 

115 47.35 24.87 17.06 13.10 10.70 

120 eles 81.50 30.53 19.04 13.97 11.11 9.29 

0.25 9 127.5 (nt 37.14 20.66 14,47 11.22 9.23 7.89 
135 59.76 25.07 16.06 11.93 9.56 8.03 6.95 

142.5 36.42 19.44 13.40 10.32 8.44 7.19 6.29 


Table 1 can be used to investigate the stability of slopes in the following . 
cases: 


(a) Downstream slopes of dams below the point where the phreatic line 
emerges; 

(b) Upstream slopes following a rapid draw-down; and 

(c) Slopes of cuts or fills when saturated. 


TABLE 2.—Limitine Stopss ror VARIOUS VALUES oF C; 


VALUES OF Ci: 


0.00 0.05 0.10 0.15 0.20 0.25° | 0.30 0.35 0.40 0.50 


2.00 2.28 2.63 3.07 3.67 4.50 5.75 7.83 12, 
1.82 2.06 2.34 2.71 3.17 3.79 4.66 5.96 S13 1 


2 
6. 
1.54 1.72 1.94 2.20 2.51 2.91 3.41 4.09 B04 é 
5 
4 


1.43 1.59 1.78 2.01 2.28 2.61 3.03 3.56 4.27 


. : 3. 
1.25 1.39 1.54 1.72 1.93 2.18 2.48 2.84 330 4.67 
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The type of failure contemplated is shown in Fig. 6(a) to consist of a 
sliding of material down the slope. The fill material is assumed to be cohesion- 
less. The percolation pressures are assumed to have a hydrostatic distribution 


Percolation Pressure Contours, Slip Plane 
Earthquake 


Dee BE 


Water Surface 


0) 


Percolation Pressure 
Stream Bed Contours 
(c) 


in the vertical direction. The numbers in Table 1 represent the steepest 
slopes that can be expected to remain stable under assumed conditions. 

Table 2 is useful for investigating either the stability of upstream slopes 
of earth dams under “‘reservoir full” conditions or the stability of dry slopes. 


TABLE 3 
DENSITY, IN LB 
PER CU FT CoEFFICIENT OF FRICTION COEFFICIENT OF FRICTION 
dry wet 0.50 0.60 | 0.70 | 0.80 0.50 0.60 0.70 0.80 
(a) StopE ON DowNsTREAM Facer, 1 ON 2 (c) Stopp on DowNstREeAM Face, 1 on 4 
90 115 97.78 104.89 108.02 110.03 101.55 105.61 108.32 110.16 
100 120 100.87 108.76 112.25 114.47 105.02 109.56 112.57 114.62 
110 127.5 106.45 115.14 118.97 121.42 111.06 116.02 119.33 121.59 
120 135 112.04 121.51 125.70 128.37 117.07 | 122.47 126.09 128.55 
130 142.5 117.63 127.89 132.42 135.32 123.07 128.93 132.85 135.51 
(6) Stopz on DownstTREAM Face, 1 on 3 (d) Horizontau 
90 115 101.22 105.47 108.25 110.13 115.00 115.00 115.00 115.00 
100 120 104.69 109.41 112.51 114.59 120.00 120.00 120.00 120.00 
110 127.5 110.66 115.85 119.26 121.55 127.50 127.50 127.50 127.50 
120 135 116.63 122.30 126.01 128.51 135.00 135.00 135.00 135.00 


130 142.5 122.60 128.74 132.76 135.47 142.50 142.50 142.50 142.50 


The type of failure contemplated is shown in Fig. 6(0) to consist of a sliding 
of material down the slope. The fill material is assumed cohesionless. The 
percolation pressures for saturated slopes are assumed to have a hydrostatic 
distribution in the vertical direction. The numbers in Table 2 represent the 
steepest slopes that can be expected to remain stable under assumed conditions. 
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The quantity C; is defined for wet material as 


Fraction of gravity < wet density 
Wet density — density of water 


and for dry material as fraction of gravity. 

Table 3 is useful for evaluating the effects of excessive uplift or percolation 
pressure gradients at the downstream toe of earth dams. It is also useful for 
estimating the intensity of the upward percolation pressure gradients necessary 
to produce piping. 

The computations indicate that a slide should occur at the downstream 
toe before actual piping is observed. However only a small difference is 
indicated between the gradients necessary to cause sliding and piping, and, if 
the conditions were local, it would be reasonable to expect the piping phenomena 
to appear first. 

The individual entries in Table 3 are the upward percolation pressure 
gradients in pounds per cubic foot necessary to produce failure, as shown in 
Fig. 6(c). The gradients necessary to produce piping are indicated in that 
part of the table marked ‘‘Horizontal.”’ 
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TIMBER FRICTION PILE FOUNDATIONS 
By FRANK M. MAsTERs,! M. Am. Soc. C. E. 


SYNOPSIS 


The theory of timber friction pile behavior presented in this paper was 
developed in connection with pile tests on the Morganza Floodway in Louisiana. 
_ It may afford a means of determining, with reasonable accuracy, the safe loads 
to impose on groups of piles in any arrangement, and of any length, from data 
secured by the loading to failure of one or more individual friction piles at 
the site. 


INTRODUCTION 


Many large areas of land in the United States on which structures imposing 
heavy foundation loads are constructed are formed of silty and clayey materials, 
being delta deposits of the larger streams. Sandy deposits or other such firm 
materials suitable for the support of heavy concentrated foundation loads are 
frequently found at such great depths below the surface of these deposits that 
it is not economically possible to construct foundations that bear directly on 
the firm materials, or that are supported on point bearing piles driven into these 
firm materials. Moreover, timber piles, which are relatively inexpensive and 
of remarkable durability when embedded entirely below the ground water, are 
becoming increasingly scarce in the longer lengths required to reach such firm 
bearing strata. Consequently, many existing structures are supported on piles 
embedded in the overlying silt and clay materials. It is becoming more and 
more important, therefore, to find some reasonably accurate method of de- 
termining the safe carrying capacity of single piles and groups of piles that do 
not reach point bearing in a firm stratum, but depend instead for their support 
- entirely upon the adhesion of the surrounding clay or silt to the embedded pile 
surfaces. 

Such piles, popularly called ‘friction’ piles, are the subject of analysis in 
this paper. The adhesion that supports them transmits their load to the soil 
by vertical shearing stresses, which are greatest in the soil at the periphery of 
the single pile or of the pile group. 


Norse.—Written comments are invited for immediate publication 
discussion should be submitted by March, 1942. 
1 Cons. Engr. (Modjeski & Masters), Harrisburg, Pa. 
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The tip of a “friction” pile delivers practically no load in bearing, so that 
the load-carrying capacity of a single pile is dependent upon the length of the 
pile, the diameter and taper of the pile, and the shearing strength of the soil. 
The last may increase somewhat from the surface downward due to the addi- 
tional internal friction generated in the soil on account of horizontal earth 
pressures from the weight of the overlying materials. However, due to the fact 
that the butt diameter of timber piles is larger than the tip diameter, the load 
delivered to the soil per unit of length of a timber pile will usually be greatest 
at the butt and smallest at the tip. 

Load tests have shown that pile-driving formulas, in which the weight of 
the ram and the blows per foot of penetration are used to determine the carrying 
capacity of the pile, do not apply to friction piles, probably because the charac- 
teristics of clay or silt during driving are different from what they are when the 
pile is at rest in the clay or silt. Static load tests, which simply measure the 
load that creates a predetermined amount of settlement within a fixed amount 
of time, also do not properly measure the ultimate carrying capacity of friction 
piles, which is measured rather by the shearing value of the soils in which the 
piles are embedded than by the compressibility of the underlying materials. 

It has long been known that an average individual pile in a group arrange- 
ment of friction piles does not have the same carrying capacity as an isolated 
single pile and that the arrangement and spacing, center to center, of the 
piles in a group affect the load capacity of the piles. Because of the lack of 
tests to failure of group arrangements of friction piles, compared with individual 
friction piles driven in the same character of soil, there has been little or no 
comparable information available concerning the supporting capacity of single 
piles and piles in group arrangements with varying spacing, from which a theory 
might be developed for the economic design of friction pile footings. 


Tue MoreGanza Pitre Trsts 


As a part of the Mississippi River flood-control program, the U. 8. Engineer 
Corps is required to construct railway and highway structures across the 
Morganza Floodway in Louisiana. In order to determine the most economical 
design of these structures, which are being erected by the railway lines, the 
Engineer Corps arranged with the railway companies to make tests of various 
types of piles on which to support the proposed trestles. The results of these — 
tests have been made available by the Corps of Engineers for use in this paper. 
The locations of these tests, along the lines of the proposed railway structures, 
with relation to borings and subsurface investigations, are shown in Fig. 1. 
It excludes those tests carried to point bearing and shows only the tests of 
timber and concrete friction piles that were loaded to failure. The soil above 
the “sand line” in Fig. 1 is of approximately uniform quality along the Flood- 
way, consisting of successive strata of loam, silt and clay, and mixtures of those 
materials. At the Port Allen (La.) Branch Crossing (not shown in Fig. 1), 
pile C22, Station 2348 + 70, has 77.5 ft of penetration, with its tip just reaching 
the sand line. The driving records show that until a pile had reached the sand 
stratum, where it came up suddenly, the blows per foot increased only gradually 
with penetration, and the borings and water-content records all indicate a 
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fairly homogeneous material into which the test piles were driven at the various 
locations. All of the materials above the sand stratum are of silty, clay-like 
composition. 

The pile sizes, driving records, and failure loads of the friction piles tested 
to failure, both timber and concrete, are given in Table 1. Actually, many 


TABLE 1.—SumMary or Pine Sizes, AND Driving AND Loapine Data, 
For Friction Pires TESTED TO FAILURE 


DIAMETER, BLows PER AT 
In In.* Foor Form- Aver-| Ayer-| FAILURE 
Ham-| 28s 2 rule Pune] oor age 
i b Weight#| mer sae. | feos ; |settle- . 
Piles Type ee tee Halt | Last} 1024 to eel! eee epee Peg 
. f 1 — 
Butt| Tip length/| foot (tons)? (sq ft) (ft) oa a 3 


(a) Texas aNp Pacrric Ratupway; Main Linn Crossine (T. & P.) 


Cl 27-in. HOC 


28.8 OR 10 83 48 52.2 | 389 | 2.021} 117.5 | 604 

C2 24-in. SOC 29.8 OR 11 22 46 50.5 | 335 | 1.826] 117.5—| 702 

C3 30-in. HOC 35.6 OR 21 29 59 50.5 | 418 | 2.513] 117.5 | 562- 

C9 80-in. HOC | ...)| ... | 63.2 OR 34 |314 | 219 92.0 | 762 | 0.032 | 210 551 

T4-5 UYP 16.56) 8.87] 2.25 2 16 27 13 50.0 | 166 | 0.009} 60 721 

T14-17| YPand /16.80| 8.35) 2.1 2 15 27 14 50.0 | 165 sae 50 610 
cypress pe 

T18 vRP 16.50) 8.50} 2.1 2 13 25 12 50.5 | 165 |1.510| 70 847 

T20-27 YP 15.91] 8.10] 2.1 2 9 20 10 50.0 | 158 | 0.049} 40 510 


(b) Port ALLEN BraNcH CROSSING 


OR 28 


C22 | 30-in. HOC | alot 77.5 


.| 927 


452 | 238 


609 j0.91 | 210 | 688 


(c) NEw Or.LEaAns, Texas AND Mexico Rarpway Crossine (N.O.T. & M.) 


Cl 30-in. HOC]... |... | 35.4 0 22 58 79 51 415 |0.360| 87.5 | 420 
C2 30-in. HOC] ... |... | 62.6 0 42 |493 | 196 | 81.5 | 669 | 1.329 | 127.5 380 
TL UYP 17.50} 8.50} 2.2 1 4 16 18 52.0 | 195 |Failed] 66.5 | 685 
T2-9 UYP 16.91)10.20) 2.3 1 6 11 13 50.4 | 179 | 0.042] 42.5 _| 476 
T10 UYP 17.75|11.50) 3.8 1 6 13 15 | 59.5 | 214 |Failed| 96.5 | 900 
T11-19 UYP 18.08}10.67| 3.2 1 6 14 16 59.7 | 219 | 0.231] 56.3 | 520 
T20 TYE 17.50) 8.00} 3.2 1 3 30 30 | 85.0 | 295 | 0.023 | 100 680 
T21-29 UuyP 18.08}10.50} 3.0 iL 5 11 13 59.9 | 224 | 0.032.) 55.33 | 495 
T34 CYP 16.75] 8.50} — 3.1 1 3 8 9 83.0 | 283 | Failed] 110 7717 
T37-52 UYP 16.86] 8.31) 2.35 1 4 11 13 60.0 | 203 | 0.236] 42.9 | 423 


«C = “concrete”; T = ‘timber’; T37—52, ete., = timber piles T37 to T52; that is, a 16-pile group. 
+ YP = yellow pine; U = untreated; CYP = creosoted yellow pine; HOC = hollow octagonal concrete 
pile; and SOC = solid octagonal concrete pile. * Average for the group. 4 In thousands of pounds per 
pile. ¢ Vulcan type of hammer; OR = manufacturer’s number. / Blows per foot with pile half driven. 
9 Safe load, in tons per pile, by ‘‘Engineering News’ formula. * Average permanent settlement, after 
unloading, in feet. ‘In tons per pile. 4 In pounds per square foot of contact area. 


tests, not recorded herein, were carried to a load just sufficient to meet the 
requirements of standard specifications for timber pile tests—that is, to a load 
that would not produce a settlement of more than } in. in a period of forty-eight 
hours. However, some of the early group arrangements when so loaded 
settled beyond these specification requirements, and in so failing clearly indi- 
cated that piles in a group did not have the same supporting capacity as indi- 
vidual piles. Accordingly, the Corps of Engineers, when requested, agreed to 
load to failure one additional individual pile, and two 9-pile groups, all of which 
had been previously partly loaded, and in addition to drive and load a new 
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16-pile group so as to obtain information that would show the carrying capacity 
of single piles of different lengths as well as groups of piles in different arrange- 


-ments and spacings. The behavior of these three groups was similar; each 


TABLE 2.—Trst Recorps ror InpivipuaAL TrmBER FRICTION PILEs, 
LoapEp To Fatture; N.O.T. & M. Crossinc? 


Total : Settle- | Total : Settle- | Total Settle- | Total Settle- 
load, Time ment, | load, Time ment, | load, Time ment, | load, | Time ment, 
in (hr:min) in in (hr:min) in in (hr:min) in in (hr:min) in 
tons ft tons ft tons ft tons ft 
(1) (2) (3) (1) (2) (3) (1) (2) (3) (1) (2) (3) 
(a) Pin T10; (6) Prix T18; (c) Pix T20; (d) Prre T1; 
59.5 Fr Lone 50.5 Fr Lona 85 Fr Loneé 52 Fr Lone 
0 0 0 0 0 0 0 0 0 0 0 
16.5 1:00 | 0.002 10 0 0.004 (es 0 0 1 0 0.003 
I 5:45 0.002 4:00 0.004 15.0 0:25 0.003 4:00 0.003 
6:00 | 0.004 15 4:00 | 0.006 0:35 | 0.003 4:00 | 0.005 
31.5 10:00 | 0.005 8:00 | 0.006 4:00 | 0.004 16.5 6:00 | 0.006 
é 14:00 | 0.006 8:00 | 0.008 25.0 8:00 | 0.004 8:00 0.006 
21:00 | 0.006 20 10:00 | 0.008 re 12:00 | 0.005 8:00 | 0.008 
21:30 | 0.007 12:00 | 0.009 16:00 | 0.005 21.5 10:00 | 0.010 
41.5 24:00 | 0.009 12:00 | 0.009 18:25 | 0.006 12:00 | 0.010 
29:00 | 0.009 25 14:00°| 0.009 30.0 18:30 | 0.008 26.5 12:00 | 0.011 
32:00 | 0.013 16:00 | 0.010 40.0 18:35 | 0.009 16:00 | 0.011 
35:00 0.013 16:00 0.011 18:40 0.013 16:00 0.012 
38:00 | 0.014 30 18:00 | 0.012 22:00 | 0.015 BLS 18:00 | 0.013 
41:00 | 0.015 20:00 | 0.012 50.0 32:01 0.015 20:00 0.014 
61.5 56:30 0.015 20:00 0.013 36:00 0.016 20:00 0.017 
61:00 | 0.014 35 22:00 | 0.013 41:50 | 0.016 36.5 22:00 | 0.018 
69:00 0.014 24:00 | 0.015 60.0 42:00 0.016 24:00 0.018 
71:45 | 0.015 24:00 | 0.017 70.0 42:10 | 0.019 41.5 24:00 | 0.020 
75:20 | 0.015 40 26:00 | 0.017 42:15 | 0.020 \ 28:00 | 0.020 
46.5 75:20 | 0.013 28:00 | 0.018 44:01 0.024 28:00 | 0.024 
41.5 75:20 |. 0.012 45 28:00 | 0.018 75 48:30 | 0.025 46.5 30:00 | 0.025 
36.5 75:20 | 0.012 32:00 | 0.018 0 52:00 | 0.025 32:00 | 0.025 
31.5 75:20 | 0.011 50 32:00 | 0.021 56:01 0.026 32:00 | 0.038¢ 
26.5 75:20 0.010 36:00 0.021 65:25 0.026 51.5 34:00 0.039¢ 
21.5 75:20 | 0.010 36:00 | 0.026 80.0 65:35 | 0.027 36:00 | 0.041¢ 
16.5 75:30 | 0.009 55 38:00 | 0.026 90.0 65:45 | 0.028 36:00 | 0.038¢ 
21.5 75:50 | 0.010 40:00 | 0.027 66:00 | 0.028 56.5 38:00 | 0.040¢ 
26.5 75:50 | 0.011 40:00 | 0.028 69:30 | 0.032 40:00 | 0.040¢ 
31.5 75:50 | 0.011 60 42:00 | 0.029 73:00 | 0.033 40:00 | 0.029 
36.5 75:50 | 0.011 44:00 | 0.031 77:00 | 0.034 | 61.5 42:00 | 0.030 
41.5 75:50 | 0.012 44:00 | 0.032 83:00 | 0.034 44:00 | 0.030 
46.5 75:50 | 0.012 65 46:00 | 0.037 100.0 86:00 | 0.035 44:00 0.051 
51.5 75:50 | 0.013 48:00 | 0.038 \ 104:01 0.035 66.5 46:00 | 0.058 
76:00 | 0.013 708 48:00 | 0.039 108:00 | 0.036 48:00 Nis 
79:00 | 0.013 49:00 1.510 116:01 | 0.036 
56.5 82:30 | 0.015 142:00 | 0.042 
91:00 | 0.015 161:00 | 0.044 | (e) Retest, Prup T34; 
94:45 | 0.013 (a) Pruz T10 185:00 | 0.045 83 Fr Lone 
94:55 | 0.013 continued) 80.0 185:25 | 0.043 
61.5 97:00 | 0.016 70.0 185:28 | 0.042 
99:30 | 0.020 t 60.0 185:30 | 0.040 0 0 0 
100:15 | 0.020 81.5 142:50 | 0.027 50.0 185:34 | 0.038 30 0 J ieted 
66.5 109:00 | 0.020 i 144:00 | 0.028 40.0 185:40 | 0.035 55 wate a any 
S 113:00 | 0.021 144:30 | 0.028 30.0 188:10 | 0.029 21:45 | 0.047 
119:45 | 0.021 86.5 147:00 | 0.029 25.0 188:13 | 0.028 80 24:45 | 0.051 
120:00 | 0.022 149:00 | 0.030 15.0 188:18 | 0.027 29:25 0.051 
71.5 122:00 | 0.022 91.5 149.00 | 0.031 tao 188:20 | 0.027 90 29:25 0.056 
e 124:00 | 0.023 149:10 | 0.031 0 188:25 | 0.026 38:25 | 0.059 
if 125:50 | 0.023 96.5 149:30 | 0.034 eS « 198:00 | 0.023 100 43:55 0.063 
126:00 | 0.023 i Pee 0.040 gees nih pee One 
130:00 | 0.024 149:55¢) 2... oe: 3 : sae 
76.5 | 1134:00 | 0.025 mt 110 57:25 | 0.199 
142:00 | 0.025 70:25 | 0.2399 


a Except pile T18 (Table 2(6)), | ' 
were no time-settlement changes have been omitted for brevity. 
the bracing system rested on the ground. 
continued to settle under the 100-ton 


¢ Failure. 


load, at least partial failure occurred. 


which is T. & P. Crossing. Several intermediate readings where there 


+ This pile settled under 70 tons until 
d Pile T20 did not plunge sharply; but because it 
¢ Readings incorrect; pile not 


plumb. / Rapid settlement. 9 Further settlement was prevented by the shoring under the loading blocks. 
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failed by leaning toward a corner or a side generally having the smallest di- 
ameter piles, and in failing carried down the earth surface with it in a dished 


depression extending outside the group and having a maximum value near the 
group center. 


TABLE 3.—Trst ReEcorps ror Groups oF TIMBER FRICTION PILES 
LoaDED To FAILURE 


N.O.T. & M. Crosstnee T. & P. Crosstne 
Total Time Total Total Total 
load. Settle- | load | Time, | Settle- | load | Time, | Settle-| load | Time, | Settle- 
per ment, per in ment, | per in ment, | per in ment, 
pile | Days | Hr:min|} in ft pile hr in ft pile hr in ft pile hr in ft 
(tons) (tons) (tons) (tons) 


(1) | @a) | (@b) (3) (1) (2) (3) (1) (2) (3) (1) (2) (3) 


(a) Prsrs T21-T29; (c) Pines T4-T5; (d) Prunes T14-T17; (e) Prtes T20-T27; 


Nine, 60-Fr Pines Two, 50-Fr PiILes Four, 50-Fr Pines Eieut, 50-Fr Pines 
ame eae NCS i oh 
0 0| 0 0 0 0 |o 0 0 |o 0 0 0 
5 0 | 2:30 | 0.002 0 | 0.001 2 | 0.010 7:30 | 0.012 
0 | 3:15 |0.003 | 15 2 10.005 | 20 6 | 0.010 10:30 | 0.015 
0 | 8:00 | 0.004 4 | 0.005 8 |0.011 | 22.5 | 413:30 | 0.0175 
10 0 | 12:00 | 0.004 4 | 0.006 8 | 0.013 16:30 | 0.0175 
0 | 16:00 | 0.005 | 20 6 | 0.006 | 95 10 | 0.014 19:30 | 0.018 
1 | 1:30 | 0.005 8 | 0.0065 12 | 0.015 19:30 | 0.019 
1 | 1:30 | 0.007 | 9. 8 | 0.009 14 | 0.016 22:30 | 0.019 
na 1 | 5:00 | 0.008 12 | 0.009 14 | 0.019 | 26.25} 425:30 | 0.0205 
1 | 19:00 | 0.009 | 5, 12 <pci0s2 |g, 16 | 0.021 28:30 | 0.021 
1 | 23:00 | 0.009 16 | 0.012 18 | 0.022 31:30 | 0.021 
20.3° 1 | 23:30 | 0.011 16 | 0.014 20 | 0.024 31:30 | 0.023 
20.3°| 243 | 0 0.011 | 35 18 | 0.014 20 | 0.025 | 359 | |37:30 | 0.023 
25.3 | 243 | 0 0.012 20 | 0.015 | 55 22 | 0.026 : 40:30 | 0.025 
243 | 5:00 | 0.012 | 4, 20 | 0.015 24 | 0.027 43:30 | 0.025 
30.3 | 1243 | 22:00 | 0.016 24 | 0.015 26 | 0.028 43:30 | 0.027 
0. 244 | 4:00 | 0.016 | 4. 24 | 0.021 26 | 0.029 |5,7,| }46:30 | 0.027 
245 | 4:45 | 0.0162 28 | 0.021 | 49 28 | 0.029 . 49:30 | 0.032 
245 | ‘4:45 | 0.0166 28 | 0.021 30 | 0.030 55:30 | 0.032 
35.3 | 1245 | 19:00 | 0.0176 | 50 30 | 0.021 32 | 0.0305 55:30 | 0.034 
246 | 2:30 | 0.0186 32 | 0.022 32 | 0.034 58:30 | 0.034 
40.3 | {247 | .3:00 | 0.0205 B2n 10.0240]. 34 |0.035 |37.5 | 461:30 | 0.038 
. 247 | 22:00 | 0.0219 | 55 34 | 0.024 36 | 0.0355 64:30 | 0.041 
248 | 5:00 | 0.0219 36 | 0.026 38 | 0.036 67:30 | 0.041 
248 | 5:00 | 0.023 36 | 0.030 | 50 alls cone 67:30 | 0.0435 
45.3 | }248 | 21:00 | 0.0242 38 | 0.033 70:30 | 0.044 
. 249 | 22:00 | 0.0266 | 60 40 | 0.034 73:30 | 0.0455 
250 | 23:00 | 0.0286 42 | 0.034 | (b) Pums T2-T9; | 49 79:30 | 0.0455 
251 | 5:00 | 0.0303 44 | 0.0364 continued) 82:30 | 0.047 
251 | 19:00 | 0.0329 inh) ae Oe Reach 85:30 | 0.0485 
ape 22 | 0 0340 88:30 | 0.049 
: 252 | 23:00 | 0.0361| (6) Pus T2-T9 | o93 | (38 | 0.0185 91:00 | 0.0495 
254 3:00 | 0.0376 (continued) Z 41 | 0.019 
Eee ohne |eor ae | hat tae becons 
255 | 0:30 | 0.0 : : hice 
55.3 | 1255 | 3:30 | 0.045 7 | 0.008 Ie AT em ay iter hve Me 
255 | 22:00 | 0.0565°| 494 | }10 | 0.009 55 | 0.028 
. 14 | 0.0095] 393 | |58 | 0.030 
17 | 0.010 . 61 | 0.031 - as 
to) Frums F2- 70; Eras, dt | 0.012 86 | 0.035 a79 | 184 | 0.044 
50.5-Fr Proms 15.3 | 424 | 0.014 69 | 0.038. | °" 87 | 0.0445 
26 |0.014 | 35.3 | 472 | 0.038 90 0.045 
29 | 0.015 75 | 0.039 39.75 94 0.047 
ORO 0 30 | 0.017 Clore Os i 
10.3 01 3:00 |0.006 | 2%3} {34 |0.018 | 37.2 | °78 | 0.041 |4%5 | (98 — | 0.04927 


2 Data for groups T37-T52 and retest group T11—-T19, plotted in Figs. 2 and 3, are not included in Table 3. 
6 After 243 days, no appreciable increase in settlement was observed. ©The group was leaning, 
settling 0.082 ft toward a corner having the piles with the smallest diameters. ¢4 Load was now removed 
because of the steepness of the settlement curve. ¢ Group failed by tipping and breaking piles.’ / After 
unloading, the group had an average permanent settlement of 0.042 ft. 
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Time, in Hours 
60 


Papers 


Time, in Days, Total from Start 


0.060 | Average of 
737-152 


Settlement in Feet, Group T37-T52 
oO 
oO 
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oO 


Average of Row |\i 
T49-T52 
0.100 Ba 


Failure at 42.9 Tons per Pile. 
Group Was Leaning Toward T37 - T40 Row 


T-48 1-47 1-46 
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T-52 1-51 1-50 


1 
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Fria. 3.—SrIxTEEN-PILE Group T37—-T52; 60-Fr Piuzs; N.O.T. & M. Crossina 
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As illustrated in Fig. 2, the test loads were applied in the form of long 
narrow, concrete blocks completely spanning the group and laid crosswise if 
successive layers. They were applied in increments until failure had been 
reached as indicated by “plunging” or by a continuation of settlement with 
time. These concrete blocks were supplemented in the case of the 16-pile group 
by additional loads in the form of water tanks. Settlements were measured 
accurately from bench marks in the ground surface that were far enough from 
the groups not to be influenced by the loads. 

The results of all tests, to fail- 


ure, of timber piles plotted both TABLE 4.—SkIN Frictions, 

with relation to the load and INDIVIDUAL PILES 
settlement, as well as to the time 

and settlement, are given in (a) Tapprep TIMBER (0) Concrete Piss, 
Tables 2 and 3 and in Figs. 3 ies: Pak ee 
and 4. In these figures, the ie Skin . | Skin 
numbers in circles are the total Crossing [NO GS frie || Crossing | Ni°| fric- 


; ‘ tion? 
loads per pile, intons. Thenum- = —————|-—— ar 


ine ee N.0.T. & M. |T1 | 52 685 || N.O.T. & M.IC1 | 420 

bers on the adjoining arrows are NOT, & M 710 59.5 | 900 || N.O.T. & M.|C2 | 380 

: Our" 85 680 || T. & P. C1 | 604 

load increments. These tests all N.O.T. & M. |T34| 83 777 || T. & P. C2 | 702 
biwhte ss é & P. 

demonstrate that larger groups Auf, (TS) | MER ER: (G3 | a 


fail more slowly than smaller Port Allon i; (221098 
groups and that individual piles Ps 
fail by plunging. Table 4 gives * Inpounds per square foot of embedded area based on the 
the skin friction values at fail. Sowa 

ure for each of the timber fric- 

tion piles loaded to failure, and for each of the concrete friction piles loaded 
to failure. 

The parallel-sided concrete piles, when loaded to failure, did not develop 
the same supporting capacity per unit of embedded area as did tapered timber 
piles, although one would assume that the frictional resistance of the surface 
of a concrete pile should be at least equal to the frictional resistance of the 
smooth surface of a timber pile. This may be due either to the wedging action 
of the tapered timber pile or to some very favorable stress distribution along 
' its sides due to the taper. The average skin friction of all tapered timber piles 
loaded to failure in this series of tests was 778 lb per sq ft of embedded area, 
whereas the average for the parallel-sided concrete piles was only 558 lb per sq ft. 


NotaTION 


The following notation is used in this paper: 
L = length of pile as driven; 
L, = depth from pile tip to point in ground below tip; 
P = applied load; P’ = point load, or load delivered by circumferential 
band of height dz. 
qx = unit horizontal pressure in radial direction; 
unit vertical pressure; 
diagonal distance from point load to point in soil at which pressure 
or shear is desired; 


UP 
ol 
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R, = ratio of load delivered per linear foot of pile at top of pile to load 
delivered per linear foot at bottom of pile; 

radial distance from pile center to point in ground; 

S» = unit vertical shear perpendicular to r; 

8, = unit horizontal shear parallel to z; 

Z = depth from ground surface to point in ground above pile tip; 

Z, = depth from ground surface to point in ground below pile tip. 


3 
ll 


THEORY OF FRICTION PILE BEHAVIOR 


Various theories and formulas for the distribution of the load delivered by 
a pile to the soil were considered in this study. An attempt was made to apply 
some simple rule for the distribution of pile loads like the straight-line distribu- 
tion at 60° to the horizontal that is common in some specifications; but this 


Jes 


Point Load, P” 


\ 


pS ME Pe eee Se 


a=] | 
x 
Point in Soil at Which \ 
Pressure or Shear 
Is Desired 
(a) 
: 
Fig. 5. 


series of tests when plotted would not support any straight-line treatment, and 
pointed to the necessity for a more complex treatment; nor did the test results 
appear to check the formulas proposed by R. D. Mindlin,? Assoc. M. Am. Soc. 
C. E., which prescribe tension in the soil for loads applied beneath the ground 
surface. Only the classic Boussinesq formulas for the distribution of pressure 
through homogeneous material beneath a point load, when expanded for appli- 
cation to a line load, were found to check with the test results. If further tests 
are made, they may reveal that some simple and yet reasonably approximate 


0 eae : 3 F : 
ea. Force at # Point in the Interior of a Semi-Infinite Solid,” by Raymond D. Mindlin, Physics, May, 


November, 1941 FRICTION PILE FOUNDATIONS 1667 


theory may be applicable. The Boussinesq point-load formulas, which have 

been used frequently to determine pressures beneath buried fe iations: and 

which were made the basis of the following analysis, are as follows (see Fig. 5(a)): 
The unit vertical pressure (parallel to the z-axis) is 


Se 
The unit horizontal pressure, parallel to r (if Poisson’s ratio for the soil is 0.5), is 
oP 72 
th = ~5 WR tite (1b) 
The unit vertical shear, perpendicular to 7, is 
ake 
Sy 7 a (1c) 
The unit horizontal shear, parallel to z, is 
bd ae od se 
Sx Da Re tit tenses sees es (1d) 


The unit horizontal shear, parallel to r, is numerically equal to that in Eq. Ic. 

A friction pile delivers to the soil a vertical line of load through vertical 
shearing stresses, developed at the surface of the pile, to result in bearing 
pressures beneath the pile and shearing stresses around it. It was, therefore, 
necessary to expand Boussinesq’s point-load formulas for pressures and shears 
by integration to apply to such a vertical line of load. These integrations 
follow: 

Vertical Shear at Radius “r’’ from Pile—If the load delivered to the soil 
per linear foot of pile varies Laks some value at the tip to R, times that value 
- at the butt, the load delivered by any circumferential band of height dz (see 
Fig. 5(6)) may be regarded as a point load having the value: 


pro] y +fthae, | 2 P dz 


L (R. + 1) 
i ee 2 P dz (24) 
bes L iB, (Re + JG Ps er BY ee et ar Sas 
Based on the Boussinesq formula, 
bi ag a SEE SO a RAO, (2b) 


the vertical shear at a point above the tip at depth Z is: 
aks 372 eee a 
Se 2 (r? + Z2)2* 73 
Piz te Pr | oR eee 
XTRt) rPR+DL Fe +a 


2 2 2 
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Vertical Pressure at Radius ‘‘r,” or on Axis of Pile of Radius ‘‘r.”—If the 
load delivered to the soil per linear foot of pile varies from some value at the 
tip to R, times that value at the butt, the load delivered by any circumferential 
band of height dz (see Fig. 5(c)): 


js 2Pd 
ee j1+2th-4 (eae » |e iy 


= | GRA FR te | 2 P dz (3a) 
= : DRaep 


Based on the Boussinesq formula, 


§ re sine 2g 
qo = 27 (r? + g)2-6 


the vertical pressure at a-point above the tip at depth Z is 


[Beye Si (de Be Mo Dstt Ait, a) 
w= { on Eris E 
2 Bits hE |e Lb Ree 
L(Re +1) wl? (Rk, + 1) 3 (r= + Z)18 
2(LR.— ZR. + Z) Z 

3r + = 1) [=p 

Z Z+ (Z2 + r2j0-5 
— reps t low. (ZT) | ite she seve (3c) 


The Vertical Pressure at Any Point Below the Tip at Depth Z;.—The load 
delivered by any circumferential band of height dz: 


x 


+ 


HES Ee ee nC bef le 
peat Soa laa a 
poetnare ss | 2 P dz 
IS URE PERT Teg iri, 


Applying the limits of Z; and Li, the vertical pressure at a point below the tip 
is expressed by 


Pn mm Ne SENG (pone 5 Wenn TALC Aes CE 
°  ¢ L?(R, + 1) 3 (r? + 2%)! 
Laas Zi Zi + (2% + 12)05 
X | saReas— Tea t ee (AAS ON) | 
(Zi- Rel) B+27) pe yf __- Ts 
3 (r? + L,)!4 Nie ) ee (LD, + 1r2)15 
L I SNOB 2)0.5 
-Gabae He Sea he 


For pressures on the pile axis, use a value of r equal to the radius of the 
pile at, or immediately above, the point in the ground. Precisely the same 


+R,—-—1 


+f 
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formulas determine the vertical pressures around a pile, assuming it to be a 
vertical line of load, and setting r = radial distance from the pile axis. 

The ratio “R.”’ introduced in these integrations produces flexibility in the 
theory. As applied to timber piles, it takes account of the natural pile taper 


1 PILE 9 PILES 
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SUMMATION OF VERTICAL SHEARS AROUND 
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Fie. 6.—Verticat SHears (IN Pounps per SquarE Foor) UnpER Loaps or 10 Tons PER PILE 
(L = 60 Ft; Diameters at Butt and Tip, 14 In. and 8 In.; 4-Ft Spacing; and Re = 1.5) 


as well as the internal friction of the soil. “When an untreated timber friction 
pile is withdrawn from soil after having been loaded, it is generally coated 
with a thin film of the material, indicating excellent adhesion between the pile 
and the soil, and showing that failure occurred by shearing the soil. If the 
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shearing strength of the soil were constant from butt to tip, the load delivered 
by shear to the soil per linear foot of pile would vary with the diameter and 
would be greater at the butt than at the tip. Since the shearing strength of the 
soil is slightly increased from butt to tip, however, as a result of a build-up of 
internal friction due to greater horizontal earth pressures toward the tip, this 
ratio of butt load to tip load per linear foot of pile will be somewhat less than 
the ratios of the diameters, and may be represented by the factor R., which 
appears in the pile formulas. This factor is a function of pile length, pile taper, 
and internal friction of the soil. 

The shears existing around a single pile, a 9-pile group, and a 16-pile group, 
using the derived formulas for vertical shears, are presented graphically in 


1, at Point O in Ground 
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Vertical Pressure for L=1, P 


Fie. 7.—Unit Verticat Suears AROUND A SINGLE Friction Pinp (G =1; P =1; Re = 1.5) 


Fig. 6. The shears are based on’ the assumption of R, = 1.5, which value 
substantially checks the test results for timber piles. The ‘computations were 
facilitated by the use of the curves of Fig. 7, in which the general shear formula 
(Eq. 2c) is plotted for various depths around a pile of unit length and under.a 
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load of one unit. To find the shear around a pile of any length Z, under a 
PE S 
load P, multiply the vertical shear from these curves by the factor RB: Fig. 6 


shows that the vertical shear effects overlap when piles are placed near each 
other, and result in maximum shear stresses on the outer surfaces of the 
perimeter piles in a group, which are greatest at the corner piles. Hence, failure 
is likely to occur by the development of excessive vertical shears outside the 
edge or corner piles. This was indicated by the Morganza tests when a group 
failed by leaning toward a side or corner. 

Consequently, it is a basic assumption of the design method described in 
this paper that small friction pile groups fail when the corner or edge piles 
break loose by shear failure from the bulbs of pressure that would otherwise 
distribute the pile loads safely. Larger groups than those tested may settle 
as a result of consolidation due to vertical pressures under the center of the 
group and may be investigated for this condition by the formulas for vertical 
pressure (Eqs. 3c and 4b). However, in computing the load-carrying capacity 
of any arrangement of piles, the group should first be investigated against 
failure in shear along the outer piles. 

For the purpose of illustrating the contribution of shear from each pile in 
a group to the shear on the outer piles, and the further fact that the shear at 
midheight of a corner pile of a group is most critical, the shearing stresses under 
failure loads are shown in Fig. 8(a) around a single pile, a group of nine piles, 
and a group of sixteen piles, computing these shearing stresses at the butt, 
the tip, midheight, and the two quarter points, and using R, = 1.5. In the 
computations of the failure loads on the piles in these various groups, an average 
shearing strength of 750 lb per sq ft at failure of a single pile was used for con- 
venience of computation. It will be noted that the shearing stresses, in pounds 
per square foot of embedded surface on the single pile, increase slowly from 


. 


butt to tip, being larger toward the tip because of the better shear value of the 


soil there due to internal friction. It will also be noted on the 9-pile and 
16-pile groups of Fig. 8(a) that the vertical shears shown around the outside 


piles in no case exceed the vertical shears at corresponding heights on a single 


pile, and that, as the number of piles in the group increases, the load per pile 
must decrease in order to satisfy this condition, owing to the contributions of 
all other piles to the shears on each outside pile. The critical point around the 


perimeter for groups of this size is seen to be at midheight of the outside surface 


of the corner pile, and, if the assumed shearing value of 750 lb per sq ft-at the 
midheight of this pile is exceeded, failure will occur and spread progressively 
to the less critically stressed points around the group perimeter. 


DETERMINATION OF SHEAR-FAILURE LOAD or A Group 


A method of determining the shear-failure load of a group of piles, using 
the derived formula (Eq. 2c), would consist, first, of loading a single pile to 
failure, as determined by the load at which the pile settlement under small 
additional increments of load would increase rapidly and the pile would no 
longer come to rest. This test load divided by the contact area is the average 
skin friction, which equals the shear-failure value at midheight of a pile. A 


Sines 
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group is assumed to fail by shear at this test-determined value per square foot 
along a plane intersecting the outer surface of a corner pile, and drawn approxi- 
mately normal to the line connecting this corner pile with the center of gravity 
of the group. A load P is assumed on each pile of the group arrangement to be 
investigated. The contribution of each pile in the group to the midheight shear 
of the corner or critical pile is found by using the general shear formula (Eq. 2c) 
and multiplying the contribution of each of the other piles by the sine of the 
angle of action with the diagonal plane of failure. When these contributions 
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Fig. 9.—VeErticaL SHEARS AROUND FricTion Pies, at Mipuereut (Re =,1.5) 


‘ 


° 


from all piles in terms of a load P per pile are added to the usual midheight 
shear on the surface of the corner pile (which is equal to P divided by its pene- 
trated contact area), a decimal number is obtained, multiplied by P. The 
shear-failure value per square foot is divided by this decimal number, and the 
quotient is the failure load P per pile. 

To facilitate the computation, curves have been drawn in Fig. 9, plotting 
the shear formula for R, = 1.5 for various actual pile lengths from 40 ft to 80 
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ft, giving the shear at midheight of a pile at any radius from the pile. From 
these curves it is possible to read directly the fractional part of P contributed 
as shear by any pile in the group to the shear on the critical pile at the corner, 
on a plane normal to the line connecting the two piles. 

In order to demonstrate the accuracy of the use of these derived formulas, 
Table 5 has been compiled to show the comparison of theoretical and actual 


TABLE 5.—CoMPaRISON OF THEORETICAL AND ACTUAL FarLuRE LoApDs 
ppr Pine, Morcanza Timper Test PILE GRouPS 


SHEAR FAILURE 
VALUE Prr- | LOADS, IN 
TAINING TO TONS PER 
Piles Pile | Length| Diam- | ponq- Group PILE 
A Pile spac- of eter of fi 
Crossing No per Shape del epiles pile, ing A 
group, in ft} in ft | in in.¢ effect Lb Pile 
per used | Theo-| Ac- 
sq as retical] tual 
ft basis 
N.O.T. & M. | T21-T29} 9 | One square 4 60 14.265 | 1.022 | 778 | Average| 54 55.3 
N.O.T. & M. | T11-T19] 9 One square 4 60 14.31 | 1.0243 | 778 | Average| 54 56.3 
N.O.T. & M. | T37-T52| 16 | One square 4 60 12.93 | 1.065 | 778 | Average| 43 42.9 
N.O.T. & M. | T2-T9 8 | Twosquares’| 3 50.5 | 13.55 | 1.000 | 685 TA 41.5 | 42.5 
T.& P. T20-T27| 8 Rectangle 3 50 12.00 | 1.000 | 778 | Average} 39 40 
T.&P. T14-T17| 4 | Square 3 50 12.56 | 1.076 | 847 T18 47 50 
T.& P. T4-T5 2 | Rectangle 3 50 12.72 | 1.000 | 847 T18 60 60 


4 QOver-all average diameter. »% Relative effect of the eccentricity of the center of gravity of the piles. 
¢ Separated by 9 ft. 


failure loads for the two 9-pile test groups, T11-T19 and T21—T29, and for the 
16-pile test group, T37-T52. The theoretical failure load was corrected in each 


case for a small amount of eccentricity in the pile group resulting from a large . 


number of smaller diameter piles driven toward one corner or side. Table 5 
also shows the same comparison for the 8-pile test group (N.O.T. & M.), 


T2-T9; 8-pile test group (T. & P.), T20-T27; the 4-pile test group (T. & P.) 


T14-T17; and 2-pile test group (T. & P.), T4 and T5. 

Unfortunately individual piles were not driven and tested to failure adjacent 
to all of the groups because time and available funds were both limited, and, 
in computing the carrying capacity of those groups where no single pile test 
was made nearby, the average shear value of 778 lb per sq ft of all single piles 
tested to failure was used. On the other hand, where single piles had been 
driven and tested to failure near some of the smaller groups, the actual shear 
values of these single piles were used in computing the theoretical failure load. 
It will be noted that theoretical failure loads computed on this basis checked 
very closely with the actual failure loads. 


MopiricaTions oF MrtTHop For Large Groups 


Since each pile distributes its load outward and downward, it is andeug that, : 


as the group size increases, the point of critical shear on the outer piles will 
tend to move downward. From computations of various sizes and arrange- 
ments of groups, it has been found that, where the side of a square group is more 
than one third of the length of the piles, the critical shear on the corner piles 


eeu 
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occurs lower than the midheight of the pile. Thus, the failure load determined 
from curves plotted for midheight computations (Fig. 9(b)) should be multiplied 
by the factors in Fig. 9(a). 


CoMPUTATION oF Sarg Loaps 


This method primarily establishes the failure load per pile of a group in 
shear. In the actual design of structures supported on friction piles, the work- 
ing load chosen per pile should provide ample safety factors (1) against possible 
shear failure, and (2) against excessive settlements from vertical pressures, 
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Fic. 10.—Unir Vertical Pressures BEnnATH A SINGLE FRICTION PILE 
G@=1; P =1; Ro = 1.5) 


giving due regard to the relative proportions of dead, live, and dynamic loads. 
The dead load is the constant load that may produce excessive settlement over 
long periods of time without necessarily resulting in a shear or total failure. 
It is probable that a working load, or dead plus live load, may be chosen some- 
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what closer to the shear-failure load in large groups than in small groups, be- 


cause of the relatively sluggish failure of larger groups as illustrated by the 


behavior of the 16-pile group under test. 

Illustrative Problem—The following example illustrates the manner in 
which this pile theory is applied to an actual problem of computing the failure 
loads and pressures of a 15-pile group. The calculations of vertical pressures 
were facilitated by the use of the curves of Fig. 10, in which the vertical pressure 
formulas have been plotted for a pile length L = 1 and load P = 

In this problem, fifteen 60-ft piles, with a specified minimum tip diameter 
of 8 in. and a minimum butt diameter of 14 in., are laid out at 4-ft centers in 


a rectangle of five piles by three piles. They are to be equally loaded to 15 tons . 


total load per pile, The average shear value of the soil at the failure of a single 


pile is 750 lb per sq ft. 
Example 1. Load per Pile in a Vertical Shear Failure——The total shear 


in piles of the group is computed as shown in Table 6. For the corner pile A, 


12 cae 4 : 5 
——______ = (),005780 P, the remaining values in Col. 4 being Col. 2 times 
60 X 0.92 r 
Col. 3. 

TABLE 6.—SHEAR ON CoRNER PILE oF GRouP UNDER Equat Loaps 
PER PILE 
Vertical Sine of Shear on 
Be Radius, shears? etd jeite plane 
‘ile rT, in at wit under equal Di f 
fta Z =30 ft failure nade P. Spiraea Se 
(Re =1.5) plane per pile 


(1) (2) (3) (4) 


kd BES 0.005780 


A 

B 4 0.000660 | 0.447 0.000295 

CG 8 0.000327 | 0.447 | 0.000146 

D 4 0.000660 0.894 0.000590 4! 4! 4! 4\ 

E 5.85 0.000472 0.950 | 0.000449 C F oi P 
95 : 0.802 0.000227 J M 

G 8 0.000327 | 0.894 | 0.000292 f 1 . ae ea i 

H 8.95 | 0.000283 1.000 | 0.000283 mo 4 ee 1 

| He | SR | Se | SRE oe Sop ow t 

: ; 0.000170 

ie 12.64 | 0.000175 | 0.991 | 0.000173 |, 2 PE . Hy © 2 gg 

M | 14.42 | 0.000140 | 0.993 | 0.000139 | S\.t .@ 99° 126° 16 

N 16 0.000125 | 0.894 0.000112 AW Fabs 

O 16.50 0.000118 0.977 0.000115 eo. D G K 

P 17.90 | 0.000105 1.000 0.000105 See hall Peace ie SE 

2 ee e 
Total group shear = 0.009071 P 


* Read from the inset diagram of the group. > Read from Fig. 9, ‘pile B = 0.000660 P,” etc. © Compute: 
4). g 


“Pile B = Col. 2 X Col. 3 = 0.000295 P,’’ ete. (Col. 


From the total group shear in Table 6, the failure load P per pile equals | 


750 lb per sq ft (failure shear) 
0.009071 
(In the inset diagram of Table 6 the failure plane is drawn normal to the 
line connecting the corner pile with the center of the group—a 45° plane gives 
almost the same results.) 


= 82,700 lb = 41.4 tons. 


ea » 
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Example 2. Vertical Pressures Beneath the Group Under 15 Tons per 
Pile.—In Table 7, the inset diagram shows the group dimensions reduced to 


TABLE 7.—VertTIcCAL PressuRES BENEATH THE Group, Unprr 15 
TONS PER PILE 


cO FO J fOM P 
‘i Lines of Action 
v 00 L of Other Pile 
Q. Pressures 


Contributing to 
Pressure Beneath 


Tip Radius Center Pile 
of Center E O 
Pile-93, BG-0.133L G 0.0667 L 0.133 L-©) 
=0.0055 L 2 
™~ 
ive) 
Ve) 
ro} 
(Ss 
AO DO ob KO NO 
Drptu BELOw Vv TorTaL 
Tir or Pux H ALUES READ FROM Fia. 10 enact 
fs Pile H Four piles Four piles Four piles Two piles In to 
In ft | Hho)  (Tipr_ | E,G,J,L | D,F,K,M| A,C,P,N 'C Tn | iiper 
=0.0055 L) |(r =0.0667 L)|(r =0.0942 L)} (r =0.149 L) | (r =0.133 L) Unite sq fte 
0 1 47.10 15.50 10.72 6.16 8.56 83.04 | 0.347 
6 Jel A376 10.40 8.88 6.00 3.36 32.40 | 0.135 
30 45 0.59 2.32 2:27, 2.12 1.08 8.38 | 0.035 
60 2 0.23 0.92 0.92 0.88 0.46 3.41 | 0.014 


@ The actual pressures in last column are equal to units in preceding column multiplied by 15/602. 


proportional parts of Z (= 60 ft), with radial distances from the center pile to 
each other pile. The table shows the method and results of the computation 
of vertical pressures. 
Two important conclusions are to be noted in the solutions of Examples 1 
and 2: First, that the failure load per pile, of the 15-pile group, is slightly greater 
_ than that of the approximately equivalent 16-pile square group of Fig. 8(a); 
and second, that the vertical pressures under the center pile of the 15-pile 
group are slightly less than those beneath the interior piles of the 16-pile square 
group of Fig. 8(b) if it is loaded to 15 tons per pile. 
These conclusions suggest that tables of shear-failure load per pile, and of 
pressures beneath groups for square groups of many dimensions, may be a useful 
guide to design. Tables 8 and 9 have been prepared with that purpose in mind. 
Table 8 has been prepared for a shear-failure value of 750 lb per sq ft from 
which results may be proportioned for other values; and Table 9 has been 
prepared for 10 tons per pile, from which results may be proportioned for other 
loads. The tables should be used subject to the following rules: 


(1) A rectangular or circular group will fail in shear at a larger load per pile 
than a square group containing the same number of piles. 


* 
% 
\ 
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(2) A rectangular group will have smaller vertical pressures and a circular 
group will have larger vertical pressures than a square group containing the 
same number of piles. 


TABLE 8.—Suear Farture Loaps Per Piuu, in Tons, FOR SQUARE 
Groups oF Piues oF Various LENGTHS AND SPACINGS 
(R- = 1.5; Shear Value of Soil = 750 Lb per Sq Ft) 


2.5-Fr SPACING 3-Fr Spacine 4-Fr Spacine 
No. of ar 
rows 0! : 
square piles 40-ft 60-ft 80-ft 40-ft 60-ft 80-ft 40-ft 60-ft 80-ft 


piles piles piles piles piles piles piles piles piles 


Diameter, in Inches: 


SUE Gate a chelet) erararenats%s 14 14 14 14 14 14 14 14 14 
ASO pe Tas riot 9 8 7 9 8 ve 9 8 © 
1 1 45.26 64.84 82.72 45.24 64.8¢ 82.74 45.2¢ 64.84 82.74 
2 4 32.0¢ 46.52 60.02 33.62 48.94 62.8 36.04 52.3¢ 66.8¢ 
3 9 25.74 37.2¢ 48.04 27.82 40.12 51.8¢ 31.24 44,84 57.3% 
4 16 21.9 31.4¢ 40.6¢ 24,54 34.74 44,54 28.52 40.0 50.9 
5 25 19.5% 27.54 35.4¢ 22.34 31.0¢ 39.62 26.0 36.84 46.24 
6 36 17.9 24,9 31.74 20.4 28.424 35.84 23.9 34.74 43.04 
7 49 16.5 22.9 28.8% 18.6 26.52 33.04 22.4 32.1 40.44 
8 64 15.3 21.4¢ 26.7¢ 17.5 24.9 30.92 21.3 30.1 38.1 
9 81 14.4 20.24 24,9 16.4 23.1 29.1¢ 20.2 28.4 35.8 
10 100 13.5 18.9 23.5¢ 15.9 21.7 27.4 19.6 27.2 33.9 
Lt 121 12.9 17.8 22.34 15.1 20.7 26.1 19.0 25.9 32.4 
12 144 12.3 17.0 21.1 14.5 19.9 24.7 18.5 25.0 31.1 
13 169 11.9 16.2 20.1 14.2 19.1 23.6 18.2 24.3 30.0 
14 196 11.7 15.5 19.1 13.8 18.4 22.5 17.8 23.6 28.9 
15 225 11.5 15.1 18.1 13.5 17.9 21.7 Were 22.9 28.3 
16 256 11.2 14.6 17.5 13.3 17.4 21.2 17.5 22.5 27.5 
17 289 10.9 14,2 17.0 13.1 16.9 20.3 17.4 22.2 27.0 
18 324 10.7 13.7 16.3 13.0 16.6 19.8 17.3 21.9 26.3 
19 361 10.5 13.5 15.8 12.9 16.2 19.4 17.2 21.5 25.9 
20 400 10.4 13.2 15.3 12.7 15.9 18.7 17.2 21.3 25.5 
21 441 10.3 13.0 14.9 12.7 15.6 18.4 lye 21.2 25.1 
22 484 10.3 12.6 14.6 12.6 15.5 18.0 17.0 21.0 24.8 


# Governed by shear summation at midheight of corner pile; all others governed by shear summation at 
some point below midheight of corner pile. 


PracticaL APPLICATION OF THIS MretTHop TO DESIGN 


On the basis of the preceding data, the following would be the design 
procedure: [ 


(1) Make sufficient borings at the site to establish the approximate uni- 
formity of the soils over the entire area being considered, and to establis 
further the fact that a firm stratum for the support of point bearing piles is not 
economically accessible. 

(2) Drive a test pile of about the length contemplated to be used in the 
design, and if the number of hammer blows per foot increases only gradually 
with increased penetration, the pile will be a friction pile, distributing load 
approximately in the manner suggested by this pile theory. More than one 
test pile may be used to sample the area thoroughly. , 

(3) Load the test pile, by increments, to failure, which will be indicated by 
a sharp increase in settlement that does not cease with time, and which should 
result in at least several inches of settlement. From this failure load, the shear- 


failure value, in pounds per square foot, may be computed by dividing by the 
penetrated contact area. 
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(4) With this shear value in mind determine, by an examination of Table 8, 
approximately what the failure load per pile will be for the approximate number 
of piles required, and select a working load per pile that provides an ample 
safety factor consistent with the group size ‘and the loading characteristics. 
For an unusual group, the determination of failure load may be made more 
precisely by the method given in Example 1. 


TABLE 9.—VertTIcAL PRESSURES, IN Tons PER SQUARE Foot, BENEATH 
CENTER Pite or Various Square Pits Groups LoapEpD 
To 10 Tons per Pie 
(R. = 1.5; 40-Ft Piles, 14-In. Butt, 9-In. Tip; 60-Ft Piles, 14-In. Butt, 8-In. Tip) 


Depth, 
in ‘ 3 rows | 4 rows | 5 rows | 7 rows | 9 rows | 11 rows | 13 rows | 15 rows | 17 rows 
ft, One pile = = 16 = 25 = 49 = 81 = 121 = 169 =/225 = 289 
pew piles piles piles piles piles piles piles piles piles 
ip 


(a) 40-Fr Pines, 3-Fr Spacine 


0 0.172 0.316 0.376 0.448 0.562 0.663 0.752 0.826 0.890 0.940 
4 0.023 0.139 0.197 0.266 0.386 0.490 0.585 0.660 0.728 0.789 
20 0.004 0.032 0.054 0.082 0.146 0.218 0.295 0.374 0.448 0.520 
40 0.001 0.013 0.023 0.035 0.066 0.106 0.154 0.202 0.251 0.298 


(6) 40-Fr Pinms, 4-Fr Spacine 


0 0.172 0.278 0.318 0.367 0.443 0.505 0,555 0.593 0.625 0.649 
4 0.023 0.117 0.157 0.208 0.287 0.352 0.407 0.453 0.490 0.523 
20 |* 0.004 0.031 0.051 0.076 0.131 0.187 0.245 0.299 0.348 0.392 
40 0.001 0.013 0.022 0.034 0.064 0.099 0.137 0.173 0.211 0.251 


(c) 60-Fr Pinns, 3-Fr Spacine 


0 0.131 0.228 0.271 0.324 0.413 0.492 0.568 0,635 0.698 0.755 
6 0.010 0.074 0.113 0.160 0.245 0.326 0.405 0.478 0.543 0.600 
30 0.002 0.014 0.025 0.039 0.073 0.112 0.157 0.207 0.259 0.310 
60 0.000 0.006 0.010 0.016 0.030 0.049 0.073 0.099 0.129 0.161 


(d) 60-Fr Pines, 4-Fr Spactne 


0 0.131 0.204 0.234 0.271 0.331 0.384 0.433 0.475 0.510 | ‘0.541 
6 0.010 0.064 0.093 0.129 0.190 0.245 0.295 0.340 0.379 0.413 
30 0.002 0.014 0.025 0.039 0.070 0.104 0.142 0.182 0.221 0.258 
60 0.000 0.006 0.010 0.016 0.030 0.048 0.070 0.094 0,119 0.144 


(5) Find the approximate vertical pressures beneath the center of the 
group, under the working load chosen per pile, by examination of Table 9 
(some interpolation may be necessary). If the pressures seem dangerous, or 
if the group is unusual, a more precise calculation may be made by the method 
given in Example 2. 

(6) If consolidometer tests have been made on samples of the soil beneath 
and around the piles, it will be possible to compute, from the vertical pressures 
determined by use of the formulas and curves, a theoretical maximum settle- 
ment of the pile tops along the vertical center line of the footing under the 
working load. This theoretical settlement cannot be realized fully, especially 
in piles supporting a stiff pier base where the stiffness of the footing will restrict 
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settlements because of the lower pressures existing under the edges of the 
footing. If the area under a large building is thought of as one large footing in 
sections, however, the indicated center settlement may be realized. 


* MopIFICATION OF PRESSURE DISTRIBUTION DUE TO VARIATION 
IN MATERIALS 


The materials encountered on the Morganza Floodway are believed to 
distribute loads in a manner representative of most true friction pile founda- 
tions. If the materials were to grow progressively denser with increased pene- 
tration, the distribution of pile load to the soil would become greater toward the 
tip, of course, and the effect of this could be estimated by reducing the value 
of R, in all the formulas from the value of 1.5 used in this paper. Ratio R, = 1 
would represent a pile with uniform load per foot, and R, = 0 would represent 
a distribution of load increasing from zero at the butt to a maximum value 
at the tip. 

As the materials would become denser and denser toward the tip, the re- 
duction in pile strength due to grouping would become progressively less pro- 
nounced until, with pile tips bearing on rock, the permissible load per pile in a 
group would be equal to the permissible load on a single pile. 


TABLE 10.—MINp.LIN-RUDERMAN STRESS COEFFICIENTS FOR PILE 
FOUNDATIONS 


(Poisson’s Ratio Assumed 0.5; All Values Negative (or Compression) Except As Noted 
by + in Table 10) 


‘ 


Ratio r/L 

Ratio 

Z/L 

0 | 0.1 0.2 0.3 | 0.5 0.7 | 1 | 1.5 | 2 | 3 
(a) Frictron-Loap Stress DistTrrBuTion pz = PHriction X Ks/L* 
0.25 0.698 0.568 0.355 0.209 0.079 | 0.033 0.009 0.001 0.000 0.000 
0.50 0.554 0.522 0.442 0.345 0.184 | 0.091 0.031 0.005 0.001 0.000 
1.00 arate 1.550 0.750 0.478 0.249 | 0.145 0.067 0.024 0.006 0.001 
1.25 | 0.902 0.790} 0.593 0.432 0.246 | 0.152 0.078 0.027 0.010 0.001 
1.5 0.419 0.404 0.364 0.312 0.216 | 0.147 0.083 0.033 0.013 0.003 
2.00 0.180 0.178 0.172 0.163 0.139 | 0.112 0.077 0.039 0.019 0.005 
3.00 0.068 0.068 0.067 0.066 0.062 | 0.057 0.048 0.034 0.022 0.009 
(b) Pornt-Loap Stress DistriBuTIon pz = Ppoint X Kp/L? 

0.25 | +0.174 | +0.166 | +0.142 | +0.090 | +0.021 | 0.009 0.012 0.004 0.001 0.000 
0.50 | +0.7554 +0.678 | +0.476 | +0.268 | +0.034 | 0.032 0.024 0.062 0.029 0.000 
SI le) Pare cee 0.120 0.119 0.110 0.096 | 0.078 0.051 0.021 0.008 0.001 
1.25 3.89 2.59 1,221 0.494 0.145 | 0.082 0.051 0.023 0.011 0.001 
1.5 1.04 | 0.948 0.736 0.513 0.237 | 0.118 0.061 0.026 0.012 0.002 
2.00 0.289 0.281 0.263 0.239 0.183 | 0.130 0.076 0.035 0.012 0.004 
3.00 0.086 0.086 0.084 0.082 0.076 | 0.068 0.055 0.036 0.026 0.008 


Mopirication or Resuuts Because oF OTHER THAN BOovuSSINESQ 
DISTRIBUTION 


The Boussinesq distribution of stress is always downward from a point of 
load, and has been used with success in determining pressures beneath many 
buried foundations. Professor Mindlin’s formulas? indicate a stress distribu- 


a 
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tion upward by tension as well as downward by compression from a point load 
buried in the ground. D.M. Burmister, Assoc. M. Am. Soc. C. E., has pre- 
sented the Mindlin formulas in usable form for pile foundations,? as reproduced 
in Table 10. 

From Table 10(a), showing stress 
distribution around a pure friction pile 
with uniform load per linear foot, it 
has been possible to compute a curve 
of vertical shears around a pile at mid- 
height. In Fig. 11 this curve is shown 
in comparison with the corresponding 
curve from the general shear formula 
(Eq. 2c) derived in this paper, using 
R, = 1.5, and with a curve from the 
same formula using R.=1 for the 
condition of uniform load per foot of 
pile. 

The comparative tendency of the 
Mindlin distribution is to reduce pres- 
sures beneath the pile and increase 
the shears around the pile, thus throw- 
ing more load into distant piles of a 
group and making group action more 
dangerous than the Boussinesq distri- 
bution would indicate. 

Since the curve for R, = 1.5 under 
Boussinesq distribution checks the pile 
tests more closely than does the curve 
for Mindlin distribution, it would seem 
that timber friction piles distribute 
load more nearly in accordance with Mindlin Distribution 


A for Uniform Load 
the Boussinesq formulas. per Linear Foot 


oi) 


3.0 


LS) 
a 


© 
fo) 


1, at Point O in Ground 


1, P= 


15 


Vertical Shear for L 


1.0 


Impiications oF Tuis THEORY OF 0.5 


Friction PILE BEHAVIOR Boussinesq Distribution} 


R,=1.5> 
R,=1.0 


If this theory is correct in stating 
that shear failure occurs through the 
building up of critical shear stresses 0 
on the corner piles of square or rectan- 8 me SPI. es e220 


gular BI QRPS; it would follow logically Fic. 11-!Companteon oF UNIT VERTICAL SHEARS 


that a more efficient grouping arrange- AROUND A SINGLE FRIcTIOoN Prinz By Boussinnsa 


7 ] AND MINDLIN DISTRIBUTIONS (AT 
ment against shear failure could be cp heame 


obtained by eliminating corner piles 
through the use of octagonal footings containing the same number of piles. 


3 “Proceedings of the Purdue Conference on Soil Mechanics and Its Applications,’ Purdue Univ., 
Lafayette, Ind., September 2 to 6, 1940, p. 339 (citing also ‘‘Stress Distribution Around a Loaded Pile,’ 
by J. Ruderman, Thesis No. 500 submitted to the Dept. of Civ. Eng., Columbia Univ., New York, N. 2 ce ab 
1939, in partial fulfilment of the requirements for the degree of Doctor of Science). 
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Where a large group of friction piles supports a stiff pier base, some redis- 
tribution of pile loads toward the edges from those calculated will take place 
in order that the settlement of the edge piles due to vertical pressures may be- 
come equal to the settlement of the center piles. It would be in accord with 
this tendency, and would distribute the pier load more equally to the individual 
piles, if the piles were spaced more closely in the exterior rows of the group than 
among the interior rows. 

It would be desirable, if funds were available, to make various group ar- 
rangements and test them to failure so as to have additional test data on sizes 
and shapes of groups as well as the most efficient spacing. It is hoped that 
others interested in this subject may be able to continue the tests that were 
begun with this series. 
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PAPERS 


BENDING MOMENTS IN THE WALLS OF 
RECTANGULAR TANKS 


BY. DANA .-YOUNG,? Assoc. M. Am. Soc. C. E. 


SYNOPSIS 
An attempt is made herein to obtain a theoretical solution for the deflec- 
tion and moments in the vertical side walls of a rectangular tank which is open 
at the top. More precisely, a formal analysis is made of a rectangular plate 
that is entirely free or unsupported at the top, perfectly fixed along the sides 
and bottom and subjected to a transverse hydrostatic loading. In certain 
cases, the walls of a rectangular tank, as shown in Fig. 1, may be considered 


Fre. 1 


to act as plate with these idealized edge conditions, and it is only in such 
cases that this analysis applies. For a tank that is square in plan and with a 
heavy base, perfected fixity at the sides and bottom would be closely ap- 
proached. If one horizontal dimension is much greater than the other, the 
assumed edge conditions would not prevail. This analysis may be said to 
furnish the solution for an idealized case and the designer must use judgment 
in applying the results to a particular problem. 

Norz.—Written comments are invited for immediate publication; to insure publication the last dis- 


cussion should be submitted by March, 1942. 
1 Prof. and Head, Dept. of Civ. Eng., Univ. of Connecticut, Storrs, Conn. 
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There are other possible applications besides that of a tank wall. The 
vertical slab in a counterfort retaining wall may be considered as such a plate 
providing the bottom edge is designed for fixity. The flat slab of a buttress 
dam is in the same category. 

The analysis given herein is based on the so-called ordinary theory of bend- 
ing of thin plates. According to this theory, the load on the plate and the 
shape of the deflected surface of the plate are related by a partial differential 
equation. An analysis of the problem involves finding a solution of the differ- 
ential equation which also satisfies the specified edge conditions for the plate. 
After this deflection function is found, the bending moments may be determined 
from the second derivatives of the function. The derivation of the differential 
equation and the expressions for moments, shears, and reactions are given by 
various writers such as 8S. Timoshenko? and A. Nadai.’ 


INTRODUCTION 


The theory of the bending of plates used in this paper is based upon several 
assumptions that must be considered in interpreting the results of the analysis. 
The principal assumptions may be noted briefly. The plate is assumed to be 
homogeneous, isotropic, and of constant thickness. The thickness of the plate 
is small compared with its lateral dimensions, so that the effect of shearing 
stresses on the deflection may be neglected. A line that is normal to the plane 
of the plate before bending remains straight and normal to the deflected 
middle surface after bending. The deflections are small compared with the 
thickness of the plate, so that direct stresses due to stretching of the middle 
surface may be neglected. A rough rule in this regard is that, if the deflection 
is less than half the plate thickness, the theory is satisfactory. Most plates. 
or slabs used in engineering structures conform to these assumptions closely 
enough so that analyses based on this theory serve as reliable guides for design. 
A. Nadai’ and Nathan Newmark,’ Assoc. M. Am. Soc. C. E., have presented 
detailed statements of the relation of the theory of plates to experiments and 
design. 

In this particular investigation, the effect of Poisson’s ratio has-been 
neglected. No mathematical difficulties would be caused by including this 
item, but the arithmetical work would be greatly increased. Neglecting 
Poisson’s ratio has no effect on the moments at the clamped edges but does 
affect, somewhat, the moments at interior points and the conditions at the 
free edge. Corrections to the interior moments for any given value of Poisson’s- 
ratio can be made.?3 : 

3“Die elastischen Platten,’ by A. Nadai, Julius Springer, Berlin, 1925. 


1940, a, of Plates and Shells,” by S. Timoshenko, McGraw-Hill Book Co., Inc., New York, N. Y., 


5“‘What Do We Know About C te Slabs?” b: 
ibd), be nea ene. oncre abs?” by N. M. Newmark, Civil Engineering, September, 
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NoratTion 


The letter symbols in this paper are defined where they first appear and are 
assembled for reference in the Appendix. 


GENERAL PROCEDURE 
This problem requires the solution of the differential equation 


d*w dw. dwg 
CPU ET TR cyt aa as (1) 


with the boundary conditions (assuming Poisson’s ratio as zero) : 
At « = 0.5.4, 


3 Ow 
w ="0 and aa Ar Ree ets enc Sie Se Pea (2a) 
Aty = 6, 
Ow 
w=0 and aii a= pois eve te eri (2b) 
Aty =0, 
Ow Ow Ow 
tate and AGE ox itu EAS claanee Sida. men (2c) 


In Eqs. 1 and 2: w is the deflection of the plate at any point; q is the intensity 
of a distributed lateral load; x and y are the rectangular coordinates in the 
plane of the middle surface of the plate; a and b are the dimensions of the plate 
in the x and y directions, respectively ; and D, the flexural rigidity of the plate, 
is equal to 


in which: £ is the modulus of elasticity of the plate material; h is the thickness 
of the plate; and w represents Poisson’s ratio. The difficulty in solving this 
problem arises from the fact that there is no known procedure for solving the 
differential equation subject to these boundary conditions. The most general 
solution for rectangular plates is the one due to Levy® which uses for the deflec- 
tion an expression of the form 


es BCR Sir ee ek eee to ana (4) 
m=1 
in which X, is a function of x alone; and m is an integer (which has the value 
1, 2,3 --- to ©in successive terms of the series). The solution requires that 


the plate be simply supported along two edges and any boundary conditions 
may be prescribed at the other two edges. Therefore, it cannot be applied 
directly to the problem at hand. However, it is possible (in a manner some- 
what analogous to that proposed by S. Timoshenko’ for plates clamped at all 
four edges) to solve the problem by a proper combination of several loadings, 
each of which is of the form of Eq. 4. 


6 ‘Die elastischen Platten,” by A. Nadai, Julius Springer, Berlin, 1925, p. 120. 
7“Bending of Rectangular Plates with Clamped Edges,” by S. Timoshenko, Proceedings, Fifth Inter- 
national Cong. for Applied Mechanics, Cambridge, Mass., 1938, p. 40. 
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For this purpose, the four cases shown in Fig. 2 are taken, each of which is 
simply supported along one pair of edges. Fig. 2(a) carries an hydrostatic 
loading, is simply supported at « = + 0.54, fixed at y = b, and has a free 
edge at y = 0. Fig. 2(b) has no lateral load but is bent by arbitrary edge 
moments 


cate 


Mr), +0.50(See Ea. 5a) 


Supported 


( 


My), =» (See Eq. 55) 


Fie. 2 


the distribution of which along the edges is taken in the form of a trigonometric ~ 
series with undetermined coefficients Fm. Fig. 2(c) is bent by edge moments 


(Ma) slip cost oie (5b) 
k=1,3,5,¢°° 


x 
a 


and Fig. 2(d) is bent by arbitrary edge reactions at y = 0 of the form 


(Ryn = Day Bycoe ee se (5e) 


In Eqs. 5, Mz and M, are the bending moments per unit length of plate on 
sections perpendicular to the x and y axes, respectively; R, and Ry are the 
reactions per unit length of plate along edges perpendicular to the x and y 
axes, respectively; m and k are integers, with values as indicated on the sum- 
mation signs; and Fm, Ex, Rx, etc., are constants. The boundary conditions 
at the edges of these plates are as shown in Fig. 2. The deflection surface for 
each of these plates may be obtained by Levy’s method and then these four 
solutions combined in such a manner that Eq. 1 and the boundary conditions, 
Kgs. 2, are satisfied. This leads to a set of simultaneous algebraic equations 
from which the values of the coefficients Fm, E,, and Ry may be calculated. 
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The method of obtaining the deflection equation for the four cases will be 
illustrated by considering Fig. 2(d). Results for the other cases will then be 
given without proof since the same procedure applies. 


DEFLECTION EquaTIon For Fig. 2(d) 


Denote the deflection in this case by wy. Since there is no distributed 
lateral load on the plate, the differential equation (Eq. 1) reduces to 
04wW4 O*w4 O4w4 


ax! er a Oy! Sa ae ees ne (6) 


The boundary conditions are: 


At v= + 0.54, 


02w 
ws = 0 and a a=()4 Mr Bree ae (7a) 
At-y = 6, 
Ows =. 
W, = 0 and Oy = tN Ey her ee oe Ses (7b) 
Ati. 0; 
02w4 is 0?w4 Ow, my ka x 7 
oa 0 and — D (ae +2 ay ae Ry, cos 2 mao) 
Take the deflection function in the form 
Ws = Sy Y;, cos Eyes tare iat Ghee (8) 


in which Y;, is a function of y alone. Substituting Eq. 8 in Eq. 6, the function 
Y; is found to be 


kry pay kry 
Y; = Gz cosh Ga = cosh = — 


nop hwy we BEY Oy ey 
+G . sinh —— + G@ See sinh Pete Gar 0 (9) 


From the boundary conditions Eqs. 7b and 7c, the four constants in Eq. 9 are 
found to be 


2 a Ry 
Gi — wD Kp [tanh Ak — Ak e — tanh? ar) | 
, a’ Ri 
oe ake ae “hz ReRtG) 
’ , a Ri 
Cob BT a8 D 
Gi", = — 0.5 Ge 
in which 
Ky = tanh? ay a, (1 — tanh? Qk) wal Le eee ee (11) 


§ kab 
a, being equal to ne 
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Deriection Equation ror Fias. 2(a), 2(6), AND 2(c) 


The deflection equations for the other cases are derived in a similar manner; 
thus, for Fig. 2(a): 


k—-1 
ya! (-1)? (4 ky 
WwW, = ~—— [(4y + Ax cosh 
1 a® D ae ke a 
+ 4% #74 cosh £2¥ 4 A” sinh y 
ap pele Dee he ans BE Ss (12) 
P 4 a 6; , a Wk ” , 8a mr : 
in which: Ay = poe A = ya A Bi Ae aie gee bt = — 0.5 Ax; 


_ and 
Ox = 116) Ak el a tanh? Qn) — 16 tanh Ak 


— 2 
; Ccaltey (ag += tanh a, +o, tanh a4). 22.9.0 s.08 (13a) 
1 
= 2 as 2.8 ~ | 
we = 8 tanh? a, — 16 + saree (8 + 4a? — 8 a; tanh a,).... (13d) 


and K;, is defined by Eq. 11. 
Similarly, the deflection equation for Fig: 2(b) is: 


oO 


W2 = is De Fm 


2 x? D £m cosh Bm 
X { Bm tanh Bm Gosh sated eee Sta afin ae ... (14a) 
b b b b 
and the deflection equation for Fig. 2(c) is: a 
“Riguth Ex kry 
UD ined pe k? cosh a (2: cosh 
+ B’, tte cosh A! + B”, sinh eae 
a a a ’ 
my kmy . kay kaa ; 
+ B’", = sinh 7 ) COS Teeter eee e eens, (14b) 
In Eggs. 14: Bn = esha FT = De atte 
é 26 Gers 
yo a; + tanh a; 
3 tanh a, + ax (1 — tanh? ax) 
0.5 a; tanh a, — 1 
By a eS ee 
k 3 tanh a + ox (1 — tanh*a,) rable. aR 
B", Be B', 
BY’, = — 0.5 By; 


ae 


we 
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EQuaTIONS FOR DETERMINING Fn, Ex, AND Ry 


The solution for the given problems is to be obtained by superposition of 
the solutions for the four cases in Fig. 2, by taking 


WE Wi =e vt We tt Wael. 9. ee oe oe py (16) 


Coefficients F,,, Hx, and R, are to be so determined that the boundary con- 
ditions in Eq. 2 will be satisfied. Thus, for the condition that the slope is 
zero at y = b, 


Differentiating, Eq. 14a gives 
oo b = (— ile JO 
y=b 


Oy “29 DL m cosh Bm 
x (8m tanh Bm cosh "MEF sion MEE) 180 


and from Eq. 146 


(221 py Ey (1 +.0%,) (tanh? a, — 1) — 3 kara (180) 
y=b 


Oy Mu? aD pias. & 3 tanh a, + a, (1 — tanh? ax) ee 


Before substituting the two slope expressions in Eq. 17, it is expedient to 
expand the expression inside the brackets in Eq. 18a in a Fourier cosine series. 
Doing this, and then substituting in Eq. 17 the following equation is obtained 
connecting the coefficients H;, and Fn: 
k—-1 
(1 + a%) (1 — tanh?ox.) +3 _ 8(— 1)? aS (— 1)" m Fin 
*3 tanh a, + a (1 — tanh? ax) T a! ete Mee ay lee 
(m4) 


. (19) 


There will be one equation of the form of Eq. 19 for each value of k = 1, 3, 5, 
--+, and each of these will have an infinite number of terms on the right- 
hand side. 

In a similar manner, from the condition that the reaction 


Ow Ow 
Ry = SEs se) AR ach iperecetad iyo oot (20a) 
‘ at y = 0 must be zero, the following system of equations is obtained: 
k-1 pr ee 
SH hy 4 3 UE age" 
note aD RE as sain a eg 


ae a ( m ee a 5 
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From the condition that the slope at « = 0.5 a must be zero: +: : 
ep 
F tanh B ab eS 4m? a? A aac 

‘3 ACORN: Big Oram pan a sce (# te m? a ) 

b2 
2 42 

. (ax + tanh on) (2 + Fes) | 
Se ale 

[3 tanh a, + a; (1 — tanh? a;) ] cosh ax ( ) | 

k—1 
aa 
Brees Sera) ase Ts i Teahhi eee~ pie tenes 
Ghar Ki G an aie ) 
m? a nok +tanha,|.. _47a* 4, 
x (2+ ee) ted ements he res oe 
b m? a? 

J (— 1) ako rb? | (2 oe 

3 2 q2 2 q2\2 k2 b? 
Ca (¥+ "iF ) 
+ (— 1)” cosh az (— 6, + 2 wx tanh ax) | bos oe on eee (21) 


Eqs. 19, 20b, and 21 provide the necessary relations for determining Fp, 
E;, and Ry. Each one defines an infinite system of equations with an infinite 
number of terms. To solve these numerically, it is necessary to assume that 
the series converge and to neglect all terms higher than a given order. The 
result is a finite system of simultaneous equations that may be solved to obtain 
values for the coefficients. This completes the solution of the differential 
Kq. 1 for the specified boundary conditions. The moments at any point may 
then be determined from the known relations of the plate theory. For example, 
the moment per unit length of plate on sections perpendicular to the z-axis is 
given by 


M. = —-D= > = —-—D (Gr: dw. , 0'wWs a 


Ox? Ox? ih Ox? Ox? 
assuming that Poisson’s ratio is zero. 
Numerical EXAMPLE 


For an example, assume a tank with square sides for which a = 6; and in 
each of Eqs. 19, 206, and 21 take only the first four terms of each series. Then 
in Eq. 19, using m = 1, 2, 3, and 4, and taking k = 1, 3, 5, and 7, successively, 


the numerical values of the constants may be computed to obtain the four 


— 


equations: 
1.0228 EH, = — 0.6366 F, + 0.2037 F. — 0.0764 F; + 0.0352 Fs 
1.0000 Z; = 0.2292 Fi — 0.2712 F. + 0.2122 F; — 0.1467 F, (23a) 
1.0000 H; = — 0.0942 F; + 0.1514 F. — 0.1652 F3 + 0.1515 F, 
1.0000 E; = 0.0499 F: — 0.0888 F. + 0.1113 F; — 0.1181 F, 
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Calculation of the constants in Eq. 206 gives the system: 


aR, 
a R3 
aR; 
a Ry 


I 
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— 3.0000 F, — 1.9200 F. — 1.3200 F; — 0.9965 F, 
2.2800 F, + 3.1243 F. + 3.0000 F'3 + 2.6112 Fy (230) 
— 1.5089 F, — 2.5683 F, — 3.0623 F; — 3.1410 F, f° * 
1.1088 F, + 2.0335 F. + 2.6718 F; + 3.0220 F; 


Finally, from Eq. 21, compute the following set of numerical equations: 


1.1666 F, + 0.4314 EZ, — 0.0382 EZ; + 0.0094 E; 
— 0.0036 EZ, — 0.1685 a R, + 0.0057 a R 
— 0.04694 y a’ 


— 0.0008 a Rs + 0.0002 a R; 


1.0197 F. — 0.0589 £i + 0.0903 HL; — 0.0303 EF; 
+ 0.0127 H, — 0.2608 a Ri + 0.0156 a R; 
— 0.03474.y a2” (23c) 


— 0.0028 a R; + 0.0008 a R; 


1.0014 F; + 0.2640 #, — 0.1063 £3 + 0.0496 E; 
— 0.0238 H, — 0.2450 a Ri + 0.0225 a R3 
— 0.02586 y a3 


— 0.0050 a Rs + 0.0016 a R; 


1.0001 F, + 0.0799 EH, + 0.0976 EZ; — 0.0606 E; 
+ 0.0338 H; — 0.2603 a Ri + 0.0261 a RB; 
— 0.03485 y a? 


— 0.0068 a Rs; + 0.0024 a R; 


There are now 12 unknowns in 12 simultaneous equations. 
equations yields the following values for the coefficients: 


F, = — 0.0314 y a3 
F, = — 0.0030 y a? 
F; = — 0.0026 y a’ 
F, = — 0.0043 y a 


iy = 0.0190 v a 
E3 = — 0.0063 y a? 
Es = 0.0023 y a 
H, = — 0.0011 y a’ 


RRRR 
flea Doe Peet 


Solving these 


0.1076 y a? 
— 0.0999 y a? 
0.0765 y a? 
— 0.0608 y a? 


The bending moments and the deflection at any point may now be com- 
puted, the results being shown in Figs. 3 and 4. 
The numerical values given are approximate due to the fact that only four 


terms were taken in each series. 


However, each of the functions used satisfies 


the differential equation and gives zero deflection along the sides and bottom 
of the plate. The inaccuracy arises from the fact that the slope at these 
edges will not quite be zero, and the top edge will not quite be free, unless an 
infinite number of terms is used. An insight into the error involved may be 


TABLE 1.—NuvMERICAL VALUES’ FOR EDGE SLOPES 


LocaTIon 
x y Fig. 2(a) 
0 b 0 
0.54 0 —0.00783 
0.54 0.25 b —0.00773 
0.54 0.50 b —0.00663 
0.5 a 0.75 b —0.00336 


Epaep SLopgs FoR PLATES SHOWN IN: 


Fig. 2(b) 
0.00281 
0 
0.00446 


0.00569 
0.00401 


Fig. 2(c) 


—0.00280 
—0.00072 
—0.00089 
—0.00113 
—0,.00122 


Resultant 
slope 
Fig. 2(d) 

0 0.00001 
0.00797 —0.00058 
0.00428 0.00012 
0.00202 0.00005 
0.00060 0.00003 


4 
a Numerical values in this table are coefficients that should be multiplied by > to obtain slope. 
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obtained by computing the actual slope along the edges for the problem as 
solved. Results of such a calculation are given in Table 1. From this. it is 
seen that the actual edge slopes remaining are only a few per cent of the cor- 
responding slopes for Fig. 2(a) which has simply supported edges. So it may 


(My), <7 ~0.0353 Ya? 


yaa 


Fic. 3 


be concluded that the values found in this example are sufficiently accurate — 

for design purposes. 
To repeat: The ordinary theory of bending of plates, and the results found 

from it, are valid only if the deflections are small compared to the wall thick- 


Values of y 
3 1 1 
a 4 a rhs qe 0 
0 3 
‘Ss 
3 
+ = 
2 2) 3 3 yas> 
S 8 = SF 0.001-5- 
o = So 8 
fo] fo) o 
= S 
Oo 


Fig. 4—Derrisction Aone VERTICAL CENTER LINB 
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ness. This condition may be readily investigated for any particular design. 

For example, take a steel water tank with sides 100 in. square. The maximum 

62:5 

1,728 

= — 1,280 in-lb per in. Assuming an allowable bending stress of 18,000 Ib 
18,000 h? 


per sq in., Sah Rates 1,280; from which h = 0.654 in., say a in. The maxi- 


5 
mum deflection is given by w = 0.000805 ie = 0.33 in. using # = 30,000,000 


moment per linear inch is M = — 0.0353 y a? = — 0.0353 X 100° X 


Ib per sq in. and wp = 0.3. This gives a ratio of deflection to wall thickness of 


0.33 5 a i caer 
0.6875 ~ 0.48 which is just about the maximum permissible. 


OTHER SOLUTIONS 


This same problem has been solved by other investigators using different 
methods. P. T. Cheng® approached the problem by choosing deflection func- 
tions containing arbitrary constants which he determined numerically by 
satisfying the boundary conditions at a finite number of points along the edges. 
His final values for the moments and deflections check, very closely, the values 
given herein. Calculations by the method of finite differences have been made 
by A. Smotrow® for the same problem, using a network of 36 squares. The 
moment values thus obtained are appreciably smaller than those found in this 
paper. For example, the maximum moment at the base is given by Smotrow 
as 0.030 y a? as compared to 0.0353 y a’ given in Fig. 3. This is to be expected, 
and it is believed that a closer network of points would have to be taken in the 
finite difference method to obtain the accuracy of the superposition method 


: Laon O) teen 
used herein. Smotrow also completed the calculations for plates with qtatios 
of 1.5 and 0.67. 


Moments FoR PLATES OF OTHER PROPORTIONS 
Calculations have been given, in this paper, only for a square plate in which 
the ratio 2 of the height to the width, is unity. Having the moment values for 
this case as a standard of comparison, it is possible to approximate moments for 
plates with other * ratios by the consideration of known solutions of plates 


with the same loading but having other edge conditions. 

Consider first the moment M, at the center of the base of Figs. 5(a), 5(d), 
and 5(c), all of which carry the same hydrostatic load. Fig. 5(a) is the one 
treated in this paper. Fig. 5(b) is similar except that the top edge is simply 
supported, whereas Fig. 5(c) has simply supported side edges and is the same 
as Fig. 2(a). It is clear that the base moment for Fig. 5(a) will be greater than 


b ae 
for Fig. 5(b) and less than for Fig. 5(c). For values of a éreater than unity, the : 


8 “The Analysis of Rectangular Plates Under Various Loading and Boundary Conditions,’ by P. T. 
Cheng, unpublished research work at Univ. of Minnesota, Minneapolis, Minn., 1940. 

° “Berechnung von Platten,’ by A. Smotrow (in Russian), Staats- Verlag fiir Literatur des Bauwesens, 
Moskau und Leningrad, 1936, 
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' b 
moment for Fig. 5(a) will approach that of Fig. 5(b), and for values of 7 Wess 
than unity, it will approach that of Fig. 5(c). Moments for F ig. 5(b) with 


various DEratoe have been published,” and values for Fig. 5(c) may be readily 
a 


Res | Supported Free Supported 


no] mo] 
£ £ 
he z ates 7 
x x s 9 Qa wz 2 
eke Le R a he ic 
= N ; ; 
kYb+ Fixed Fixed Fixed ene 
(a) (6) (c) (d) 


Fie. 5 


calculated from Eq. 12. In Fig. 6 estimated values for Fig. 5(a) are indicated 


by the broken curve drawn through the control point at = 1 and approaching 


the other two curves for other values of 2 . 


0.16 


ae 


= Moment Value From Fig. 3 
= Moment Values Computed by Smotrow 


| 
LEGEND 


9 
= 
m 


Moment Coefficient, C, 
j=) 
(=) 
fee) 


0 0.5 1.0 1.5 
Ratio 4 


2.0 
Fra. 6.—MomeEnt at CENTER oF Basu: My = — C173 


For the edge montent at the midpoint of each side, it seems reasonable to 
assume that the value for Fig. 5(a) will lie between that for Fig. 5(b) and that 
for Fig. 5(d). Values for the case represented by Fig. 5(d) are given by Pro- 


Ge Geant ee ————— SS SSS eee 
1940, p crete of Clamped Rectangular Plates,” by D. Young, Journal of Applied M. echanics, December, 
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fessor Timoshenko." Curves for Figs. 5(b) and 5(d) are plotted in Fig. 7 from 
data in the references cited and the assumed curve for Fig. 5(a) is indicated by 
the broken line. 


It is believed that these moment values are adequate for design purposes. 


HS Doak * ; 
For plates with qiatios not too different from unity ( say from : to : ) the dis- 


0.07 
0.06 
0.05 ~ 
Nn 
1S) 
as Fig. Ba 
= 
% 0.04 
3 
ro) 
= 0.03 
£ 
ce} 
= 
0.02 
©=Moment Value From Fig. 3 
0.01 0 =Moment Values Computed by Smotrow 
0 
0 0.5 1.0 1.5 2.0 
Ratio 
Fig. 7—MomeEnt at CENTER OF Sipe: Mz = — C27 bi 


tribution of moments along the base may be taken as parabolic and along the 
sides may be conservatively considered as constant over the middle half and 
then decreasing uniformly to one half its maximum value at either end. 


APPENDIX 


NOTATION 


The following letter symbols, adopted for use in this paper, conform es- 
sentially to Standard Letter Symbols for Structural Analysis, prepared by a 
Committee of the American Standards Association with Society representation 
and approved by the Association in 1941.2 <A few obvious conflicts—such as 
D (standard symbol for diameter) = flexural rigidity and w (standard symbol 
for uniformly distributed load) = deflection of plate—have been introduced to 
adapt the notation to common terms found in current literature on flat plate 
analysis. 

A =a constant; with subscripts m or k, the symbols A, B, HL, F, G, K, 
R, 6, and w are each constants defined where they are used ; 


11 ‘'Theory of Plates and Shells,” by S. Timoshenko, McGraw-Hill Book Co., Inc., New York, N. Y., 
p. 210. p 
12 Publication pending. 
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length of the plate in the x-direction ; 

(see A); 

length of the plate in the y-direction ; 

flexural rigidity of the plate (see Eq. 3); 

modulus of elasticity of the plate material; see also under A; 

(see A); 

(see A); 

thickness of the plate; 

(see A); 

an integer; see also under A; 

bending moment; M, and M, are bending moments per unit length 
of plate on sections perpendicular to the z-axis and y-axis, re- 
spectively ; 

an integer; see also under A; 

intensity of a distributed lateral load; 

unit reactions; R, and R, are the reactions per unit length of the 
plate along edges perpendicular to the z-axis and y-axis, respec- 
tively ; see also under A; 

deflection of the plate at any point; 

a function of z; 

an abscissa; x and y = rectangular coordinates in the plane of the 
middle surface of the plate; 

a function of y; 

(see 2); 

kab. 
a ? 

mma. 
26.’ 

specific weight of water; weight per unit volume of water; 

(see A); 

Poisson’s ratio; 

(see A). 
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ENERGY LOSS AT. THE BASE OF A FREE 
ON BREAN 


By WALTER L. Mooreg,: JUN. AM. Soc. C. E. 


SYNOPSIS 

Experimental studies were made of a free overfall with a view to obtaining 
information that would be of value to designers of hydraulic structures. 
Detailed laboratory measurements showed that the energy losses at the base 
of a fall were of appreciable magnitude and hence must be considered in 
hydraulic design. These measured energy losses were applied in the develop- 
ment of a rational formula for calculating the height of the jump below a fall. 
Limited information was also obtained on the length characteristics of the 
jump and on the effect of submergence of the jump on energy dissipation. 
The presence of standing water behind the fall is explained, and its height is 
calculated by application of the momentum equation. 


INTRODUCTION 


Hydraulic model studies have been used with much success in the design of 
spillway structures and outlet works of all sizes and types. Ordinarily, they 
are used only after the more common and much cheaper analytical design 
methods, which are based on experience, research, and analysis, have been 
investigated and considered inadequate. The extension of the common design 
methods to cover problems which at present can be solved satisfactorily only 
by the use of models will come, along with an appreciable saving of time and 
expense, when the proper fundamental information is made available. The 
use of the analytical methods that have a sound basis not only saves the cost 
of the model studies but, in general, results in more reliable designs. 

The experimental study reported herein was made at the Cooperative 
Laboratory of the Soil Conservation Service, U. 8. Department of Agriculture, 
and the California Institute of Technology as part of a general program, the 
objective of which is to supply the engineer with basic information that can be 
‘applied in the design of hydraulic structures. Since the overfall is used 


Nore.—Written comments are invited for immediate publication; to insure publication the last 
discussion should be submitted by March, 1942. 
1 Junior Engr., SCS Laboratory, California Inst. of Technology, Pasadena, Calif, 
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frequently in soil conservation work, it was selected for study. Stress has 
been laid upon energy loss or energy dissipation not only because it is of im- 
portance in itself, but also because it can be used in calculating the flow charac- 
teristics, which in turn determine the design. The results are of special 
interest to technicians concerned with the design of small dams used in gully 
control work, as well as to engineers dealing with other hydraulic structures 
where the overfall is used to dissipate energy. 

This investigation was conducted by the usual experimental method, which 
combines physical measurements with analysis. It was decided to study first 
a structure that had been simplified as much as possible in the conviction that 
the simple structure must be thoroughly understood before a more complicated 
one can be studied intelligently. Following this method the complications 
introduced by side contractions and expansions were eliminated in an effort 
to approach the condition of two-dimensional flow. Likewise, the effects of 
sills and pools were not included in the study. 


APPARATUS AND PROCEDURE 


A free overfall model was constructed having a rectangular channel 11 in. 
wide, discharging into a similar channel at a lower elevation. The channel 
sides were carefully joined to form two smooth parallel planes with which the 
edges of the falling jet were in continuous contact. One side of the model was 
of plate glass and permitted direct observation of the flow pattern (see Fig. 1). 


Fig. 1.—Free Overratt Moper.; Verticat Strines Are Spacep at 0.5 Fr 


The lower channel could be raised and lowered to vary the height of fall to a 
maximum of 1.5 ft. Water was supplied by an electrically driven centrifugal 
pump discharging into a constant head tank from which the flow was conducted 
through an 8-in. pipe to the forebay of the model. The discharge was regulated 
with an 8-in. gate valve, and measured by a venturi meter installed in the 
supply line. The differential head on the venturi meter could be read to 
0.001 ft on either a water or mercury-filled manometer, which made it possible 
to set the rate of flow to within 1% from 0.15 cu ft per sec to 1.85 cu ft per 
sec. The disturbance caused as the 8-in. pipe discharged into the forebay 
was stilled very effectively by passing the flow through a 1-ft wall of loosely 
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piled 13-in. rock. From the tranquil forebay a transition section led the flow 
into the model channel with a minimum of disturbance (see Fig. 2). Elevations 
were determined to 0.001 ft with a point gage mounted upon an instrument 
carriage that could be rolled alon rails above the channel. On the center 


(a) (0) 


Fig. 2.—Virnw or Mopret Facina DownsTREAM ON ForEBAY: (a2) TRANSITION SECTION IN Empry FoREBAY; 
(0) UnpisturBEp FLow ENTERING TRANSITION 


line of the lower channel a brass strip with forty piezometer openings was 
installed in order to investigate the longitudinal variation of the bottom 
pressure. The depth of tailwater in the downstream channel was controlled 
by the wicket-type tail gate shown in Fig. 3. This gate, which caused minimum 
disturbance to the flow pattern upstream, was located 11 ft from the fall and 
3 ft downstream from the last section at which measurements were taken. 
When the depth of flow would permit, velocities were measured with a 
standard Prandtl pitot-static tube that had a coefficient of 1.00 (Fig. 4(a)). 
In order to determine velocities in shallow flows, a hypodermic needle was 
used to measure the total head (Fig. 4(b)) and a piezometer was used to obtain 
the static head. By using hypodermic needles of three sizes (16, 18, and 19, 
Birmingham wire gage) the diameter of the measuring tube was kept within 
one tenth of the depth of flow. In regions where the bottom piezometer 
could not be relied upon for the static pressure, measurements were made with 
a hypodermic needle closed at the end and drilled with static holes according 
to the standards given by H. Peters? (Fig. 4(C)). This apparatus was well 


2 “Druckmessung,’’ von H. Peters, Handbuch der Experimentalphysik, IV, I Teil, pp. 489-509. 
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adapted to a detailed investigation of a two-dimensional drop and allowed 
particular attention to be given to the energy losses involved. 


Fie. 3.—Urstrream Face or Tar, Gate wits’ Fic. 4.—Tuses Usep in Maxine VeExociry Mza- 
Wickets Party Ciosep To RatsH SUREMENTS: (A) PrRanpTL Pirot-Sratic Tusp; (B) 
TAILWATER AND (C) Hypoprrmic NEEDLE FOR READING 
ToraL AND Static Heap, RESPECTIVELY 


NorTaTIOoNn 


The letter symbols in this paper are defined where they first appear and are 
assembled for reference in the Appendix. 


PREVIOUS STUDY 


Very little study has been given to the problem of a free overfall striking a 
flat bottom. Boris A. Bakhmeteff,? M. Am. Soc. C. E., has shown that the 
energy equation may be applied to determine the flow conditions at the toe of 

a fall. Fig. 5 is a sketch of the 


Total Energy Line 


with the downstream depth, di, 
unaffected by the tailwater in the 
channel—that is, with the flow in 
the downstream channel at super- 
critical velocity. 


Ventilation 


and uniform velocity distribution, 
the energy head Eo at the upper 
level is 


fee h+3de.......() 


~~ 
Fie. 5.—Two-DIMENSIONAL FREE OVERFALL 


in which d, is the critical depth and 
h is the height of the fall. The velocity at section 1-1 may be expressed as 


Vi = 6 V2qg (Eo — dh) 


in which ¢ is a velocity coefficient, g is acceleration due to gravity, and d, is 
“e - ” 4 
3 “Hydraulics of Open Channels,’”’ by Boris A, Bakhmeteff, McGraw-Hill Book Co., Inc., 1932, p. 295. 


_ 


water profile for a typical overfall - 


Assuming hydrostatic pressure — 


—— 
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the depth at section 1-1. Transposing and introducing the expression for Eo 
into Eq. 2, there follows 


y 
yi=@(nt3a—a) RSS sire Deeg Oy (3) 


Introducing the continuity-relation, Vid; = d, Vg d., and rearranging Eq. 3 


give 
a \% @e,f, 2h 
(&) ~g#(2h 45) poy =o EFectehs alkane S. % (4) 


Eq. 4 may be transformed to agree identically with the equation given by 
Professor Bakhmeteff. It is presented herein in a dimensionless form in which 
the ratio . describes the flow conditions at the base of the fall, and 7, 
represents the relative height of fall. Professor Bakhmeteff states that the 
coefficient ¢ may be taken equal to unity, which means there is no loss up to - 
section 1-1, Fig. 5. P.M. Bobin,‘ who uses a similar method of attack, makes 
no statement as to the correct value of ¢, but in one example uses a value of 
@ = 0.95. So far as the writer knows, an experimental determination of the 
energy loss in a free overfall has not been made previously. Since the flow 
characteristics in the remainder of the structure are dependent upon the energy 
loss at the base of the fall, the first'aim of this investigation was to determine 
this loss and thus make it possible to calculate the vertical elements of a 
simple two-dimensional drop structure. 


FLow ConpDITIONS WITH SHOOTING TAILWATER 


When there was shooting flow in the lower channel, the energy loss at the 
base of the fall could be most easily investigated because the area being studied 
was unaffected by downstream disturbances. 

Energy Loss at Base of Fall—When these studies were begun, it was felt 
that the energy content in the lower channel could be determined by obtaining 
the value of d; and applying the relation 


as 
rir ats ts 


BE, =d,+ 
in which g is discharge per foot of width. It should be noted that H; is very 
sensitive to changes in the value of d;._ Obviously, then, the accurate measure- 
ment of d, was essential, but the presence of heavy spray near the base of the 
fall prevented this by introducing errors which, in the case of thin flows and 
high falls, exceeded 25%. Furthermore, Eq. 5 is based upon the assumption 
of uniform velocity. When an investigation revealed that the velocity profile 
below the fall was not uniform and, consequently, that the basic assumption 
was not valid under the existing circumstances, this approach to the problem 
was abandoned. 

It was found necessary to evaluate the velocity energy directly by taking 
velocity measurements in the thin sheet of water shooting away from the toe 


OES ST a ak i ale EE ar eee ae eS 
4“The Design of Stilling Basins,” by P. ait Bobia, Transactions, Scientific Research Inst. of Hydro- 
technics, Vol. XIII, 1934, Leningrad, pp. 79-12 
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of the fall. This was accomplished by using a hypodermic needle to obtain the 
total head and bottom piezometers to determine the static head. For points 
not located on the center line over the piezometers, an adjustment based on 
the transverse variation of depth was made in the static head reading. For 
each of three stations in the downstream channel, velocity profiles were taken 
at the lateral odd tenth-points, and plots were made showing values of velocity, 
V, and velocity cubed, V*. The velocity energy at each station was computed 
from the summation, a1 Ad oe 7 which gives the average kinetic energy per 
pound of fluid flowing across the section. Measurements also were taken of 
the surface elevation as given by the point gage, and of the bottom pressure as 
given by the piezometers. The data for each run were plotted as shown in 
Fig. 6, in which Z = the elevation of the plane of the horizontal velocity 


Depth Velocity Depth Velocity Depth Velocity 
0.100 5 a 0.100 5 10 0.100 5 10 


vLS Cp 
gar ee 
z= 7 nary yh 
cae et 
=-0. 2=00F Le 
Zoe 


a | | i 4 
0 0:5 1.0 J485 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 
Distance from Fall, in Feet 


(a) SURFACE AND VELOCITY CROSS SECTIONS 


(b) WATER SURFACE ON THE 
en ase 
R BOTTOM | 
PRESSURE MEASUREMENTS sBotom Prscure in 


Height, in Feet 
Lal 


0.5 


| 
Water S . ss ue Bottom Pressure 


0 0.5 1.0 HS 2.0 2.5 3.0 She 4.0 45 5.0 55 
Distance from Fall, in Feet ; 


Fie. 6.—Tyricat Prot or Surrace Prori.z, PREssuRE, AND VELOCITY MEASUREMENTS THROUGH FALL 


traverse; hy = venturi meter reading = 0.42 in. of mercury; Q = 1.218 cu ft 
per_sec; d, = 0.380 ft; do = 0.272 ft; d = 0.152 ft at 5.0 ft from the fall; and 
po AA) 

29 DV AA) 


: h ; 
of 1.5 ft covering a range of Z from 3.0 to 14.6. The value of d, varied from 


+ d = specific energy. Six runs were made with the fall height 


0.50 ft to 0.103 ft. The fall height was then decreased to 0.5 ft, and five runs 
were made that covered a range of ratios iw from 1.0 to 4.85. (A minimum 
value of 0.1 ft was set for d, in order to avoid the range where viscosity and — 


‘ 
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surface tension exert appreciable effects on the flow. Because extremely small 
depths were avoided, and because of the disturbed nature of the flow below 
the fall, negligible ‘‘scale effects”? are to be expected, and the results can be 
_ applied to actual field cases without modification.) The energy H; at the base 

of the fall was taken as the sum of the integrated velocity energy and the 


average depth of flow at the section. The experimental values of a are 
Cc 


; Bes , 
plotted against a in curve (2), Fig. 7(a). In order to compare this curve 


Values of Pi 


© BSeries;h=1.5 Ft 
© C Series;h=0.5 Ft 


0 2 4 6 8 10 12 14 0 0.2 0.4 0.6 0.8 1.0 
Values ae Values of SE and o 
de h 


Fig, 7.—ENERGY AT THE BASE OF THE FALL 


with the values obtained from the energy equation, assuming no loss, curve (1), 
Fig. 7(a), was plotted from the equation: 


peep e 5 de fe ER ele a (6a) 
or 

Bh 8 

BP gee (6b) 


The difference between these two curves represents the energy loss divided 


_by the critical depth, af To show more clearly the effect of A on the 
rate of energy loss, Fig. 7(b) was prepared, in which the energy loss is presented 
as a fraction of the fall height. Although this indicates that as much as 


two thirds of the energy released by the fall may be dissipated as the jet 
strikes the flat bottom, for a small value of 4 (say 1.5) only one fifth of the 


energy is dissipated. With a given discharge and fall height, more effective 


: 
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dissipation may be achieved by increasing the width of the overfall section, 
and thereby reducing the value of d.. 

Values of the velocity coefficient ¢ were calculated from the observed energy 
loss and plotted in Fig. 7(6) as a function of : . Since the use of ¢ in Eq. 4 
involves solving a cubic equation, this curve is of less practical value than 
curve (2), Fig. 7(a), which gives, directly, the energy content at the base of 
the fall. 

Standing Water Behind Fall.—In all runs in this series it was noted that 
the depth of water behind the fall was considerably greater than in the down- 
stream channel (see Fig. 1). It was realized that if the ventilation were 
insufficient, a low-pressure area would be formed under the fall as air bubbles 
were trapped and carried downstream, thus causing the water level behind 
the fall to rise. However, an investigation showed that the ventilation was 
sufficient to maintain atmospheric pressure behind the fall, and indicated that 
the rise was due to some other cause. A. Schoklitsch® suggests that the 
difference in level can be ac- 
counted for by the change of 
momentum as the falling jet is 
deflected by the bottom. 

Application of the momen- 
tum principle to the falling jet 
requires a knowledge of its pro- 
file and of the velocities attained. 
This difficulty was avoided by 
dealing separately with the hori- 
zontal and vertical components 
of momentum. Since the ver- 

An tical force component resulting 

Fig, 8.—OverFatL, SHowine Forces ActTING from the change in the vertical 

momentum must be taken by 

the bottom, the horizontal change of momentum may be dealt with in a manner 

similar to that used for the hydraulic jump. Referring to Fig. 8 and neglecting 
friction, the momentum equation gives 


oS 
Ay 
— 


Nig AB feo ana Je eee (7a) 


in which the terms on the left side of the equation represent the hydrostatic 
forces and the right side gives the rate of change of momentum between 
sections c-c and 1-1. The hydrostatic forces are given by 


mre A 


F, ar Fy a and F,=%2 (7b) 


in which d; is the depth of standing water behind the fall. Substituting Eq. 7b 


5 oe _ ” : . 
pp. 11S azaulie Structures,” by A. Schoklitsch (translated by Samuel Shulits), A. 8. M. E., Vol. I, 1937, 


\ 


_ in Eq. 7a, introducing the continuity equation, and solving for ie iE 
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Gpa\4 di \? de \ 
on bs eS eis angie SP ie he (8) 


In attempting to check this relation against experimental values, difficulties 
were encountered because it was not possible to measure d; accurately for the 
reasons mentioned previously in dealing with losses at the base of a fall. 
To overcome this difficulty a value of d; was calculated from the experimental 
value of #1, using Eq. 5, or: 


Inasmuch as £; was measured to an accuracy of + 5%, it was felt that this 
method gave a more probable average value for d; than could be obtained with 
a point gage in spite of the fact that the method of calculation assumed an 
artificial condition of uniform velocity at the base of a fall. The value of d; was 


Series; =1.5 
Series; h = 0.5 


da 
Values of z 


(b) JUMP COMPUTATIONS 
WITH OBSERVED POINTS 


0.2 0.3 0.4 0.5 0.6 0.7 


d, a, 
Values of ds Values of a, 


Fic. 9.—Curves or Momentum Equations 


obtained accurately from the piezometers. In Fig. 9(a) a plot of the mo- 
mentum Eq. 8 is compared with experimental values of “ and a Pee hs 


curve demonstrates that the presence of standing water behind the fall can be 
explained by the change in horizontal momentum as the water strikes the 
channel floor. A knowledge of the presence of standing water behind the fall 


and of its depth should be of value in making stability calculations of a drop 


structure. 
Fuiow ConpiITvTIONS WITH TRANQUIL TAILWATER 


The second part of the investigation checked the vertical elements of the 
jump below a fall against the momentum equation, and included an investiga- 
tion of the longitudinal characteristics of the flow as influenced by the tailwater. 
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A series of runs was made with the tailwater adjusted to form a hydraulic 
jump at the toe of the fall. In addition to determining the surface profile and 
bottom pressure throughout the length of the jump, velocity profiles: were 
taken on the center line of the channel. A good indication of the variation in 
velocity energy along the high-velocity jet that undershoots the “roller” of 
the jump was obtained from integrations based upon the velocity profiles. 
Fig. 10 presents a sample plot of these data, in which (similarly to Fig. 6): 


Depth Depth Velocity Depth Velocity 
0.40.2 0 0.60.40.2 0 1.0 2.0 3.0 4.0 0.60.40.2 0 1.0 


Distance From Fall, in Feet 


ific Energy Line 
© Bottom Pressure in Ft 
¢ Velocity, in Ft per Sec 
o Specific Energy 
4 Velocity Energy 
¢ Bottom Velocity 


| 


Bottom Pressure 


Height, in Feet 


wit 
to 3 
LSS afl san tig 
0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 
Distance From Fall, in Feet : 
Fie. 10.—Typican Puor or Data ror A JuMP at THE TOE OF THE FALL 


Z = the elevation of the plane of the horizontal velocity traverse; h, = 1.55 
ft of water; Q = 0.664 cu ft per sec; d. = 0.255 ft; do = 0.182 ft; d = 0.61 at 


7.0 ft from the fall; and _2(V? AA) +d is the specific energy. Longi- 
2g D1(V AA) 

tudinal variations of the velocity head and the specific energy head are shown 
by the dash and dot-dash lines, respectively. It is interesting to note how 
rapidly energy is lost near the start of the jump. The dotted line shows the — 
way in which the bottom velocity decreases in the downstream direction. 
The boundary of the undershooting jet was taken as the zero velocity point 
of the velocity profiles in the region of the jump. 

Vertical Elements of Jump.—The vertical elements of the jump checked 
very closely with the momentum equation given by Professor Bakhmeteff :® 


rare ip waefh \4 
aries heie. || WEN: > (10a) 


6 “Hydraulics of Open Channels,” by Boris A. Bakhmeteff, McGraw-Hill Book Co., Inc., 1932, p. 241. 
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73a |~1+1+8(2) lhsteestomeata 


in which d, is the depth of water at the toe of the fall before the jump and dy is 


the depth of water after the jump. 


esheets 


4 
d, 


aa! 
from 


No Loss at Fall 


Calculated 
ay 


d,s 


aq, 


A 
Values of de 


do Fy 
Values of de and de 


Fie. 11.—Computnp aNnp OBSERVED VALUES OF TaILWATER DerpraH ReQuirEeD To Form THE JumP 


was computed from experimental values of dz taken with a 


ea using Kq. 9. 


The ratio a 
de 


* was computed from experimental values of 


point gage, and 7. 
Fig. 9(6) shows that the values obtained from the momentum equation are in 

‘ . : ie I 
good agreement with those obtained experimentally. This indicates that a 


computed from mt may be used in the calculation of the hydraulic jump. 
Cc 
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It is now possible to combine the experimentally determined energy loss 
with the standard hydraulic jump equation to calculate the minimum depth of 


é E 
tailwater required to form the jump. The values of oi may be taken from 


curve (2), Fig. 7(a), and then the value of e may be computed using Eqs. 9 


and 10b. These computed values are plotted as curve (3), Fig. 11. Curves 

(1) and (2) are replotted from Fig. 6. The plotted points on curve (3) are 

_ experimental values of “ obtained with the point gage, and they are in good 

agreement with the calculated curve. The question arises as to how closely 

they agree with those computed on the assumption of no energy loss at the base 

of the fall. The results of such a computation, presented as curve (4), Fig. 11, 

: t , the agreement is very good. 
As the relative fall height is increased, however, the curves diverge until at 
h 
de 
below, the experimental value. 

Since as much as two thirds of the energy liberated at the fall may be 
dissipated as the jet strikes the channel floor, it is surprising that the calculated 
curve, which assumes no loss at the fall, agrees so closely with the one obtained 
when all losses are considered. The answer to this apparent inconsistency lies 


show that for low relative fall height 


= 12, the no-loss curve (4) is about 20% above, and curve (3) is about 5% 


in the fact that the value of a is quite insensitive to the specific energy of the 


stream entering the hydraulic jump. Although the height of jump d; will. be 
increased by an increase in the specific energy of the entering stream, the 
initial depth d; is decreased and the resulting value of do, being equal to d; + di, 


dz 
Ww 


E. 
Values of qand Z 
NO 


| | | | as meee 
Corer ttt ee 
Oe 

9 


or, 10 
Values of 7 
c 


Fic. 12.—Dzpru anp Enercy AFTER THE Jump, PLorrep Against ENerGy BEFORE THE JUMP 


is only slightly increased. This relation is expressed by the curves of Fig. 12) 


in which the ordinate shows values of fe and a after a jump and the abscissa 


‘ | 

represents values of = . Ascale of e ) = Xd, (in which ) is the kinetic flow _ 
c 1 

factor at section 1-1) is included for those who are familiar with Bakhmeteff’s 


kinetic flow factor. It will be noted that i may vary over a considerable 
Cc 


range with only a small change in “ ; 
¢ 


Se 


‘ 
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When the energy loss at the base of the fall is neglected, the jump calcu- 
lation may give a tailwater depth as much as 20% high. In some instances 
this will provide a desirable factor of safety against the jump being washed 
downstream. Any additional safety factor may cause submergence and impair 
the effectiveness of the jump as an energy dissipator. 


1.0 = 
ZA a 
0.9+-—4 i 
0.8 | —} —- —t 
0.7 mi 1 
ale 0.6 Pat 
s 
3 ° 0.5 i O Run B-1-2.8 4, =44.8 
a O Run B-4.2,.3 4=24.5 
Cre 4 Run B-5-2.25 d= 18.0 
Oe mh 7 : cae Run B6-2.1 »,=16.5 
ae 7S B. A. Bakhmeteff and A. E. Matzke 
: 7 Tp eit ees He aI 41 =30.5 —— 
oy So aN IGS 
0.2 7 1 i ae | | 
0.1 - = — +— aay 
0 
0 1 2 3 4 5 6 7 8 
Zh 
Values of d; 


Fig. 13.—LoneitrupinaL PROFILES or JuMP 


Longitudinal Elements of Jump.—A comparison was made of the longitudinal 
profile of the jump with the results given by Professor Bakhmeteff and A. E. 
Matzke,’ Jun. Am. Soc. C. E., as shown in Fig. 13. Since the bottom 
piezometers gave a good means of averaging the large fluctuations that occur 
in the surface, they were used to indicate the profile of the jump except at its 
_ very beginning where a few point-gage readings were used. . Because of non- 
hydrostatic pressure distribution, the piezometers have a tendency to read 
slightly high in this region of rapid expansion. This may account for the fact 
that the profiles rise more rapidly at the start than do those presented by 
Messrs. Bakhmeteff and Matzke. The profiles given by the writer indicate 
that below a free overfall the jump is about 20% longer than is shown by the 
curves of Messrs. Bakhmeteff and Matzke. Since their jump was formed 
downstream from a regulating sluice, lack of agreement may be caused by a 
difference in the velocity profile of the shooting flow entering the jump. 

The velocity measurements and the energy summations show that the 
kinetic energy in the undershooting jet is dissipated by the time the surface 
profile indicates maximum depth. This means that the end of the jump as 
indicated by the surface profile marks the end of excessive velocities in the 


7“The Hydraulic Jump in Terms of Dynamic Similarity,” by Boris A. Bakhmeteff and Arthur E. 
Matzke, Transactions, Am, Soc, C. E., Vol, 101 (1936), p. 630, 
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undershooting jet. This statement applies to well-formed hydraulic jumps and 
may well apply to a submerged jump. 

Effect of Changing Discharge.—By using curve (3), Fig. 11, it is possible to 
obtain the minimum tailwater depth necessary to support the jump for any 
relative fall height. This relation may be combined with the Manning formula 
to predict the behavior of a two-dimensional simplified drop structure under 
overload and underload characteristics when the tailwater level is controlled 
by the slope and roughness of the downstream channel. 

The Manning formula for a rectangular section may be written as 


oe bay Lee Riergin, oy ae ee (11a) 


in which b is width of channel, n is Manning’s roughness coefficient, & is 
hydraulic radius, and So is the slope of the channel bottom. 


For two-dimensional flow, R = d and q = ¢ ; therefore, 


_ 1.486 


a Oh 8% 9g S89 vata al a alae ae (110) 


Introducing the relation g? = d*, g into Eq. 116 and rearranging gives 


1.486 So 
atg = PAB ge, $88 0) 


For a given channel the values of So and n will be constant so that, in Eq. 12a, 


280 |e = C = constant; and 
n g 


di-5, = C d}-67, 


TABLE 1.—ReEwaAtIvE TariLwaTEeR DEprHs SHOWING OVERLOAD AND 
UNDERLOAD CHARACTERISTICS FOR Two STRUCTURES 


SS 
‘ 


h 
DEsIGN FE: =10 DEsIGNn Ms =65 
de Q 
(%) 
h dz dz h de dz 
de de de de ‘dc Gh 

(1) (2) (3) (4) (5)é (6) (7)4 (8)> 
0.5 35 20. 2.60 2.57 10.00 
0.6 46 16.7 2.55 2.53 8.33 3 33 3 39 
0.7 59 14.3 2:50 2.48 7.15 2.28 2.26 
0.8 71 12.5 2.45 2.46 6.25 2.24 2.23 
0.9 85 men 2.42 2.42 5.55 2.20 2.20 
1.0 100 10.0 2 40 2.40 5.00 2.18 2.18 

: f 2:38 4.55 2.15 2.16 
TTA bales 8.3 2.32 2.35 4.16 
1.3 | 148 7.7, 2.30 2.34 3.84 re Sue 
1.4 | 165 7.15 2.28 2.32 3.57 209 ott 

y : 2.09 

15 184 6.66 2.26 2.30 3.33 2.07 3 09 

i 5.00 2.18 2.24 2.50 1.97 2.03 


«For the jump. 4 In the channel. 


tte wee « 
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Rearranging Eq. 120 gives 
de d 


ds, = Cos ay At Mee he ha tee Ps (12c) 


Eq. 12c shows that when the tailwater is governed only by slope and roughness 


Gon ste i 
the value of re will vary inversely as the tenth root of the critical depth. 
Cc 


The variation of 2 required to form a jump may be taken from curve (3), 
Fig. 11. 

Table 1 gives relative tailwater depths, , for two free overfall structures 
discharging various proportions of their Bean capacity, Q. At their design 
flows these structures have relative heights, +, of 10 and 5, respectively. 


Cols. 4 and 7, Table 1, show the tailwater required to form a jump according 
to curve (8), Fig. 11, and Cols. 
5 and 8 give the depth as reg- 
ulated by the slope and rough- 
ness of the downstream chan- 
nel calculated according to Eq. 
12c, which is based on _ the 
Manning formula. The results 
show that, as the discharge ex- 
ceeds. the design flow Q, the 
tailwater as regulated by the 
downstream channel will tend 
to exceed that necessary to form 
a jump. - When the discharge is 
less than the design flow, the 
opposite tendency is indicated. 
Note that the differences be- 


© Shooting Flow 


ZV34A 
2g=VAA 


Values of 


4 


V (Bottom) 


_ tween the values of “ required 


to support the jump and those 
supplied by the channel are 
very small. Therefore, if the 0 
design tailwater depth is chosen 
a little high, the structure should 
perform satisfactorily over a Fre. 14.—Errecr or SuBMERGENCE 
wide range of discharges. 

Effect of Submergence.—An investigation was made to determine the effects 
of increasing the tailwater until the jump was completely submerged. Data 
similar to those shown in Fig. 10 were obtained for a single fall height ratio 


ie a0; 88 ) , with four tailwater depths es = 2.39, 3.01, 3.42, and 3.04 ) ; 


Values of 


APO MESH A012 14 V6 18 e20F 22 S245 26e2s 
Values of G- 


de de 
The first of these was just sufficient to hold the jump at the base of the fall and 
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. : h 
agrees with the value given by curve (3), Fig. 11— that is, for ae: 5.88, 


ds 
de 
velocity energy in the high-velocity jet against the distance downstream as in 
Fig. 14(a), it was found that increasing submergence caused the high-velocity 
jet to persist for a greater distance. A plot of the bottom velocities (Fig. 
14(b)) also showed higher values downstream as the tailwater depth was 
increased. This would indicate that oversubmergence of the jump may require 
bottom protection to be extended farther down the channel. It is felt that 
further study should be made of the effects of submergence on the rate of decay 
of the undershooting jet. 


= 2.3. The higher values caused increasing submergence. By plotting the 


“DiIssIPATED ENERGY” 


It will be noted that in the energy summations made in connection with 
this investigation only elevation, pressure, and axial velocity energy were 
considered. Two other forms, turbulence and heat energy, could not be 
measured. ) 

Methods of measuring turbulence energy have not yet been developed to 
the point where they are practicable for standard laboratory use. It was not 
possible to measure the increase in heat energy from the rise in water tempera- 
ture, because of the minute variations involved. For instance, the complete 
conversion of 0.01 ft of head to heat would cause a temperature rise of the 
order of 1.3 times 10-* degrees Fahrenheit. If the turbulence and heat 
energies had been measured, they would undoubtedly account for the so-called 
“dissipated energy.” It is regretted that this “dissipated energy”’ could not 
be separated into its component parts. The heat energy is truly dissipated in 


the sense that it is no longer available to scour the channel, but it has been | 


demonstrated that the turbulence energy is available for the entrainment and — 


suspension of sediment. 
CoNCLUSION 


This investigation has only started to solve the problems that are involved 
in the design of a drop structure of the type used in the field. The findings of 
this study may be summarized as follows: 


(1) The loss of energy head at the base of the fall is neither negligible nor 
constant, but varies over a considerable range as a function of relative fall 
height (see Fig. 7(a)). 

(2) The depth of water standing behind the fall is greater than the depth 
of water shooting from the base of the fall and may be computed from the 
momentum principle. 


(3) The momentum equation for the hydraulic jump may be applied to the | 


flow conditions at the base of the fall to determine the vertical elements of 
the jump. 


(4) The longitudinal profile of the jump is in fair agreement with the profile 


obtained by Messrs. Bakhmeteff and Matzke. The length of jump below a 


fall appears to be about 20% longer than the jump below a sluice. 


November, 1941 ENERGY LOSS 1713 


(5) The velocity energy of the undershooting jet is spent by the time the 
surface profile indicates the end of the jump. 

(6) Oversubmergence of the jump will cause the undershooting jet to persist 
for a greater distance downstream. 

(7) The free overfall two-dimensional drop structure will perform satis- 
factorily over a wide range of discharges. 


This investigation has provided information sufficient to enable the 
hydraulic engineer to produce a rational design for a two-dimensional drop 
structure, the performance of which can be predicted accurately. Probably it 
is even more important that the designer can now obtain at least a first approxi- 
mation of the performance of those more complicated structures that circum- 
stances usually necessitate. 
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APPENDIX 


NogvTatTION 


The following letter symbols, used in the paper, conform essentially to 
American Standard Letter Symbols for Hydraulics, prepared by a Committee 
of the American Standards Association, with Society representation, and 
approved by the Association in 1941:8 


A = cross-sectional area of flow; AA = element of area used in discharge 
and energy summations; 
width of channel; 
(C and C’ are constants in Eqs. 12); 
= depth of water: 
dy = depth of flow at the crest of the overfall—that is, at sec- 
tion 0-0; 
d; = depth of water at the toe of the fall before the jump— 
that is, at section 1-1; 
d, = depth of water after the jump—that is, at section 2-2; 


2 
d, = hydrostatic critical depth = Jf ; 


dy = depth of standing water behind fall; 
d; = height of jump = dz — di; 


b 
C 
d 


8 Publication pending. 


— 
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E = total energy head: 
Eo, at the crest of the fall (section 0-0); 
E,, at the toe of the fall (section 1-1); 
E;, after the jump (section 2-2); 
AE = loss from the crest to the toe of the fall; 


F = hydrostatic force; Fi, Fe, F; = forces at sections 1-1, c-c, and f, 
respectively (see Fig. 8); 

g = acceleration of gravity = 32.2 ft per sec per sec; 

h = height of the fall; 


hy = head across venturi meter; 
L = length coordinate of the jump measured; 


M = from the beginning of the jump momentum; AM = change in 
horizontal momentum; 

n = roughness factor in the Manning formula; 

Q = discharge in cubic feet per second; Z 


q = discharge in cubic feet per second per foot of width; 
R = hydraulic radius; 
S = slope; So = slope of channel bottom; 
V = velocity: 
V, = velocity at the base of the fall (section 1-1); 
V. = critical velocity = Vg d.; 
X = distance downstream from the fall, in feet; 
y = height coordinate of the jump, measured above the initial depth dj; 
Z = elevation of the plane of the horizontal velocity traverse; 
y = specific weight of water (weight per unit volume); 
d\ = kinetic flow factor = oe = (3) 
¢ = velocity coefficient to account for losses. 
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FUNDAMENTAL ASPECTS OF THE 
DEPREGTA PION PROBLEM 


A SYMPOSIUM 


Discussion 


By MEssrs. EDWIN F. WENDT AND L. T. FLEMING, 
AND ANSON MARSTON 


Epwin F. Wenpt," M. Am. Soc. C. E., anp L. T. Fremine,” Esq.!2*—In 
1911 the Board of Direction appointed a Special Committee to Formulate 
Principles and Methods for the Valuation of Railroad Property and Other Public 
Utilities composed of the following eminent engineers, all deceased: Frederic P. 
Stearns, Chairman, Leonard Metcalf, Secretary, Thomas H. Johnson, Alfred 
Noble, William G. Raymond, and Jonathan P. Snow, Members, Am. Soc. 
C: E. In 1914 Henry E. Riggs, Past-President, Am. Soc. C. E., William J. 
Wilgus, Hon. M. Am. Soc. C. E., and the late Charles S. Churchill, M. Am. 
Soc. C. E., were appointed to the committee to fill vacancies. The com- 
mitteé reported on every phase of the appraisal of public utilities, outlining 
the principles and discussing the fundamental aspects of the depreciation prob- 
lem. Their report of 1917% was a classic of its time and so far as fundamentals 
are concerned there has been no significant change in the succeeding twenty- 
five years. 

However, developments in procedure have resulted from the activities of 
the many regulatory agencies concerned with the subject. The Interstate 
Commerce Commission, charged by the Valuation Act of 1913 with the duty of 
making valuations of the railroads and other common carriers, has given con- 
siderable time and thought to the depreciation question, and its record on that 
subject consists of more than 10,000 pages of testimony and argument. The 
Commission appointed William D. Pence, John 8. Worley, Edwin F. Wendt, 
and the late Robert A. Thompson and the late Howard M. Jones, Members, 
Am. Soc. C. E., to an Engineering Board which outlined the procedure that was 
followed in the field and office. During the progress of this work on the rail- 

Notr.—This Symposium appears on pp. 1611-1637 of this issue of Proceedings. 

1 Cons. Engr., Pittsburgh, Pa. 

12 Cons. Engr., Chicago, Ill. 

12a Received by the Secretary October 17, 1941. 


3 Transactions, Am. Soc. C. E., Vol. LXXXI (December), 1917, p. 1311. 
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road valuations, from 1913 to 1921, there was developed what is known as the 
federal method of valuation, which is now very generally followed in public 
utility valuation work. 

The 1917 report of the Valuation Committee* gave exhaustive treatment 
to depreciation theory and its application in the field of railroad and public 
utility valuation. This Symposium extends that report, in its fundamental 
aspects, to new fields—competitive industry, and public works and govern- 
ment finance. 

As the leading thesis of his paper, Mr. Walls compares the determination 
of the depreciation in property as of any time by the method, which he favors, 
of using engineering and technical knowledge in the same way as it is used in 
connection with safety standards, replacements of property, and selections of 
equipment, and by methods based on age-life theory. A question is raised as 
to the correctness of the conclusion that future life of public utility property can 
be estimated on an actuarial or statistical basis in the manner that insurance 
companies treat human lives, with the possible exception of communication 
facilities and a relatively small proportion of other utilities. 

Most valuations of regulated industry which require estimates of deprecia- 
tion are for rate base determinations. Here, the broad concept of constitu- 
tional value based on the expectation of income from property and largely 
independent of the depreciation in the property as of the date of valuation 
must be disregarded. The rate base is an artificial element—it is not neces- 
sarily, or often, the value of the property, and the principal problem in these 


cases is the determination of fair return, toward which the estimation of exist-_ 


ing depreciation is but a part. Fair return means what is right and just to all 
parties, and it can never be more than an approximation to the ideal. Through- 
out the life of each element of a property, the ideal would provide a uniform 
rate of return on the unamortized part of the investment, uniform annual de- 


preciation charges, and a uniform total annual cost of return, depreciation, 


and operating expenses, which is manifestly an impossibility to achieve. 

The estimates of depreciation must not be subject to unreasonable error, 
and it is highly desirable that the cost of making the estimates be kept to a 
minimum consistent with the necessary accuracy, and also that the method 
of estimation used be not too complex for clear exposition before commissions 
and courts. The age-life method is advantageous in this respect, especially 
in the case of properties of considerable size in the valuation of which the 


— 


engineer who is to introduce and support the valuation can do but a small part — 


of the work. Furthermore, age-life estimates are required for the purpose of 
setting, or substantiating, the estimated future annual depreciation charges 
to operating expenses which come ahead of fair return; and it is difficult to 
refute the argument that the-same age and life estimates should determine 
the depreciation existing at the date of valuation. : 

The Interstate Commerce Commission has made valuations, for rate- 
making purposes, of the properties of more than 1,800 steam railroads, most 
of the field work being done between 1913 and 1922, inclusive. Depreciation 


was estimated on the straight-line basis, life expectancies being based, in — 


general, on established average lives for the different types of property and not 


ie » 
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on a true actuarial basis. Although no publication has been made of a com- 
parison of the actual subsequent mortality of the railroad property inventoried 
with the estimates of the Bureau of Valuation, it is believed that the estimates 
have not been discredited by the actual mortality experience. 

Obviously, in estimating the depreciation applicable to a specific item of 
property as of a given date, all relevant facts pertaining thereto should be giv en 
consideration by the appraiser whatever depreciation theory is being followed. 
Under a mathematical basis using ages and lives, the size of the sample from 
which the life estimates were derived and the existing and prospective changes 
in conditions affecting those lives should govern the reliance placed on the 
experience of the past, whereas under no basis can the estimated remaining 
life of the unit under consideration be ignored. The experienced and careful 
appraiser will insist on the application of judgment after an inspection of the 
property and examination of the replacement and maintenance records, what- 
ever the basis; and he will reach substantially the same result by any method. 
In short, the thought in Mr. Wall’s closing sentence may be succinctly re- 
iterated: There is no substitute for sound judgment. 

Professor Grant opens up a subject which heretofore has not been reported 
on by committees of the Society, and which has had but scant recognition in 
papers published in Transactions. The subject is an important one to the many 
engineers engaged in industrial work, and the sections on engineering economy 
studies relative to a proposed new investment, and economy studies for pro- 
posed retirements, are equally applicable to regulated industry. 

In the matter of the so-called losses on retirements of property depreciated 
under the group method, while the regulations of the Bureau of Internal Rev- 
enue preclude the allowance of such losses, for tax purposes, at the time of 
the retirement in the case of property retired before the estimated average 
service life of the group has been reached, such losses may often be allowable 
as deductions when the last unit of the group is retired, if the investment in 
the group has not been made up through the depreciation charges. 

Although Professor Grant undoubtedly is correct in his opinion that, in 
general, the decrease in value of manufacturing equipment is greater in the 
early years of the life of the equipment than in the later years, such decrease 
in value is not, as he points out earlier in the paper, the same thing as account- 
ing depreciation, and there are valid arguments against reflecting such differ- 
ences in the rates of depreciation used in determining the annual depreciation 
charges, although they must be taken into account in estimating product costs 
and in reaching decisions relative to replacements of equipment. 

Professor Grant’s paper is excellent and is a permanent contribution to 
engineering literature. 

The paper by Messrs. Crum and Winfrey contains a statement of sound 
public policy. The engineer is an important person in the preparation of 
budgets and the spending of public moneys: He must account for the ex- 
penditures. Depreciation is an element of cost and provision should be made 
for proper governmental accounting to aid the administrator and the engineer 
in their public work. These authors have outlined the elements of the problem 
and have clearly illustrated how depreciation should be used in the manage- 
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ment of public works and enterprises operated by governments. They have 
proved their thesis under ‘“Summary”’ that 


“depreciation accountancy does have a place in government accounting 
procedures and finance. ‘* * * Until financial reports take full account 
of all items of annual costs, and account for investment in physical prop- 
erties, they must be regarded as only partial truths. * * * Depreciation 
is inevitable; a good government must recognize and must budget for it 
in the same manner as for other annual expense.” 


Anson Marston, Past-PresiIpDENT AND Hon. M. Am. Soc. C. E.8¢— 
(1) There has been, and still is, much confusion of thought among writers on 
fundamental depreciation principles. The writer confesses that his own ideas 
have changed (he hopes progressed) during some thirty odd years of study and 
considerable writing on this subject, and he reserves the right to make further 
progress regardless of what he has already written. Perhaps this confession 
may win him pardon for disagreeing with some of the views expressed in the 
Symposium papers. 

(2) Apparently the confusion of ideas about depreciation, referred to by 
_Mr. Walls and Professor Grant, is due mainly to the seeming inability of most 
writers on depreciation to realize the fact, and the implications of the fact, 
that in every one of the many billions of purchases and sales, the world over, 
each year, the exchange value is determined by the present worth of the fore- 
casted (not the recorded), probable (not the actual), future (not the past or 
the present) annual operation return values of the services yet to be rendered 
by the item purchased. The result is confused references to “‘physical de- 
terioriations,” “wear and tear,” “obsolescence,” “inadequacy,” and “‘super- 
session” as if they were agencies whose effects on depreciation could be cal- 
culated in some mysterious way other than by judging their probable effects 
upon probable future service lives (expectancies) and upon probable ratios of 


future to average annual operation return values. There has been a “blind ~ 


spot” here in thinking about value (including the negative value called de- 
preciation). That this ‘“‘blind spot” is not entirely a universal affliction is 
shown by Professor Grant’s lucid statements in the ‘“‘Synopsis” and ‘“Example 
4,” Element (3), that, “It is the look forward that is relevant in the appraisal; 
the look backward (at age) is only useful if it helps in the look forward (at 
life expectancy).” 

(3) Their mental “blind spot” as to the vital réle of forecasts in determining 
value and depreciation has left most writers on depreciation in much the same 
situation as the old Roman water supply engineers who were unable to conceive 
a compound unit of measurement of flow of water that included velocity in 
addition to the cross section of the stream. So Frontinus, in his famous book 
(translated by the late Clemens Herschel, Past-President and Hon. M. Am. 


Soc. C. E.), had a hard time trying to explain why the sum of the cross sections _ 


of the aqueduct flows was not equal to the sum of the ‘“‘quinaria” units of area 
of deliveries from the aqueducts, just as writers on depreciation become con- 
fused about its fundamental aspects. 


18 Dean Emeritus of Eng., Iowa State College, Ames, Iowa. 
13a Received by the Secretary October 20, 1941. 
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(4) A widespread, unfortunate misconception about the réle of forecasts 
in determining depreciation and value is the entirely mistaken idea that if the 
actual facts of future service lives prove (as they almost always do) to be dif- 
ferent from the forecasts, the depreciations and values based on the forecasts 
were wrong. The truth is that it is not the actual future service lives and ser- 
vices, but their forecasts which determine the true depreciations and the true 
values at the time the forecasts were made. In estimating values and deprecia- 
tions of values the engineer is concerned primarily with exchange values, what 
willing purchasers will pay and willing sellers take, in mediums of exchange or 
goods, for the units of property bought and sold. The other shades of meaning 
sometimes given by usage to the term ‘‘value”’ (and discussed by Bonbright in 
the two volumes to which Professor Grant refers’) need consideration in con- 
nection with depreciation only as they can be expressed in terms of their rela- 

‘tionships to basic exchange values. Tucked away rather inconspicuously on 
a page in Bonbright’s work" will be found a quotation from the decision written 
by the well-beloved late Justice Oliver Wendell Holmes of the United States 
Supreme Court in an inheritance division case, as follows: 


“The value of property as of a certain date, like all values, as the 
word is used in law, * * * depends largely on more or less certain prophecies 
of the future, and the value is no less real at that time if later the prophecy 
turns out to be false than when it comes out true.’ 


(5) Another widespread, unfortunate misconception about the réle of fore- 
casts is the idea that once made they should ever afterward be adhered to 
regardless of actual later service life facts. On the contrary, re-examinations 
of the then existing property units and the conditions under which they are 
serving should be repeated and new forecasts made of expectancies and future 
annual operation return value ratios frequently enough to keep the forecasts 
constantly corrected to agree with the facts of actual service life. Industrial 
properties are not inert. They are changing constantly, partly from ‘changes 
in management policies and business conditions, and partly from retirements, 
replacements, and additions of physical property units. The replacement 
items often differ greatly from those retired. The imminence of inadequacy, 
obsolescence, and supersession functional retirements must always be considered 
in making the repeated new forecasts. Upon completing each new forecast 
that conflicts with the preceding, the current depreciated values of the current 
existing property items, or groups of items, should be taken as new deprecia- 
’ tion bases. In this manner, the annual actual depreciations are distributed 
throughout service lives in accordance with the actual cumulative growth of 
depreciation. , 

(6) The writer agrees with Mr. Walls’ view (see “‘Synopsis”’) that ‘“deprecia- 
tion in property as of any time is an accomplished fact’’; and that, “to deter- 
mine that fact, engineering and technical knowledge should be used * * * [of 
course, in the most correct, simple, direct way ].” 


4“Valuation of Property,” by J. C. Bonbright, McGraw-Hill Book Co., Inc., 1937. See particularly 
Chapter X. 

14 Tbid., p. 743. 

16 Ithaca Trust Co. vs. United States, 279 U. S. 151 (1929). 
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(7) These “accomplished fact’’ depreciations are the same for privately 
owned and publicly owned properties; they are the same also for public utilities 
and for private industrial enterprise properties, except in so far as these dif- 
ferent classes of property differ as to original costs, costs of capital, and rates 
of fair return. 

(8) It is the writer’s view, apparently somewhat different from that of Mr. 
Walls, that the correct way to apply engineering and technical knowledge in 
estimating depreciation is that described in Paragraph 5, herein; and that 


oe 


industrial property mortality curves can be of great value in the work. Hun- | 


dreds of such mortality curves have been prepared from actual mortality data 
of different kinds of physical property and it has been found that some eighteen 
or twenty types of curves may be used to represent all classes of these prop- 
erties. In the technique of using them, these types of curves serve simply as 
aids to the judgment of forecasters who have examined the units personally. 

(9) The writer has been greatly interested in the paper by Professor Grant, 
especially in his exposition of the economic principles that should govern judg- 
ments in deciding when to make retirements of existing industrial property 
units. The writer concurs almost completely in the views expressed in this 
exposition. 

(10) Concerning concepts of depreciation the writer’s own idea of the cor- 
rect concept is stated in the ‘‘Definition of Depreciation” given by Messrs. 
Crum and Winfrey (see ‘‘Value and Depreciation’). It may be termed the 
“present worth” concept. In the technique of its use, the effects of changes in 
price levels are provided for by using different depreciation bases, equal 
respectively to: 


(a) The original cost new, less salvage value—for customary depreciation 
accountancy; : 

(b) Fair value new, less salvage value—for the Baltimore Street Railway 
Case decision,® legal public utility depreciation—and for engineering valua- 
tion depreciation; and 

(c) Reproduction cost new, less salvage value—for insurance damage 
depreciations. 


(11) The ‘‘condition per cent’’ multipliers are the same for all three de-: 


preciation bases. For Professor Grant’s Example 1, the salvage value is 0, 
the original cost base is $5,000, the reproduction cost base is $6,500; and the 
“straight line” condition percentage is 80%, the original cost depreciation is 
$1,000, and the reproduction cost depreciation is $1,300. (The $200 difference 
from Professor Grant’s reproduction cost depreciation is his adopted additional 
deduction for the less modern design and assumed higher early maintenance 
costs of the 8-yr-old house.) 

(12) The writer indorses almost completely Professor Grant’s views about 
“Economic Studies for Proposed Retirements” and “Depreciation in Pricing 
Policies.” Concerning their application in Example 3, it may. be remarked 
that the longer the expectancy of the existing property “old asset,’ the less 


a 


16 United Railways and Electric Co. of Baltimore vs. West, chairman, et al. 280 U. S. 234, 247, 50 Sup. 


Ct. Rep. 123. U. 8. Sup. Ct., Jan. 6, 1930. 
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certainty there can be that its retirement would be wise on the basis of a cal- 
culation involving so many factors that can merely be estimated. The result 
of the calculation, as Professor Grant stresses, can be changed greatly at will 
by changing the assumed rate of fair return, or the estimated service life, and 
especially by changing the estimated ‘annual disbursements.’’ Professor 
Grant’s calculations show that a 40% decrease in the estimated annual dis- 
bursements for the substitute unit will increase the calculated wise cost pay- 
ment for the substitute 245%. Is it not likely that this situation is a main 
reason for adopting a management rule that new units substituted for present 
units ‘‘must pay for themselves in a short time’? Nevertheless, such compu- 
tations as those in Example 3 are better helps to judgment than mere hunches 
in deciding when retirements are wise. In his own practice, the writer has 
been restricting the use of wise retirement mathematics to cases in which the 
life expectancies of the “old assets” are nearly 0 without material disburse- 
ments for ‘‘extraordinary repairs.” 

(13) Example 4 furnishes a good illustration of what’a little difference of 
opinion about the ‘‘annual disbursements” on a substitute unit would do to a 
valuation of the “old asset’? on the basis of wise retirement mathematics. 
Decreasing the estimated annual disbursements on the substitute unit only 
10% cuts the appraisal value of the old asset 53% (from $663 to $312). 

(14) The writer finds himself unable to agree with Professor Grant that it 
would be feasible, or desirable, or even correct, to substitute wise retirement 
mathematics for the present well-tried and established methods of making 
engineering valuations of industrial properties. The trend of progress in valua- 
tion methods is in a quite different direction. The courts, federal tax officials, 
~ and valuation engineers are shying more and more away from theoretical formu- 
las to the solid bases of: (a) Continuous-inventory property ledger accounts of the 
actual original costs of all physical property units (or groups of units); (6) total 
and annual depreciation allowances that check closely with complete mortality 
records of physical property retirements, and which create and maintain de- 
preciation reserves just equal to the total actual depreciation; (c) infrequent 
changes in the values new and corresponding depreciations not of the total 
but of individual old property units to allow for the effects in present values 
‘of changes in price levels; (d) inclusion of only actually disbursed overhead 
capital-cost expenditures on the values, new; and (e) only very conservative 
allowances for intangible values. 

(15) Although the writer is in accord almost completely with the ideas 
expressed in the Symposium paper on ‘‘Relationship to Public Works and Gov- 
ernmental Finance” of the fundamental aspects of the depreciation problem, 
he rules himself disqualified, for obvious reasons, to comment on this able paper 
by his former students and present co-workers, Director Crum and Professor 
Winfrey. 


Sen 

AMERICAN SOCIETY (OR SCIVAL ENGINEERS 
9 Founded November 5, 1852 
DIS'GCUSS LOWS 


OO ee 


ANALYSIS OF STATICALLY INDETERMINATE 
TRUSSED STRUCTURES BY SUCCESSIVE 
APPROXIMATIONS 


Discussion 


BYeOaal VOODHIGULA, JUN. AM .s0C 4G 


O. T. VoopuicuLa,” Jun. Am. Soc. C. E. (by letter).!7*—Professor Castle- 
man points out the advantage of choosing members as redundants in the case 
of a continuous truss. It is obvious that much work can be saved in computing 
the carry-over factors and the single redundants, whereas in the case of the 
reaction redundants every member must be included in every computation. 

The writer has no objection to Professor Ellis’ preference for “‘Williot Strain 
Equations.’”’ All the methods used in analyzing statically indeterminate 
structures are fundamentally the method of distortions or deflections. 

Mr. Peery’s discussion is very interesting. The writer fully agrees with his 
statement that ‘‘It * * * is more important to select the redundants in such a 
manner as to simplify Eqs. 3 than it is to simplify the actual solution of the 
equations.”’ In the example chosen by him, it is possible to obtain a direct 
solution, because the redundants act at the elastic center, where a redundant 
has no effect on the others; in other words, the carry-over factors are zero. 

Dean Grinter’s comments are very pleasing. 


Norn.—This paper by O. T. Voodhigula, Jun. Am. Soc. C. E., was published in January, 1941, Pro- 
ceedings. Discussion on this paper has appeared in Proceedings, as follows: March, 1941, by Francis L. 
Castleman, Jr., Assoc. M. Am. Soc. C. E.; April, 1941, by Messrs. Charles A. Ellis, and David J. Peery; 
and May, 1941, by L. E. Grinter, M. Am. Soc. C. E. 

17 Municipal and Public Works, Bangkok, Thailand. 

lia Received by the Secretary September 29, 1941. 
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STABILITY OF GRANULAR MATERIALS 


Discussion 


By R. G. HENNES, Assoc. M. Am. Soc. C. E. 


R. G. Hennes,‘ Assoc. M. Am. Soc. C. E.““—In this paper the authors have 
advanced the development of soil mechanics and have, perhaps, somewhat shifted 
the course of that development. All tools available to the engineer for the 
design or analysis of earthwork and foundations are notably of limited applica- 
tion. Each new tool supplements rather than supplants the older. In the 
opinion of the writer stability analysis by summation of forces along a curved 
potential slip surface will remain the more convenient and more reliable 
method for estimating the stability of earth slopes. Quite possibly, the ac- 
curacy of the conventional procedure can be improved by determining the dis- 
_ tribution of normal pressure along the slip curve by the proposed method of 
analysis, instead of by assuming a vertical pressure at each point proportional 
to the height of the overlying column of earth. 

In studying the stability of the foundation of embankments the new method 
offers opportunity for improvement over solutions that depend upon formulas 
based on the assumption of a semi-infinite solid, by providing a better approxi- 
mation of stress distribution over the base of the embankment. 

The authors state (see ‘‘Introduction”’) “that the terms ‘elastic’ and ‘plastic’ 
are used herein to describe zones * * * and not as descriptions of types of 
material used in the structure.”’ There is danger that the casual reader might 
construe this statement to mean that the validity of the analysis is independent 
of the elastic properties of the material, whereas actually such is not the case. 
The authors have not freed the soil analyst from the necessity of pretending 
that sand and a gravel follow Hooke’s law. , This they recognize elsewhere in 
the paper. The assumption that stress is proportional to strain, of course, is 
common to all the usually accepted equations for stress distribution; but the 
error thus introduced is less consequential than in the present case when, as in 
consolidation studies, the object of the analysis is the computation of relatively 
small pressure changes that occur at considerable depth due to a surface load- 

Nors.—This paper by R. E. Glover, Esq., and F. E. Cornwell, Esq., appears on pp. 1639-1656 of this 
issue of Proceedings. 


4 Associate Prof., Civ. Eng., Univ. of Washington, Seattle, Wash. 
4a Received by the Secretary October 16, 1941. 
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ing. In the latter case only a small part of the stress-strain curve is involved, 
and this short arc might reasonably be replaced by a straight line. On the 
other hand, by its very nature a stability analysis of an earth dam presupposes 
the possibility of stress intensities ranging in value from zero at a free boundary 
to maximum resistance in plastic zones. The curvature of the stress-strain 
eraph for such a stress range in an embankment cannot be ignored without 
adversely affecting the validity of the analysis. 

It is to be hoped that further development of the authors’ attack on the 
problem of stability may introduce a substitute for Eq. 3. It appears to the 
writer that triaxial compression tests provide grounds for believing such a 
development at least a possibility. Data from a limited number of triaxial 
tests on sand performed at the University of Washington at Seattle, Wash., 
indicate that, for a given lateral pressure, the major part of the axial stress- 
strain curve can be fairly well described by the equation 


in which e represents strain, m and n are constants for the given test, and ¢ is © 
the base of natural logarithms. The next step would be to formulate an ex- 
pression for strain involving both axial and lateral pressures. . ! 
Eq. 8 can be obtained by substituting for strain in terms of stress in the 
equation: 
Ore, , Oy Oly _ 


Oy? | dx? dx dy 


If more thorough investigation should confirm the writer’s hypothesis that 
there is available a better approximation of the facts than Hooke’s law, then 
substitution of the former in Eq. 31 would provide a basis for improving upon 
Kq. 3, and would possibly lead to more realistic solutions than Eqs. 15. 

It is true that such a development, if successful, would increase somewhat ~ 
the amount of laboratory work prerequisite for mathematical analysis. This 
in itself would be a healthy situation. The general adoption of more rigorous 
mathematical methods has a tendency to obscure the dependence of all analysis 
on the accuracy of the basic physical measurements. Enforced reliance on the 
laboratory serves to modify overconfidence engendered by mathematical pre- _ 


cision, while at the same time it helps to justify use of these same theotetientie : 
refinements, 


———— 
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CAVITATION IN OUTLET CONDUITS 
OF HIGH DAMS 


Discussion 


By HAROLD A. THOMAS, M. Am. Soc. C. E., AND EMIL P. SCHULEEN, 
Assoc. M. AM. Soc. C. E. 


Harowp A. THomas,®* M. Am. Soc. C. E., anp Emin P. ScuunnEn,* Assoc. 
M. Am. Soc. C. E. (by letter).*4*7—That so many distinguished engineers have 
seen fit to contribute to the discussion of this paper is a source of gratification 
to the writers, and they are glad to acknowledge the constructive nature of the 
comments and suggestions received in this way. Their appreciation should 
not be obscured by the argumentative tone of this final closure, which, of 
necessity, must be devoted largely to answering specific questions or criticisms. 

Mr. Fee makes a number of criticisms of the analytical methods of the 
paper, but the writers cannot concede the validity of any of his arguments. 
In his discussion of Fig. 5 and Eqs. 1 to 4, Mr. Fee discards the writers’ assump- 
tion that the slug of water travels with constant kinetic energy and assumes 
instead that its momentum remains constant. He develops Eqs. 14 to 17 
on the latter basis, and, because Eq. 17 does not agree with Eq. 4, he states that 
the writers’ “entire argument must therefore be regarded as unsound.” The 
writers would like to point out that in this problem the assumption of constant 
momentum is quite inapplicable. In accordance with Newton’s laws of mo- 
tion, the momentum of a mass of material remains constant only if no unbal- 
anced external forces act on the material. In this problem a large unbalanced 
force acts on the slug of moving water—namely, the upstream component of 
the pressure exerted on the slug by the walls of the tapering channel. Under 
the action of this force, the momentum of the slug is quickly reduced to zero. 
Therefore, to assume that the momentum is constant in this problem is entirely 
incorrect. 

Norr.—This paper by Harold A. Thomas, M. Am. Soc. C, E., and Emil P. Schuleen, Assoc. M. Am 
Soe. C. E., was published in November, 1940, Proceedings. Discussion on this paper has appeared in 
Proceedings, as follows: March, 1941, by Jerome Fee, Assoc. M. Am. Soc. C. E.; April, 1941, by Messrs. 


V. E. Leman, P. 8. O’Shaughnessy and E. 8S. Randolph, and Carroll F. Merriam; May, 1941, by Hunter 
Rouse, Assoc. M. Am. Soc. C. E.; June, rk by Messrs. G. H. Hickox, and J. M. Mousson; and October, 


1941, by J. H. Douma, Jun. Am. Soc. C 
33 Prof., Dept. of Civ. Eng., Carnegie Inst. of Technology, Pittsburgh, Pa. 
34 Senior Engr., U. S. Engr. Office, Pittsburgh, Pa. 
34a Received by the Secretary October 6, 1941. 


1725 


1726 THOMAS AND SCHULEEN ON CAVITATION IN CONDUITS Discussions 


To confirm his statement that the writers’ assumption of constant kinetic 
eriergy is unsound, Mr. Fee includes the following sentences in his discussion: 


“What would be the fate of this slug of water, for example, if the 
pyramidal section of the narrowing passage, shown in Fig. 5, had suddenly 
ceased to taper at a certain point, and had continued, instead, as a constant 
rectangular section of indefinite length? The writer can only imagine 
that the slug of water would tear itself to pieces in an effort to conform to 
the assumption that the kinetic energy is constant.”’ 


It is not necessary to use imagination to determine that the slug will “tear 
itself to pieces” under these conditions, as this fact can be readily verified by 
computation or experiment. An application of the method used in deriving 
Eqs. 1 to 4 will demonstrate that the pressure in the water of the slug becomes 
negative just after it enters the smaller rectangular section, thus causing the 
slug to break into fragments as it enters the smaller section. A simple experi- 
mental demonstration of this action may be made with a quart bottle whose 
form approximates two cylindrical tubes connected by a tapering section. If 
the bottle is filled about a quarter full of water and is then held mouth upward 
in the hands and is jerked suddenly downward, the jet issuing from the mouth 
of the bottle will not be solid but will be broken into spray. The action can 
be shown to even better advantage in a piece of apparatus consisting of a 1-in. 
glass tube about 1 ft long, drawn down to a diameter of about 3 in. in its middle 
third. About an ounce of water may be placed in the tube, and the ends sealed 
after exhausting the air with a vacuum pump. When this apparatus is jerked 
back and forth, the disintegration of the slugs of water as they enter the con- 
stricted section is clearly apparent. The existence of this phenomenon is a 
confirmation rather than a contradiction of the correctness of the writers’ 
assumption of constant kinetic energy. 

Mr. Fee’s discussion contains the following sentences: “Referring next to 


Table 3, there are two very different phenomena that should be distinguished” ~ 


—steady continuous flow and impact. ‘‘The authors apparently have no diffi- 
culty in transferring quantitative results from one case to the other. In fact, 
they seem to make little distinction between them.’’ The writers feel that 
the comment contained in these sentences is quite unjustified. The entire 
phenomenon under discussion is one of impact caused by a detached mass of 
water striking a stationary solid or liquid. In preparing the condensed column 
headings for Table 3 and the accompanying explanation, the writers felt that 
this point would be so thoroughly appreciated by the reader that it would be 
unnecessary to include specific statements that the data were inapplicable to 
cases of steady continuous flow. 

Mr. Fee’s discussion devotes more than a page to a derivation (suggested 
by the method of Messrs. Diederichs and Pomeroy?) of the ordinary formulas 
for water-hammer pressure in a pipe. The writers do not consider that this 
material is pertinent to the discussion of the paper or that any point is gained 
by plotting the results of an ordinary water-hammer computation in Fig. 14. 


ss 


However, they will refer to this derivation again in discussing a criticism of — 


Eq. 6. 


_ 10“The Occurrence and Elimination of Surge or Oscillating Press in Di i 
ciprocating Pumps,” by H. Diederichs and W. D. Pomeroy, Trantadigha, Aaa ise eT inl 
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The following sentences are contained in Mr. Fee’s discussion: 


“The writer feels certain that the analysis [leading to Eq. 6] is un- 
sound. The conclusion (see paragraph following Eq. 6) that ‘the velocity 
of particles at the contact surface is one half the initial velocity of the slug 
of water’ is * * * based on an idea that is wholly unreal.* * * 

“Eq. 6, which the authors intend as a proof of their proposition, is 
nothing more than an arbitrary statement that assumes, to begin with, 
that the impinging particles, and those impinged upon, move during a 
finite interval of time with a common velocity v,, which is constant.” 


Perhaps the significance of the analysis leading to Eq. 6 could be made clearer 
by considering conditions within a closed pipe, rather than those at the stag- 
nation point on the contact surface where an irregular slug of moving water 
meets a horizontal water surface as in the diagram at the left of Fig. 6. Mr. 
Fee’s derivation of the water-hammer formulas, previously referred to, assumes 
a still body of water (in a cylinder or pipe) that is suddenly struck by a (rigid) 
plane surface such as a piston, and leads to the maximum pressure rise given 
by Eq. 23. Now, instead of this, assume a still body of water in a cylinder or 
pipe to be suddenly struck by an elastic piston consisting of water. Imagine 
the contact surface between the water which was originally still and that which 
was moving to be defined by a thin film or web, say tissue paper. If one applies 
himself to the solution of this new problem, he will recognize the fundamental 
nature of the requirement that in each of the two elastic bodies the front of a 
pressure wave must travel away from the tissue-paper contact surface at the 
acoustic velocity. Starting from this fact and proceeding by irresistibly 
logical steps, using Mr. Fee’s method or any other of the ordinary derivations 
of the water-hammer formulas, one is led to the necessary conclusion that 
(before reflected waves return) the tissue-paper contact surface must move 
with a velocity equal to half the original velocity of the water piston, exactly 
as expressed in Eq. 6, and that the pressure rise must be exactly as expressed by 
Eq. 7. It is unnecessary to repeat the algebraic details of this proof, since the 
case is precisely similar to that shown in Fig. 6 and explained in connection with 
it, the vertical lines AB being interpreted as representing the walls of the pipe. 
Mr. Leman reveals the fact that high pressures can be produced by the 
_ sudden checking of the velocity not only of a detached slug of water, but also 
of a larger mass of water extending continuously to the source, as in the more 
familiar case of water hammer in an ordinary pipe. Although the writers 
agree with him fully on this point, they chose a detached slug for demonstration 
of the fundamental principle of velocity concentration because the mathematical 
analysis seemed simpler and because close observation of cavitation phenomena 
under many different experimental conditions seemed to emphasize the im- 
portance of the part played by flying fragments of detached or semi-detached 
water. 

Messrs. O’Shaughnessy and Randolph contribute additional data of much 
interest in connection with the use of fillers for the stop-log slots in the Madden 
Dam, and the admission of air through vents in the stop-log slot fillers. They 
offer the comment that ‘‘It is not made clear in the paper how the air measured 
in the model tests * * * can be related quantitatively to the air that would be 


q 
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required in venting the prototype.” In reply to this comment, it may be 


7 


stated that the analysis of the experiments did not attempt to establish such a_ 


quantitative relation. Since air entrainment is a function of bubble size, 
which in turn is primarily dependent on surface tension, it follows that Froude’s 
law is entirely inadequate to relate the percentages of air entrained in the 
respectivé waters of a model and its prototype. During the model tests on 
the Madden conduits, the quantity of air drawn into the vents was measured 
as a control for repeating experiments, but it was not considered feasible to 
relate this air flow to that of the prototype. 

Mr. Merriam’s discussion contributes interesting information on the objec- 
tives and methods for cavitation tests on metal in hydraulic machinery as 
contrasted with the writers’ tests on concrete surfaces in the outlet conduits of 


dams. The writers appreciate Mr. Merriam’s clear statement of the fact that — 


“Tn the case of discharge conduits, which may be operated at full 
capacity but a relatively short period of time, the idea of the designer is to 
avoid all danger of cavitation, whereas the builder of high-speed hydraulic 
machinery is seeking the economic balance between operating revenue and 
cost of repairs. Consequently, he must strive for quantitative measure- 
ment * * *, The former is more interested in qualitative tests which 
give reasonable assurance that the design proving best in the model is the 
most suitable for the prototype.” 


Considerable difficulty has been experienced in making this point clear to 
various engineers visiting the laboratory during the tests described in the 
paper, or in convincing them that, in the case of cavitation tests on models of 
fixed concrete structures, it is a waste of time and money to duplicate the 


elaborate technique used by hydraulic machinery cavitation laboratories for 


controlling the air and gas content of the water. 
Mr. Merriam states that his principal point of disagreement with the writers 


lies in their not entertaining the theory advanced by Mr. Pagon!* in 1935. 


This theory is discussed by the writers with some detail in their original full- 
length manuscript, which is on file in the Engineering Societies Library. In 
essence, Mr. Pagon emphasizes the importance of the low-pressure region at 
the center of an eddy as a primary source of a ‘‘vapor void,” and attributes a 
sudden collapse of the tubular vapor void along the eddy axis to dynamic 


instability of the eddying motion. In condensing the paper for publication, — 


- 
- 


the writers decided to omit the discussion of this theory because, in their 


opinion, its tube-collapse feature did not seem to offer an adequate or complete 


explanation of the principal experimental facts in the type of cavitation under _ 


consideration. Granting the importance of curvilinear or eddying flow as a 
source of low pressure for opening up vapor voids, the writers nevertheless 
believe that in the types of cavitation under discussion the most important 
cause of the sudden collapse of vapor voids is simply the impact of swiftly 
moving water containing such voids against less swiftly moving water or solid 
objects, and that such collapse will occur whether or not the water is eddying. 


18 **Cavitation and See ee as a Problem in Fluid Mechanics,” by W. Watters Pagon 


39th Street, New York, N. Y. 


329 West 39th Street, New York, N. Y, 


pear enec. papers, A. S. M, E., 1935). On file for reference in Engineering Societies Library, 29 West _ 
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An important light is thrown on this topic by the analogy (mentioned by Mr. 
Merriam) between the downstream region of a cavitation pocket where such 
impacts are most active and the turbulent region in an ordinary hydraulic jump. 
Moreover, Professor Edgerton’s motion pictures® of cavitation convey no sug- 
gestion of the existence of tubular eddy-voids. 

In support of the eddy-tube-collapse theory, Mr. Merriam mentions that 


“* * * there is the observation that in two-dimensional, venturi- 
shaped passages the damage comes where the axes of the eddies would 
terminate against the side walls rather than on the profiles, which would be 
more likely to receive the onslaught of slugs of water.” 


As mentioned in the paper, in introducing Fig. 12, a similar phenomenon was 
observed in the tests on models of the Madden conduits, the side-wall pitting 
being shown, and its cause explained by the words 


“* * * the pit first develops along the edge of the large cavitation 
pocket, where especially intense impacts are caused by collisions between 
the swiftly moving water of the streamline filaments and the broken masses 
of water and vapor hurled against these filaments from the interior of 
the pocket.” 


The writers believe that this explanation of side-wall pitting conforms with the 
physical facts more accurately than that based on the eddy-tube-collapse 
theory. 

The writers appreciate Professor Rouse’s commendation of the paper in 
general. However, they disagree with the reasoning by which he attempts to 
disprove the analytical and experimental evidence that the essential cause of 
. cavitation damage is the production of very high pressures by the collapse of 
vapor voids. It does not seem probable that Professor Rouse means to deny 
the possibility that high local pressures occur, since his discussion contains 
the sentence: “Indeed, one need only hear the violent shocks which are pro- 
duced by discharging steam under water to concede the issue that the collapse 
of such vapor pockets might well lead to exceedingly high local stresses.” It 
seems more likely that he merely intends to take issue with the writers regarding 
the actual numerical values of the maximum pressures. It is to be noted that 
the writers have not established any such numerical values, but have simply 
earried the computation of Table 3 to the maximum value permitted by the 
best available compression tests, those of Bridgeman.’ 

Professor Rouse bases his criticism of the writers’ analytical work on the 
‘‘artificial * * * nature of the assumption of constant kinetic energy in the 
specimen slug of water,” presumably referring to the neglect of the items of 
viscosity, vapor pressure, and rotational energy. However, the writers be- 
lieve that in the types of cavitation encountered in the large stationary struc- 
tures under consideration, the preponderance of evidence indicates strongly 
that these neglected items are of secondary importance in comparison with the 
main item of kinetic energy. The writers’ analysis is not intended to establish 
~+"Applied Fluid Mechanics,” by M. P. O'Brien and G. H. Hickox, Members, Am. Soc. C. E., p. 34, 


7“'The Thermodynamic Properties of Water,’ by P. W. Bridgeman, Proceedings, Am. Academy of 
Arts and Sciences, Vol. 48, 1912, pp. 307-362. 
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precise values of maximum pressure, but merely to furnish a qualitative con- 
ception of the fundamental cause of pressure concentration. They feel that 
the assumption of constant kinetic energy is satisfactory for this purpose, and 
that the “artificial nature” of this assumption is not of sufficient consequence to 
otherthrow this position. 

Professor Rouse mentions that the assumption of a moving slug of water in 
a tapering channel is less elegant than that of a momentary spherical bubble - 
of water vapor within an initially stagnant, incompressible liquid of arbitrary 
volume. The writers feel that, although the latter would be a reasonable 
assumption to illustrate the shock caused by discharging a steam bubble under 
water, it has little pertinence in connection with cavitation of the type under 
discussion, where the kinetic energy of the flying masses of water is very large 
in comparison with their potential energy of position with respect to the centers 
of the adjacent voids. 

This point may be explained in more detail as follows: The kinetic energy 
developed by the collapse of a vacuum bubble in initially stationary water 
under atmospheric pressure is equal to the volume of the bubble times the 
atmospheric pressure, the latter corresponding to a water column about 34 
ft high. The kinetic energy of a slug of water moving at a given velocity is 
equal to the volume of the slug times the pressure developed by a column of 
water of height equal to the velocity head. In the case of flow in an outlet 
conduit of a dam 350 ft high, the latter column might be about 340 ft high. 
Professor Edgerton’s moving pictures® of cavitation in a diverging tube show a 
succession of vapor bubbles separated by moving slugs of water having ap- 
proximately the same size as the bubbles. Thus, if cavitation of this kind 
occurred in the conduits of a dam 350 ft high, the initial velocity of the moving 
slugs would provide about ten times as much kinetic energy for destructive 
cavitation effects as would be provided by the release of potential energy during ~ 
the collapse of the voids from initially static conditions. 

Professor Rouse mentions that “high-speed motion pictures by H. Mueller™ 
of the collapse of vapor bubbles produced in cavitation would indicate that the 
bubbles tend to flatten on the downstream side rather than to dwindle concen- 
trically,”’ and that ‘‘Conclusions of this nature would tend to invalidate much : 
of the authors’ basic hypothesis, as do piezoelectric measurements by J. 
Ackeret* of only moderately high instantaneous stresses in zones of cavitation.” 
The writers have already pointed out that Professor Rouse’s conception of 
cavitation shock as arising from the collapse of spherical vapor bubbles in a 
static liquid is not applicable to the types of cavitation under consideration. 
The flattening of the vapor cavities is also observed in Professor Edgerton’s 
photographs. This flattening strongly disproves the spherical-bubble-col- 
lapse theory and confirms the writers’ thesis that the collapse of a void under 
typical cavitation conditions occurs when the void is caught and compressed 


24 “Hyd hani PEP ear yey ees. a= 
1932, pp. ES anische Probleme des Schiffsantriebs,”’ edited by G. Kempf and BE. Foerster, Hamburg, 


% Loc. cit., p. 239. 
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between swiftly moving water on its upstream side and stationary or less 
swiftly moving water or solid material on its downstream side. 

With regard to J. Ackeret’s piezometric measurements of pressures in 
cavitation zones, attention may be called to the utter lack of success of elab- 
orate attempts by other experimenters to attain direct measurements of cavita- 
tion pressures. This point is mentioned by Mr. Merriam, who states that it 
should be emphasized that the multiplication of impact leads to tremendously 
high concentrations of stress over an exceedingly limited area, and that this is 
well illustrated by the experiments cited in the paper by J. C. Hunsaker,’ 
in which ordinary methods of measuring high pressures such as are used in 
internal combustion engines, gun barrels, etc., failed completely as criteria of 
cavitation severity. Mr. Merriam also states that the use of thin diaphragms, 
backed up by perforated plates, proved in vain because they were punctured 
merely by accidental hits rather than by a widespread blow. The impos- 
sibility of obtaining consistent piezometric measurements in, or closely ad- 
jacent to, cavitation pockets was amply verified during the writers’ experiments 
on models of the outlet conduits of the Madden Dam and other dams. 

The writers do not disagree with Professor Rouse’s point that a positive 
wave must invariably be followed by a negative wave of equal magnitude, and 
that fatigue due to the resulting repeated stress reversal is of importance in 
causing the ultimate failure of the material. This fact, together with the fact 
that the negative pressure is especially important in destroying concrete be- 
cause the latter is much weaker in tension than in compression, is implied in a 
paragraph of the paper preceding ‘‘Description of Apparatus for Cavitation 
Tests.”’ Moreover, the writers feel that their main thesis is not jeopardized 
by Professor Rouse’s prediction that. the ‘‘theory of fatigue through repeated 
impact of not-too-great magnitude will eventually be more generally accepted”’ 
as a cause of cavitation. Experiments to determine the fatigue of metals in 
indentation tests are apparently not available, but from a knowledge of the 
great pressure intensity required to produce a perceptible permanent indenta- 
tion under the Brinnell ball or Rockwell diamond in hardness tests, and from a 
knowledge of the relationship of the stress-reversal fatigue limit to the ordinary 
elastic limit in tensile or cross-bending tests, it does not seem at all unlikely that 
the indentation fatigue limit in the harder metals known to be attacked by 
cavitation may be at least of the order of the highest values of Table 3. If 
Professor Rouse’s words “‘not-too-great magnitude” refer to stresses of an order 
considerably lower than this, the writers would take issue with him. In this 
connection, the writers are not referring to soft or mild metals of the ordinary 
structural grade, but to harder materials having an elastic limit of the order of 
several times that of ordinary structural steel. Since no upper limit has been 
found to the hardness of metals pitted in accelerated cavitation tests, and in 
view of the intense forces required to produce any type of permanent displace- 
ment among the molecules of the hard metals by either single loading, repeated 
loading, or successively reversed loading, it seems impossible to escape the 
conclusion that extremely high pressures on at least pin-point areas can be 

5 “Cavitation Research,” by J. C. Hunsaker, Mechanical Engineering, Vol. 57, April, 1935, pp. 211-216. 
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produced by the action of water under cavitation conditions. Further con- 


- 


, 


siderations bearing on this topic will be mentioned in the writers’ reply to — 


Mr. Mousson’s discussion. 

The writers are pleased that Mr. Hickox agrees with their findings and 
conclusions in so many respects, a considerable number of these conclusions 
being restated in his discussion. What seems to be an essential disagreement 
between Mr. Hickox and the writers is stated as follows in his derivation of 
Kq. 29: 


“It might be assumed from the authors’ remarks following Eq. 8c 
that operation of a model in accordance with Froude’s law requires that 
the ratio of absolute pressures in model and prototype be equal to the 
model scale. This is not correct.”’ 


The source of this disagreement apparently results from a difference in the 
definition used to extend Froude’s law to cover phenomena affected by pres- 
sures due to other sources than the action of gravity. In the sentences pre- 
ceding and following Eq. 8c the writers have defined Froude’s law as stating 
essentially that the ratios of all heads including vapor pressure heads in the 
model and prototype must vary as the square of the ratio of the velocities in 
model and prototype, whereas the definition used by Mr. Hickox omits the 


words “including vapor pressure heads.” The actual physical facts, inde-— 


pendently of this definition, are expressed correctly by the writers’ equations. 
The same remarks apply to Mr. Hickox’s comments on Eq. 138, the apparent 
difference of opinion lying merely in the definition used for Froude’s law. The 
discrepancy that Mr. Hickox thinks would occur between the physical results 
of tests based on Eqs. 12 and 13 does not actually exist, both of these equations 
being derived from Eqs. 9c and 11 by simple algebraic transposition. 

It might be argued that the best method of extending the definition of 


Froude’s law to cover phenomena not investigated by Froude himself is a~ 


matter of personal opinion. However, the writers feel that their extension of 
this definition has important advantages from the standpoints of logic and 
convenience. 

Mr. Hickox is not quite in agreement with the writers’ description of a 
cavitation pocket “as a void space filled with flying slugs of water,” but regards 
it rather as “‘a region in which cavities form, travel with the stream, and finally 
collapse.” The latter description is especially applicable to the cavitation 
phenomenon that occurs in a gradually diverging tube, as illustrated by Pro- 
fessor Edgerton’s photographs.’ However, the former description is better 
fitted to the cavitation occurring behind sharp corners or projections. Al- 
though the writers feel some sympathy toward Mr. Hickox’s statement of the 


reasons why he dislikes the use of the term “cavitation pocket,” they feel con- 


strained to use this term until a better one is suggested. ‘Cavitation area” 
is objectionable for the designation of a volumetric space, and “cavitation 
region” is more properly applied to the entire region in which the phenomenon 
is occurring, including not only the space actually traversed or occupied by 
vapor voids, but also that of the surrounding flow pattern. 
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In the fourth paragraph following Eq. 29 Mr. Hickox states that “It is 
doubtful if the discharge can be assumed arbitrarily. In order that the model 
flow pattern shall approximate that of the prototype, there should be at least 
a semblance of agreement with Froude’s law.”’ The writers disagree completely 
with this statement. Works on hydrodynamics contain numerous illustrations 
of streamline patterns that are fixed by the physical boundary conditions and 
are independent of the velocity, that of the ordinary jet from a sharp-edged 
orifice being a familiar example. In the same paragraph, Mr. Hickox calls 
attention to the fact that the writers have used a numerical example in which 
the velocity scale is exactly equal to the square root of the head scale, and states 
that ‘One is led to believe that * * * such?good agreement could hardly be 
fortuitous.” Since the enclosed tank apparatus was originally designed for the 
accommodation of models of scale conforming to the foregoing relationship, 
it was often found convenient to assume a pump discharge that would fit this 
relation exactly. This had the advantage of making the velocity scale come 
out in even figures. The discharge used in this particular example was as- 
sumed in this way. However, other arbitrary pump settings could have been 
used as well (and were actually used in many tests) without distorting the flow 
pattern. In operating the diverging-tube apparatus, great deviations from 
the Froude’s law setting were used normally, since a velocity scale far in excess 
of the square root of the linear model scale was required to produce the neces- 
sary pressure reduction in the critical cavitation regions. 

In the third from the last paragraph of his discussion, Mr. Hickox states 
or implies that, if a model were operated according to the equations given by 
the writers, it might be possible for the model to indicate cavitation that would 
- not occur in the prototype. The writers would like to emphasize that Mr. 
Hickox is mistaken on this point. His misunderstanding of their equations 
- in this connection probably arises again from the lack of an accepted generaliza- 
tion of Froude’s law, applicable in cases where pressure heads other than those 
due to gravity are involved. Consider a model of the conduit entrance of a 
dam on which the head is variable, and suppose this to be operated without 
gravitational or operational distortion and in accordance with the writers’ 
equations. At low head, there will be no cavitation in the model or prototype. 
At a certain head, incipience of cavitation will appear at some point in the 
- prototype, and the writers’ equations provide that the adjustment of pressures 
and velocity in the model will cause incipient cavitation to appear in the model 
at exactly the head corresponding to this prototype head and at exactly the 
corresponding point. At higher heads, stronger cavitation will appear in both 
model and prototype at this point and other pockets may possibly open up. 
There is no possibility for cavitation to occur in the model where it does not 
appear in the prototype, or vice versa. The analytical reasoning establishing 
the correctness of the foregoing statement is given in the paper in such detail 
that it seems unnecessary to repeat it. The sentence on which Mr. Hickox’s 
argument is based is stated in the following words by him: 


“If the model is adjusted to operate in conformity with Froude’s 
law [as defined by Mr. Hickox this does not require vapor pressure head 
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scale to be proportional to the square root of the velocity scale], and the 
absolute pressures in reservoir and conduit barrel are adjusted to conform 
to the linear scale ratio, the model may indicate cavitation that would not 
occur in the prototype * * *.” 


This statement is perfectly ture, but the fallacy of the argument lies in the 
fact that the words quoted do not state the same thing as the writers’ equations. 

As stated in the paper, if the model is operated with gravitational or opera- 
tional distortion, the gage settings to produce incipience of cavitation in the 
model at exactly the same comparative head and at the same point at which 
it occurs in the prototype cannot be made to apply to the entire fluid system 
of the model, but a separate setting must be used to test each point at which it 
is desired to know whether cavitation would occur in the prototype. For 
example, Mr. Hickox states that he ‘would like to know how the methods of the 
paper were applied to a rotated vertical diametrical section of the entrance of 
the Hiwassee sluice, for example, which was found to be entirely free from 
cavitation.” The Hiwassee cavitation tests are described in the original 
manuscript on file in the Engineering Societies Library.* Since the entrance 
bell of this circular conduit is nearly a surface of revolution, the first and most 
likely point to be tested for possible cavitation was at the conduit roof just 
inside the entrance, where the general pressure was lower than at the floor, 
because of shallower submergence, and where the velocity was as high as any- 
where else. The gage settings were made according to the equations of the 
paper and the model showed no cavitation at this point, thus proving that 
there would be no cavitation at the corresponding point in the prototype. 
Other suspected points, near the rails carrying the closure bulkhead, etc., were 
investigated in a similar manner but no cavitation was found. By exaggerat- 
ing the general cavitation-severity condition in the model, it was easily proved 
that no doubtful points had been overlooked. 

The writers appreciate the constructive criticisms by Mr. Mousson, and in 
particular they are glad to accept his word of caution regarding the importance 
of the opening up of fatigue cracks as a feature in the mechanism of cavitation 
damage to metals. As they have stated in the paragraph preceding Kq. 5, 
the writers realize that “The law governing the * * * process of pressure 
multiplication undoubtedly changes when the crevices become so small as to 
approach molecular dimensions.” Since the theoretical investigation of the’ 
action taking place in very small crevices is definitely a problem for the molecu-_ 
lar physicist rather than for the engineer; since direct experimental measure- 
ment of pressures in such crevices appears to be totally lacking; and since Mr. 
Mousson is able to cite practical cases, where cavitation damage to turbine 
runners was not increased by the presence of hair cracks, and laboratory tests, 
where subsurface disintegration occurred without surface cracking, the writers 
are quite willing to hold in abeyance further speculations regarding cavitation — 
action in fine cracks. 

Mr. Mousson joins with Professor Rouse in questioning the probable oc- 
currence of pressures approaching or exceeding the higher values of Table 3, 
and in believing that cavitation damage to metals can be explained satis- 


i 
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factorily as a fatigue phenomenon due to stresses comparable to the lower 
values of the table. Because of the failure of the most painstaking experiments 
to give any inkling of true cavitation pressures, this entire topic lies in the realm 
of speculation. However, the writers believe that the preponderance of 
evidence points to the conclusion that the harder metals cannot be destroyed 
in the absence of local pressures of at least the order of magnitude of the higher 
values in Table 3. A striking illustration of the high intensity of pressure that 
can be sustained on a local area of a plane surface of a hard metal without 
producing a permanent deformation is found in the classic series of tests of the 
bearing of locomotive wheels on steel rails, reported by the late C. L. Cran- 
dall,* M. Am. Soc. C. E., and in the discussion by the late J. B. Johnson,** 
M. Am. Soc. C. E. In these tests pressures of 164,000 lb per sq in. produced no 
permanent set. 

After reading Mr. Mousson’s discussion, one of the writers made some ex- 
periments with the Brinnell-ball apparatus to check the pressure intensity 
required to produce a perceptible permanent indentation in the surface of a 
hard metal. The first steel specimen selected at random for this test had a 
Brinnell hardness number of 524, which is about “‘file hard.”” Under a load of 
500 kg on the Brinnell ball, a slight but definitely perceptible indentation 1.1 
mm in diameter was produced on the surface of this specimen. A little arith- 
metic shows the average pressure on the contact area to have been just less 
than 750,000 lb per sqin. It is probable that the maximum pressure intensity 
at the center of the indentation was materially greater. A similar test was 
run on a piece of metal from an ordinary structural steel angle, the Brinnell 
hardness number of this steel being 90.4, and a perceptible indentation of 1.40 
mm in diameter being produced by a load of 150 kg on the Brinnell ball. The 
mean pressure under the latter loading thus was about 139,000 lb per sq in., 
whereas the maximum at the center of the indentation was probably higher. 
These values carry an implication that, in view of the enormous local pressures 
required to produce slight permanent indentations (or permanent displacements 
of the molecules) on the surfaces of hard metals, it might reasonably be ex- 
pected that pitting would not take place on such metals unless the pressures 
developed within the cavitation pocket were at least as high as the larger values 
of Table 3. Although no cavitation tests have been made on the particular 
- pieces of steel mentioned, experience with such tests indicates definitely that 
extreme hardness or toughness of the metal is no barrier to ultimate pitting and 
disintegration under severe cavitation conditions. 

Analogy with various types of fatigue tests makes it highly probable that 
the fatigue limit or repeated pressure intensity required to produce a perma- 
nent disintegration of the metal would be at least a large fraction of the pressure 
producing the first permanent set. Moreover, numerous short-time cavitation 
tests of metals are on record!’ where fatigue has not had time to become effec- 
tive and where the first evidences of damage are a few scattered tiny pits or 
prick-punch indentations due to individual blows. Because of the minuteness 


35 ‘Friction Rollers,’ by the late C. L. Crandall and A. Marston, T’ransactions, Am. Soe. C. E., Vol. 
XXXII, July-December, 1894, p. 99. 
36 Loc. cit., p. 270. 
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and the scattered nature of the individual pits or areas in which the extreme 
pressures act, the writers do not concur with Mr. Mousson’s argument that 
pressure “‘values in the upper part of the range Lof Table 3] are not likely to 
occur since damage would be so severe in a matter of minutes as to endanger 
any structure within the same time interval.”’ 

Mr. Mousson states that another item of evidence against the theory of 
local high-pressure points in cavitation regions is the fact that, in tests on 
metals in cavitation stands, throat velocity has been found to be one of the 
most important variables with respect to pitting. The writers do not recog- 
nize the soundness of this argument, since the rate of pitting would obviously 


increase with the energy content of the individual blows and their frequency, — 


even if the maximum pressure at the center of each affected spot did not in- 
crease. However, in this connection it seems desirable to repeat that the 
writers’ analytical work in Eqs. 1 to 7 and in Table 3 was not intended as a 
complete analysis of the mechanism by which high-pressure points are devel- 
oped in cavitation regions, but was intended merely to explain or illustrate one 
of the most salient features of this mechanism—namely, the tendency toward 
energy concentration at the final point of a void collapse. It should by no 
means be thought that the writers regard the neglected items of viscosity, vapor 
pressure, and rotational energy as so unimportant that the maximum intensity 
of pressure developed by a vapor pocket collapse is entirely independent of the 
total quantity of energy in the moving water that is brought to rest. 

The discussion. by Mr. Douma calls attention to the desirability of estab- 
lishing methods or criteria, based on free-jet profiles, for designing conduit 
entrances that will be free from cavitation. The writers are much interested 
in Mr. Douma’s ideas on this topic, since they have done considerable analytical 
and experimental work along somewhat similar lines (described in some detail 
in the original manuscript on file in the Engineering Societies Library®). The 


rigid space requirements for publication made it necessary to eliminate some- — 


what more than three fifths of the original subject matter, the section on the 
design of entrance bells being one of those deleted. ‘The writers are in full 
agreement with Mr. Douma on the principle that the nappe of a free jet issuing 
from a sharp-edged orifice has the ideal shape for a cavitation-free entrance 
bell, and that entrance bells having solid parts projecting inside the location 
of this nappe surface are especially liable to cavitation. However, it may be 
remarked that it is not feasible to use this principle in designing an entrance 
bell unless the upstream face of the dam in the vicinity of the entrance is a 
plane normal to the conduit axis. Moreover, entrance bells designed with 
the “ideal” profile will usually have a considerable factor of safety, since 
the pressure on all surfaces of the bell is equal to that in the upstream end of 
the conduit proper, and therefore considerably above atmospheric pressure 


(if the conduit is level or nearly so), whereas the pressure head required to — 


induce cavitation is about 33 ft below atmospheric pressure. This fact may be 
utilized to achieve economy in the design of entrance bells for conduits under 
comparatively low head. In the original manuscript, a table of coordinates 


for the profile of an ideal entrance bell is given, based on G. Kirchoff’s exact — 


—— 
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equations for the free-jet profile?” rather than on the ellipse used as an approxi- 
mation by Mr. Douma. Also, a table is included, based on original experi- 
ments, giving the end and side contractions of the jet for conduits of rectangular 
cross sections having various slenderness ratios. 


Corrections for Transactions: In November, 1940, Proceedings, on page 1625, 
line 12, change 155.3 ft to 168.3 ft; and in April, 1941, Proceedings, on page 659, 
delete the paragraph beginning with line 20. 


' 87 “Hydrodynamics,” by H. Lamb, Cambridge University Press, 6th Ed., 1932. 
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HYDRAULICS OF SPRINKLING SYSTEMS 
FOR IRRIGATION 


Discussion 


By J. E. CHRISTIANSEN, Assoc. M. AM. Soc. C. E. 


J. E. Curistiansen, Assoc. M. Am. Soc. C. E. (by letter).*4*—The interest 
shown in this paper is appreciated sincerely. Professor Pillsbury has con- 
tributed greatly to the subject, especially with respect to undertree sprinkler 
systems for orchards. Although the writer fully agrees with Professor Pills- 
bury’s statements in regard to the conditions under which sprinkling is useful, 
he also believes that sprinkling will be satisfactory on most crops, and under 
most conditions, provided sufficient water is applied, at the proper rates. 
Exceptions are found in crops adversely affected by fungi or bacterial diseases; 
sprinkling may aggravate such trouble or make control more difficult. Grapes, 
a typical example, are not sprinkled because of mildew. Sprinkling is simply 
a method of irrigation in which the operator has good control over the water. 
If he applies the water at such a rate that the soil can absorb it, he can apply 
as little or as much as he wishes and can secure any depth of penetration desired. 

The primary limitation is one of economics—that is, the cost of sprinkling 
as compared with other methods of irrigation. In general, sprinkling costs 
more; and unless the results, as measured by increased returns, are better, it 
cannot be considered economical. Since only 1% or 2% of the total irrigated 
area in California is sprinkled, evidently most farmers are either satisfied with ; 
their present methods, or do not believe that increased returns will compensate © 
for higher costs. ; 

Mr. Bither lists many advantages of sprinkling. An increased return re- 
sulting from one or another of these advantages will sometimes more than offset 
higher costs, but not always. One crop grown extensively in California that 
thrives under sprinkling is Ladino clover. Being shallow rooted, it requires 
rather frequent irrigation—that is, every week or 10 days for best results. 
Most of it is grown on rather poor, shallow, undulating soil, where extensive 


Nors.—This paper by J. E. Christiansen, Assoc. M. Am. Soc. C. E., was published in January, 1941, 
Proceedings. Discussion on this paper has appeared in Proceedings, as follows: April, 1941, by Arthur F. 
Pillsbury, Assoc. M. Am. Soc. C. E.; and June, 1941, by Messrs. Tom A. Bither, Ralph W. Powell, and 
Harry F. Blaney. 

24 Asst. Irrig. Engr., College of Agriculture, Univ. of California, Davis, Calif. 

24a Received by the Secretary October 10, 1941. 
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leveling is objectionable. It is generally irrigated by the border-strip flooding 
method, and considerable water is wasted. Nevertheless, thousands of acres 
of clover are grown profitably, mainly for fattening lambs, where the gross 
return averages about $25 per acre. This total gross return, however, would — 
scarcely pay the cost of applying water with sprinklers; and so, although the 
production might be appreciably increased, sprinkling would apparently not be 
feasible. The economic phases of this subject do not seem pertinent in this 
paper and are covered in another report.” 

All the tests illustrated in Figs. 3 to 7 were made on sprinklers that have 
been replaced by later models. However, many tests on types now generally 
used indicate that the uniformity of application usually is no better than that 
produced by the pattern shown in Fig. 3. Furthermore, the new sprinklers 
are similarly affected by wind and to some extent by low pressure. They do 
rotate at a fairly steady, uniform rate and cannot be thrown out of adjustment 
so that they rotate rapidly. The uniformity of application of water by 
sprinklers is the subject of a paper published early in 1941.2 

The logarithmic diagram (Fig. 11) for determining pressure losses in port- 
able sprinkler lines is based upon coefficients slightly more conservative than 
those obtained from the field tests on sprinkler pipe. This diagram was pre- 
pared as a guide for designing sprinkler lines with all types of couplings. 
Although tests on several makes of lines indicate rather small differences in 
friction factors, some allowance was made for deterioration in carrying capacity 
caused by increasing roughness of the pipe with age. This allowance was 
very small as compared with standard engineering practices in designing pipe 
lines. The assumption that all sprinklers discharge equal quantities of water 
does not result in higher losses, provided proper friction factors are used and 
provided the total friction loss is not excessive. The writer recognizes the 
advantage of tables for the purpose mentioned. In this paper, however, tables 
would be impracticable because of the space required to cover the many com- 
binations of pipe and sprinkler sizes in use. 

In deriving Eq. 19 by the momentum treatment, Professor Powell does not 
consider the pressure difference on the upstream and downstream sides of the 
side outlet near the main pipe. Undoubtedly there is a zone of high pressure 
on the downstream side of the outlet pipe, and a zone of low pressure on the 
upstream side. Whether or not the net downstream thrust on the outlet pipe 
is sufficient to harmonize Eqs. 5 and 19 is not known. As Professor Powell 
states in private correspondence with the writer, the effect of this unequal 
pressure on the sides of the outlet pipe is to reduce the values of 82 given in 
Table 2. It is surprising that such an intriguing problem in hydraulics has 
not been investigated more completely. The writer was concerned principally 
‘with the effect of the pressure recovery on the friction loss in the pipe. The 
friction factor f, computed on the basis of pressure and elevation difference at 
two points on a sprinkler line, with differences in velocity neglected, was found 
to remain rather constant for large differences in Reynolds’ number. When 
I Se ete Meee, oa ee 


% ‘Irrigation by Sprinkling,” by J. E. Christiansen, College of Agriculture, Univ. of California, 
Berkeley, Calif. (bulletin in press). ae ; 

% ‘The Uniformity of Application of Water by Sprinkler Systems,” by J. E. Christiansen, Agricultural 
Engineering, Am. Soc. of Agri. Engrs., Vol. 22, No. 3, March, 1941, pp. 89-92, 
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corrections were made for the pressure recovery at each outlet, however, the 
customary relation between f and R was obtained. In other words, the pres- 
sure recovery at a side outlet increases the exponent of V to approximately 2 
in an empirical formula for flow of water in pipes, the magnitude of the effect 
depending upon the spacing and number of outlets on the pipe. For this 
reason the Weisbach formula, with constant value for f of each pipe size, was 
used as a basis for the friction-loss diagram. 

The writer thanks Mr. Blaney for emphasizing that sprinkling is not a new 
practice. Portable systems of the types now common, however, are relatively 
new; and their use has greatly extended the acreage irrigated by this method. 
As Mr. Blaney also states, sprinkling does not always increase irrigation 
efficiencies; many installations are very inefficient, mainly because of poor 
equipment, poor design of the system, and improper operation. In the writer’s 
opinion, however, it is possible to obtain higher irrigation efficiencies by 
sprinkling than are generally possible by surface methods, although this is not 
always accomplished. Farmers seldom understand the hydraulics of sprinkler 
systems; and often some minor change in equipment or in methods of operation 
will improve the efficiency of the system materially. 
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MISSOURI RIVER SLOPE AND SEDIMENT 


Discussion 


By MEssrs. LEo M. Opom, E. W. LANE, AND ELLIoTT J. DENT 


Leo M. Opom," Assoc. M. Am. Soc. C. E. (by letter).“*—Because of the 
tremendous expenditures that have been made on the improvement of the 
Missouri River, it is highly gratifying that the profession has received the 
benefit of a discussion of the principles upon which the general improvement 
is based and of the results obtained. 

Improvement of the Missouri River for navigation is certainly a task of 
magnificent proportions. The totals are overwhelmingly immense and the 
design in practically all of its phases involves forces and actions of Nature, 
_ the understanding of which (in spite of all the mathematical gymnastics and 
lengthy dissertations that an intensely scientific age has produced on the 
subject) seems almost as remote as it did when General Humphreys commenced 

his Topographical and Hydrographical Survey in 1850. 

In arriving at a solution for river control, as in most of the problems that 
beset the river engineer, he may utilize any and all of the following approaches: 
(1) Cut and try; (2) judgment based on observation of similar problems; (3) 
mathematical formulas; and (4) small-scale models. It seems to the writer 
that all of the writing in the past few years has been about approaches (3) 
and (4), and most of the work has been performed by the use of approaches 
(1) and (2). 

The author sets forth the general plan of improvement that has been 
evolved and gives briefly the methods and procedure by which the general 
plan is to be accomplished. 

It was decided at the beginning of the improvement that, although the 
river meandered widely in Nature, its average slope was still ample to provide 
self-cleaning velocities and that the course of improvement for low-water 
navigation should be restricted, in so far as practicable, to confinement of the 
low-water flow to a well-defined channel, meanwhile revising the alinement so 
as to obviate direct attack and crossing bars. These considerations led the 


Nors.—This paper by William Whipple, Jr., Assoc. M. Am. Soe. C. E., was published in March, 1941, 
Proceedings. Discussion on this paper has appeared in Proceedings, as follows: September, 1941, by Samuel 
Shulits, Assoc. M. Am. Soe. C. E. 

14 Chf. Engr., Dept. of Public Works, State of Louisiana, Baton Rouge, La. 

Ma Received by the Secretary September 26, 1941. 
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Engineer Department to propose changing the alinement of the river to a 
continuous series of sweeping curves. The adoption of this proposal embarked 
the federal government on a project which, of its kind, is the largest that man 
has ever attempted. The determination of the controlling radii and central 
angles of the curves to be used was undoubtedly done in the broad laboratory 
of Nature itself. All that remained was to fit in these curves as economically 
as possible, and the general plan was complete. The writer believes that the 
method of cut and try, combined with judgment, was used practically exclu- 
sively in evolving this plan. 

The author presents a good summary of the type of material borne by the 
stream, both as to bed load and suspended sediment. The writer cannot 
follow his discussion of the mechanics of bed load and suspended load move- 
ment. The suspended load to be found in a cross section is dependent on the 
turbulence to a much greater extent than on the velocity, and, although the 
velocity may give a rough index of the turbulence, it does not do so necessarily. 
Furthermore, the movement of the major percentage of the detritus progresses 
downstream by ‘‘trading’”’ and not as a continuous process. With these two 
facts in mind, the author’s discussion and conclusions in some cases seem vague. 
The detritus content in any cross section would not necessarily indicate that 
the total quantity is progressing downstream since it is highly probable that a 
large part of such detritus is in the process of transverse movement. 

The author’s comparison of the results obtained by the improvement with 
the answers obtained by formulas is interesting and enlightening. The writer 
had never seen the first two formulas before and was, therefore, not disturbed 
to learn that they will not work. As to the Straub formula, it is rather a 
disappointment to learn that it will not work on the river from observations of 
which it was derived. 

The author’s statement that the Straub formula was designed for uniform 
discharge only is in disagreement with the derivation of the formula given in~ 
the “308” report on the Missouri River. It is stated therein that the slope 
is assumed to remain constant; variation of depth and discharge is not sup- 
posed to affect the accuracy of results. It is not exactly clear what effect the 
stage of the river at which widths were measured could have on results given 
by the formula as cited, since the formula is intended to give the quantity of 
sediment transported per second along the stream bed in pounds per unit | 
width of channel. 

Two glaring weaknesses that are apparent in most river work today are 
revealed by this paper. One is the fact that the location and number of 
continuous observation stations frequently are not suitable for design require- 
ments. Another weakness is in the practice of constructing improvement 
works without an adequate knowledge of what was occurring in the section of 
the river prior to the improvements. This practice is indicated in the paper 
in that the author is forced to compare the action in a 25-mile section of the 
' improved river with a different 10-mile stretch of unimproved river at a different 


16 “Mineral Composition of Sands from Mississippi Ri . «ag 1? 
Hough, Proceedings, Geological Soc. of hraaticgss 1937, seal iii by R. Dana Russell and Leo W. 
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way to find out whether improvements are accomplishing the desired end 
would be to have sufficient data on the improved section taken prior to the 
improvement to provide a basis for comparison with its condition after improve- 
ment. The adoption of a common-sense theory of improvement such as was 
followed in this case is good practice; but all theories, of whatever origin, bear 
careful checking in the field. The only way that engineers can be absolutely 
sure that their improvement works are accomplishing the desired results is to 
make a detailed “before and after’? comparison, on the section of river improved. 

The author has examined the value of the formula approach to design of 
river-control works. It would be very enlightening to have a similar examina- 
tion of the value of small-scale models, since, undoubtedly, they have been 
used in connection with the design of works on the Missouri River. 


E. W. Lanz, M. Am. Soc. C. E. (by letter).!*—Considering the magnitude 
of the Missouri River improvement project, very little has been written about 
it, and hydraulic engineers will be very much indebted to the author for his 
interesting exposition of the principles underlying it. This improvement 
probably constitutes the most extensive application of the contraction of 
streams as a means of deepening them for improving their navigability, a pro- 
cedure which is one of the oldest in the science of hydraulic engineering. A 
- search, by a hydraulic engineer, of the ancient writings of Egypt, Mesopotamia, 

and China would probably show earlier writings on the principles involved, but 
the earliest known to the writer is by Chi-Husn Pan in the latter part of the 
sixteenth century.” Mr. Pan argues at length in favor of confining the Yellow 
River between embankments and making it deepen its channel by scouring 
out its bed. 
Although the Chinese apparently knew many of the principles of river 
control before the Europeans, this knowledge has had no influence on the de- 
velopment of the present-day science. So far as is known, the earliest work 
leading to modern knowledge was that of Guglielmini in the latter part of the 
seventeenth century. He stated that the greater the quantity of water that a 
river carries, the less will be its fall, which statement was used as the basic 
principle of plans for contracting rivers. The subject seems to have been a 
matter of frequent discussion in Europe before the latter part of the eighteenth 
century. At this time Paul Frizi and M. Gennete' argued in favor of keeping 
rivers in a single channel rather than having them branch near the mouth, as 
the single channel would have less fall and cause less flooding. 

In the United States the principles involved were the subject of active dis- 
cussion in connection with the improvement of the Mississippi River nearly a 
“century ago. At that time it was proposed to deepen the Mississippi River 
for navigation and flood control by preventing the overflow of the banks at 
high-water time by means of levees. This discussion developed into one of 

16 Prof., Hydr. Engr., State Univ. of Iowa, Iowa City, Iowa. 

16a Received by the Secretary October 4, 1941. 


17 “Review of River Protection,’ by Chi-Husn Pan (translation by Hsing and Wong). 


18 “‘An Investigation of the Transportation of Bed Load by, Flowing Water,” by F. T. Mavis; thesis 
presented to the Univ. of Illinois, Urbana, Il., in 1935, in partial fulfilment of the requirements for the 
degree of Doctor of Philosophy (see p. 110). 
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the greatest of engineering controversies in connection with the improvement 
of the passes of the Mississippi River by the late James B. Eads, F. Am. Soc. 
C. E., and the confinement principle of improvement was adopted as the basis 
of the early work of the Mississippi River Commission. Although successfully 
applied to the improvement of the mouths of the river, it was not a success 
when applied, as a means of flood control, to the entire river, and was super- 
seded by the “levees only” principle. The success in one case and failure in 
the other was largely due to the tremendously greater quantities of material 
involved in the case of the entire river, and the lack of a quantitative analysis 
of the problem, for, although data for an exact solution is still unavailable, it 
is possible to show by a computation of the quantities that would be moved 
and the time required, using data then available, that its application to the 
entire river would fail. The difference between the quantitative relations given 
in the paper and the almost entire lack of discussion in quantitative terms dur- 
ing the early Mississippi controversy show that appreciable progress has been 
made in the science, but the qualitative nature of the author’s conclusions in- 
dicates that considerable progress is still necessary before a prediction can be 
made of the time interval required to bring about the desired results. 

It is believed that the author would have clarified somewhat the picture of 
the results of the contraction works if he had amplified the statement in his 
“Conclusions” that ‘‘In view of the great length of river involved, no appreci- 
able change in mean slope can be expected.”’ In the ‘‘Synopsis” one reads the 
statement that the mean slope of the river will eventually decrease through the 
operation of the contraction works, and later quantitative relations are given 
tending to show that the equilibrium slope would be reduced from 0.96 to 0.76 
ft per mile, a change of 21%, which is in agreement with the 0.69 ft per mile 
slope observed in an improved stretch. When these statements are followed 
in the ‘‘Conclusions” of the paper, with no further explanation, by the state- 
ment that no appreciable change in mean slope can be expected, it seems prob- 
able that some readers of the paper may be confused. If this is the case, per- 
haps the following discussion will aid in clearing up the picture of what will 
probably take place. 

It appears to the writer that there are two more or less distinct effects of 
the construction of the contraction works: (1) The change of shape of the 
channel from a wide shallow one to a narrower and deeper one, and (2) a’ 
change of the gradient of the stream as it tends to reach equilibrium under the 
changed conditions. The first of these will tend to take place relatively rapidly, 
especially the major part of the total change, but the second will be active for 
a much longer period, and equilibrium will not be reached for many years even 
from a practical standpoint, for theoretically equilibrium would never be 
achieved. 

To carry the flow of the river at a width of 725 ft, which formerly flowed — 
over a width of 3,650 ft, without raising the water surface, will require a 
deepening of the bed. Fig. 11 shows the depths required for various discharges 
using the slope of 0.96 ft per mile in both cases. The difference in depth at ; 
any given discharge that would give the same water surface elevation for these 
two conditions is indicated by the vertical distance between the two lines. 
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Thus, to obtain, at bankfull elevation, the same discharge in the contracted 
as in the uncontracted channel (at which stage the unimproved stream dis- 
charged about 80,000 cu ft per sec) would require a deepening of the bottom of 
about 16.5 — 6.3 = 10.2 ft. Under these conditions the area of the channel 
at bankfull level would be reduced from 23,000 sq ft for the unimproved channel 
to 12,000 sq ft for the improved channel, a difference of 11,000 sq ft. The 
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area of excavation would be 725 X 10.2 = 7,400 sq ft and the area of fill 
(3,650 — 725) 6.3 = 18,400 sq ft. The space that would be filled in with 
sediment under the improved conditions, if it fills to former bank levels, is 
therefore 67% more than the volume that it is necessary to excavate in the 
contracted sectior. Since the competence of the stream is much greater than 
required to move the largest bed particles, if the size of the bed material does 
not increase substantially with depth, it is not unreasonable to expect that 
considerable of the deepening due to contraction will proceed rapidly, as the 
_ material excavated at one point along the channel can be deposited outside the 
contracted section a short distance downstream. However, the river carries 
_ great quantities of material in suspension which will deposit in, and rapidly 
fill up, the parts of the old channel outside the new channel line. As this 
filling takes place, the deepening of the contracted channel will slow up, and 
although the first part of the deepening will probably proceed quite rapidly 
it may be some time before the final depth is reached. 
: The deepening of the channel will result in a cutting down of the bottoms 
of all tributary streams that are not restrained by rock ledges or deposits of 
coarse material. After the adjustment of channel cross section is substantially 
completed, at high discharges the water levels in the Missouri River will differ 
little from those at present; but at lower discharges in the contracted channel 
they will be considerably lower than in the unimproved conditions, and the 
bottoms of tributary streams will tend to cut down to lower levels, due to the 
increased fall that will be caused near their mouths as a result of the lowering 
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of the bed in the main river. This action will bring into the main river an 
additional load of material that will have to be deposited in the unimproved 
channel area-if the improved channel is to continue to deepen. This action 
will further slow up the deepening of the bed of the improved channel. There 
appears to be no way of making a close estimate of the rate at which lowering 
of the bed of the improved channel can be expected, except by using the ex- 
perience in improved stretches as a guide. 

The second phase of the effect of contraction, the gradual adjustment of 
the river gradient to the new conditions, will continue long after the adjustment 
of the channel shape to the confined conditions is practically complete. If the 
river were to decrease its slope from 0.96 to 0.76 ft per mile, as indicated by the 
computations of equilibrium slope, for the entire 760 miles of the length of the 
improvement, assuming that the elevation at the lower end remained the same, 
the upper end would be lowered 152 ft. Long before this occurred, the river 
would have cut below the bottom of the piles of the contraction works, and, 
unless they were replaced, the river would tend to resume its unconfined con- 
dition. The writer believes that what will happen is that the river will tend 
to flatten its slope, which will lower its bed and increase the inflow of sediment 
load from the tributaries due to the lowering of their beds resulting from the 
steeper slopes produced near their mouths, as previously explained. An in- 
crease of sediment inflow at the upper end of the improvement will also result 
from the lowering of the main river bed above this point. The flattening of 
the grade due to confinement will continue until the sediment inflow will in- 
crease and become equal to the capacity of the stream to transport material in 
its confined condition, and when this condition is reached no further decrease 
in slope will be observed. It is the writer’s belief that this condition of sub- 
stantial equilibrium will occur before much lowering of the stream bed due to 
changed slope has occurred, although it is probable that the lowering at the 
upper end will be sufficient to be easily detectable in the stage-discharge rela- 
tions at that point. It is doubtful if the mean slope of the river will be changed 
more than 2% or 3% for many years to come, which substantially agrees with 
the author’s statement that the change will not be appreciable. 

If this be true, what then is the “equilibrium slope’? computed by the 
author? This is the slope at which the confined river would carry the same 
load of material as the unconfined river carried at its natural slope. Soon 
after the works are constructed, however, the load to be carried will be increased 
and a slope greater than the computed equilibrium slope will be required. 

The author states that the Schoklitsch formula could not be used to com- 
pute the equilibrium slope, which is true for the form given in Eq. 2. An ex- 
amination of the paper, however, shows that this form was obtained by Schok- 
litsch by multiplying the load and discharge per unit width by the width, thus 
obtaining the equation in terms of the total load and total discharge. It can 


be expressed as well in terms of the load and discharge per unit width, which 
gives 
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in which G; and Q,; are the sediment discharge per unit width and water dis- 
charge per unit width, respectively. Using this equation with the formula for 
go given by Schoklitsch, it is possible to compute the author’s equilibrium slope 
by this formula. 

In discussing the formula developed by Professor Straub, the author states 
that the quantity of sediment must be assumed to be the same for the improved 
or unimproved channel. As previously shown, the quantities of sediment 
would not be the same in these two cases, and hence the formula will not give 
the slope that will actually be obtained in the river; it will give a flatter slope. 
The author also states that the sediment characteristics must be the same in 
the contracted as in the uncontracted stream. If the size of material increases 
with depth as shown in the analysis of samples given in Fig. 9, this condition 
also is not fullfilled, since coarser material would be encountered as the channel 
scoured deeper, and a steeper slope than computed would result from this cause. 

There is considerable reason to question, however, whether accurate results 
can be obtained in computing the effect of contraction works on the Missouri 
River by considering only the bed load. The suspended load of sand carried 
by this river is very large, as shown by Fig. 9. A comparison of this observed 
sand load at Omaha and Yankton with the bed loads computed according to 
the Schoklitsch formula for a wide range of discharges, as shown in Tables 3 
and 4, indicates that the bed load is probably never as much as 10% of the 


TABLE 3.—Comparison oF Bep LoaD AND SUSPENDED SAND; 
Missourt River, at OmMana, NEBR. 
(All Sediment Discharges Are in Thousands of Tons per Day) 
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ast DEptTH DerptH DrptH DeEpTH 
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: IN MM 
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0.40 |0.60 | 38.4 2.0 |1,870 99 0 oe) 175 20| 874 262 962] 27.2 
0.60 |0.80 4.8 0 oO 15.1 0 co 27.6 0} © 42.8 0} 00 
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2 Approximate discharges, in cubic feet per,second. % Comparison of computed total bed load to 
Bidceved total suspended load. ¢ Comparison of computed total suspended load (Col. 3) to observed total 


suspended load (Col. 3). 


suspended load of sand in the Missouri River. Of course, it is a much smaller 
part of the total load, but the sand particles settle rapidly and therefore have 
a much larger effect on stream formation than the silt and clay sizes. The 
suspended sand load no doubt consists, on the average, of finer material than 
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the bed load, and some sizes carried by bed load are moved in suspension in 
negligible quantities, if at all. In Tables 3 and 4 are also given the computed 
bed loads for various size ranges and the quantities carried in suspension of 
these same size ranges computed by the method developed by A. A. Kalinske,” 


TABLE 4.—Comparison oF Bep LoapD AND SUSPENDED SAND; 
Missourr River aT YANKTON, N. Dak. 
(All Sediment Discharges Are in Thousands of Tons per Day) 
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« Approximate discharges in cubic feet per second. Comparison of computed total bed load to ob- 
served total suspended load. * Comparison of computed total suspended load (Col. 3) to observed total 
suspended load (Col. 3). 


Assoc. M. Am. Soc. C. E., and the writer. This comparison shows that the 
suspended loads are greater than the bed loads for all sizes less than about 0.3 
mm at Omaha and 0.4 mm at Yankton, and for high discharges, where the 


most active bed formation exists, for all sizes less than about 0.6 mm at Omaha ~ 


and 0.5 mm at Yankton. In order to indicate the reliability of the relation 
used in computing the suspended load, a comparison is also given between the 
computed total load of sand and the observed load, as shown in Fig. 9. This 
comparison shows a reasonably close agreement of the computed with the 
mean of the observed loads. In view of the data shown in Table 3, it does not 
seem unreasonable to believe that in the Missouri River the suspended load 
may be as potent as the bed load in the channel-forming process. 

There seems to be little doubt that the confinement of the Missouri River 
will cause an increased flow of heavy sediment in it, and that this increased 
flow will be carried out into the Mississippi River. What will be the effect 


— 


of thus adding to the load of that stream? Fortunately, the improvements © 


previously built in the middle Mississippi River have been causing, over a long 
period, a lowering of the bed of this stream up to Chain of Rocks, a rock ledge 
across the river just below the mouth of the Missouri River. The extent of 


this lowering has become such that the water depths over the rock ledge have | 


’ been greatly decreased and a by-pass canal with locks, or a movable dam with 
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“The Relation of Suspended to Bed Material in Rivers,” by E. W. Lane and A. A. Kalinske, Trans- 


eenene, eid Gervhysioal Union, 1939, Pt. IV, p. 637; also “Engineering Calculations of Suspended Sedi- 
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locks, is badly needed. The increase of the sediment load from the Missouri 


River, therefore, will tend to offset this lowering. Whether or not it will be 
sufficient to reverse the trend and cause a raising of the water levels downstream 


is a question; it is possible but unlikely. An increase in deposit, however, 


must occur at some point below the mouth of the Missouri River. Such effects 
are usually not considered in making river improvements, and their results 
usually do not become apparent for many years. Sometimes they require 
expensive corrective measures, as shown by the proposed improvements at 
the Chain of Rocks, previously cited. 


Euuiotr J. Dent,” M. Am. Soc. C. E. (by letter) .2“—From Sioux City to 
Rulo the proposed channel will have a length of 245.6 miles, and in 1938 the 
total fall was 236 ft, or an average of 0.96 ft per mile. In his closing para- 
graph the author states that the improved channel will be able to carry 38% 
more bed load than the natural channel, or that it could carry the present bed 
load with a slope of only 0.76 ft per mile which corresponds to a drop of 186.5 
ft in the reach under discussion. 

If this section of the Missouri River is contracted and otherwise improved 
so as to increase its bed-load carrying capacity, it is logical to expect erosion 
at the upper end of the reach until a capacity load has been picked up. This 
increased bed load should then be carried through the remainder of the section 
and dumped upon the next lower reach at Rulo. To increase the bed load of 
the river channels materially, from Rulo to the Gulf of Mexico, is a matter that 
deserves very serious consideration. 


2 Col., U. S. Army (Retired), Washington, D. C. 
2%a Received by the Secretary October 20, 1941. 
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LABORATORY INVESTIGATIONS OF SOILS 
AT FLUSHING MEADOW PARK 


Discussion 


By DoNALD M. BURMISTER, Assoc. M. AM. Soc. C. E. 


Donatp M. Burmister,™ Assoc. M. Am. Soc. C. E. (by letter).4°—It is 
very gratifying to find that Messrs. Thomas and Sinacori share many of the 
writer’s views and have made practical use of correlation methods on a large 
project. In Figs. 9 and 10 they have shown how more effective methods were 
developed in borrow-pit studies, especially from the preliminary, and time and 
expense saving, standpoint, for obtaining information on the suitability of 
impervious rolled-fill materials for earth dams. The writer has made similar 
use of correlation methods in earth-dam investigations.’ _ Although generaliza- 
tions for all soil types are not possible, satisfactory regional correlations can be 
made for localized areas, where similar soil types are encountered; that is, soils 
formed essentially by the same geological processes and having essentially the 
same mineralogical character and grain-size distribution. 

An important task of the engineer is to develop more effective methods of © 
soil investigation for specific problems, especially from the time and expense — 
saving standpoint. This involves the application of ‘‘Control Test Methods” 
by making a few carefully conducted and complete soil tests (consolidation, 
shearing, routine classification tests, etc.) on typical representative soils to 
define the correlation band or bands for the soil types encountered on the 
given project. The methods may be extended to the cohesionless soil types ~ 
by using the “‘density limits,” that is, the loose limit L, and the dense limit D, 
which serve the same purpose and reflect the physical character of cohesionless 
soils in a manner similar to the consistency limits for cohesive-plastic soils. 
Once a satisfactory correlation has been’established, the simple routine tests 
can be made quickly and at a relatively small expense on a large number of 


Norr.—This paper by Donald M. Burmister, Assoc. M. Am. Soc. C. E. 
1941, Proceedings. Discussion on this eee has appeared in Proceedings, as follows: pu et be ae 
Pp Morea, Assos, aie aut rEg eae a TRH ere tae Jun. Am. Soc. C. E.; June, 1941, by E. J. 
awley, Esq eptember, y Dimitri r , M. Am, 
Messrs. B. K. Hough, Ur. and T. B. Rights. Ses Poe Brae and October, 1941, by, 
24 Asst. Prof., Civ. Eng., Columbia Univ., New York, N. Y. 
24a Received by the Secretary October 14, 1941. 


3“The Physical Characteristics of Soils with Special Ref ” 
Burmister, Bulletin No. 6, Dept. of Civ. Eng., Columbin ar ane Vn tho do by Donal 
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samples in order to obtain estimates of the consolidation, shearing, permea- 
bility, and other properties of soils, in as great a detail over an area as is con- 
sidered necessary for an adequate investigation and solution of the problem. 
It is much more important to obtain information on the possible range of the 
estimates of these properties, which have a direct bearing on the analysis of 
the problem, as given by the width of the correlation band, than it is to know 
the exact values for a few isolated samples in a given area. Such an analysis 
would not only permit the engineer to visualize and analyze the situation more 
completely, but would also serve a very useful purpose for design and construc- 
tion. Experience will be the best guide in teaching engineers how to make 
correct practical applications of this information. 

To illustrate further the possibilities of such methods, data for three cases 
have been analyzed in Fig. 11 for the consolidation properties of the soils. 
This permits a more satisfactory classification either of artificially placed ma- 
terial or of natural deposits as to their relative settlement and bearing prop- 
erties for highway subgrades, airport runways, and the like. 

Professor Kilcawley states that an important part of foundation investiga- 
tions is to present the field data as well as the results of laboratory tests so 
that subsurface conditions can be visualized clearly and interpreted correctly. 
This requires an accurate knowledge of the kinds of soils encountered—their 

_extent, uniformity, and variability, their physical properties, and their general 
behavior characteristics. Consistency in the natural state is one of the most 
important of these simple characteristic properties. In very soft deposits, 
such as are encountered in the Flushing Meadow, the simple squeeze test is 
useful for obtaining fairly reliable information on the consistency and shearing 
strength of all soil samples. For medium stiff and hard clays, unconfined 
compression tests on small prisms can be made quickly on all samples for de- 
termining the shearing strength and to aid in selecting the least disturbed 
samples for more detailed analyses of their strength and stress-strain char- 
acteristics. Professor Kileawley has emphasized the importance of establish- 
ing reliable guides for making estimates of the physical properties of soils and 
of establishing a maximum range of variation for soil type groups, as indicated’ 
by the width of the correlation band. One of the important problems in soil 
engineering is the accumulation of information on the behavior characteristics 
of the important soil type groups encountered in different sections of the United 
States, for example, such as those presented in Figs. 4, 9, 10, and 11, which will 
serve a useful purpose and help the engineer to analyze conditions for future 
construction, particularly for preliminary studies. 

The observations by Professor Krynine on similar soft deposits in other 

localities are very instructive and provide additional information on their be- 
havior. He has rightly stated that no civil engineering problem can be solved 
definitely in the laboratory. Mr. Hough, likewise, emphasizes the point that 
not only is it a matter of general interest to learn how test data are applied in 
practice, but the validity of the data cannot be judged apart from its applica- 
tion. Mr. Hough has suggested that further discussion on the application of 
data might well be undertaken. 
As an illustration, the “quick” direct shear tests and unconfined compres- 
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sion tests (see heading ‘Shearing Characteristics’’) provide preliminary in- 
formation for estimating the safe height to which the initial fill could be placed 
in blanketing and reclaiming the site. Because of the impermeable character 
of the material, practically no increase in shearing strength could be counted 
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Such estimates should in every case be checked against field experience, or by 
a test fill as described by Mr. Freeman.? In the application of the theories of 
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2“'The Application of Soil Mechanics in Building the New York World’s Fair,” by G 
M. Am. Soc. C. E., Hamilton Gray, Jun. Am. Soc. C. E., and George W. Glick, Civil Sunireving. Ovmtan 
ieee. Pe heat << pase eare Pee of tee he mre Mester Park Site, Long Island, New York,” by George 
5s ; . C-2, Proceedings, i i i ' i 
Eng., Harvard Univ., Cambridge, Mass. 1936, Voll hie visow oe on echo 


ae. 
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elasticity and plasticity to foundation problems, Mr. Jiirgenson" has given the 
critical shearing stress conditions beneath the toe of an embankment approxi- 
mately as follows: Plastic state— 


hea ctEe NG Oe catalan Te yr (4a) 
vis 
and, failure— 
=f ht ) 
WARS fate ety g (4b) 


The shearing strength varies with depth as shown in Fig. 5. The situation 
would be more serious if it were not for the fact that the meadow mat had a 
very important spreading effect on stresses and strengthened the surface of the 
underlying soft material so that is was capable of supporting the initial blanket- 
ing to a height of about 4 ft and the grading equipment. The critical zone is 
deeper and is confined to a considerable extent by this mat layer; thus: 


Plastic condition in ; Failure in underlying 
Depth meadow mat layer soft deposit 
jy = De = 2,000 x S 2,000 (r + 2) 8S 
2,000 2,000 
h 100 7 xX 0.08 100° (r + 2) 0.04 
h (in feet) Del 4.1 


_ Experience in reclaiming and filling the Flushing Meadow showed that only in 


a few instances were any appreciable subsurface movements started, if the 
height of fill was kept within recommended safe limits. 
To illustrate the application of the consolidation test results in a settlement 


~ analysis, the situation at boring No. 17, Figs. 1, 5, and 6, is considered. The 


following steps are taken in estimating the settlement to be expected as a re- 
sult of a blanket fill, for example, of 10 ft: 


1. The profiles of the overburden pressure, pre-consolidation pressure, and 
the pressure due to the fill, are estimated in Fig. 5 for boring No. 17, using the 
data on the approximate moisture content in Fig. 1 and the consolidation test 
data for two samples from boring No. 17 in Fig. 3 (also Fig. 2). The profile 


is subdivided, as shown, into a convenient number of increments of depth (lo- 


cated halfway between each sample, except at changes in the character of the 
soil). 

3 The settlement property of the soils, which is defined by the compression 
index cy, is estimated from the results of two consolidation tests in Fig. 3 and 
from the correlation diagrams of Fig. 4 for the soils of the Flushing Meadow for 
the remainder of the samples. The liquid limits of the samples of boring No. 
17, which are the correlation arguments, are taken from Fig. 1. For settle- 
ment analyses it is more important to obtain an estimate of the possible range 
of the settlement properties of the soils in a deposit at the point where settle- 
ment estimates are desired than it is to know an exact value for an individual 
sample at a certain depth only. Accordingly, for the range of liquid limit for 


ii “The Application of Theories of Elasticity and Plasticity to Foundation Problems,”’ by Leo Jiirgen- 


son, Journal, Boston Soc. of Civ. Engrs., July, 1934, p. 206. 
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these samples, the approximate maximum range of the estimates of the com- 
pression index c, for the inner correlation band of Fig. 4 is found to be about 
-+15% from the mean curve of the correlation, which, it is believed, should be 
considered a fairly satisfactory accuracy considering all of the uncertainties 
involved in such analyses. 

3. The natural stress conditions in the soil (which were discussed in the 
paragraphs preceding ‘‘Conclusions”’) are assumed for Case 1 to be represented 
by the dotted curve of Fig. 5, of pre-consolidation pressure (and complete 
consolidation). The approximate corresponding voids-ratio in the natural 
state (e,) at the elevation of each sample is either taken directly from the pres- 
sure-voids ratio curves of Fig. 3 or is computed from Eq. 1. The stresses due 
to the 10-ft fill are computed on the basis of a unit weight (compacted) of 100 
lb per cu ft. 

4. In making the settlement estimates by the Increment Depth Method, 
Eq. 2 is solved by substituting the values of the voids ratios e, and é2, corre- 
sponding to pressures p; and pz from Fig. 5 as follows: 


20 Cy P2 
Settlement = h X &, rs 4 (108. ne cae Sone See (5) 


The approximate estimates of settlement are made as shown in Table 4, _ 


which contains the values obtained for each of the foregoing items. 


TABLE 4.—ApprROXIMATE SETTLEMENT ESTIMATES FOR BORING 
No. 17, Casz 1, Dun to a Buanxer Fit or 10 Fr 


Sample|Depth,| H, in | ~ c loge i 
Nerlebaterd: tt wL ra ee Ng eee pa pies 
. pl 
““ 0 6 |(151.2)| 0.815 | 3.52 | 4.77 | 0.141 | 0.10 | 0.60 1.38 | 1.17 
1 0 5 | 151.2 | 0.5174] 2.672 | 3.392] 0.118¢ | 0.23 | 0.73 | 1.154 | 0.69 
2 17.0 11 | 104.5 | 0.500 | 2.45 | 3.04 | 0.123 | 0.25 | 0.75 | 1.095 | 1.47 
3 27:5 10 | 105.3 | 0.506 | 2.45 | 3.10 | 0.123 | 0.27 | 0.77 | 1.045 | 1.29 
4 38.0 11 | 116.2 | 0.6802] 2.572 | 3.412 | 0.1542 9 | 0.79 | 1.000 | 1.70 
5 49.9 14 | 106.0 | 0.511 | 2.48 | 3.06 | 0.126 | 0.32 | 0.82 | 0.940 | 1.65 
6 59.0 "7 |(122.0)| 0.635 | 2:90 | 3.30 | 0.146 | 0.50 | 160 | 6.460 | 0.47 


2 Consolidation test values. % Possible range of estimates +15%, or 7.3 to 9.7 ft. S = 8.44 


To obtain some idea of the effect of differences between the possible stress 


conditions in the deposit and those assumed, the overburden pressure (full line) 


is assumed to represent the actual stress conditions for Case 2. The corre- 
sponding settlement estimate is equal to 7.7 ft. The corresponding settlement 


estimates for a 5-ft fill are equal to 5.3 and 4.9 ft, respectively. The settle- 


ment in the meadow mat layer at the top and the peat layer at the bottom prob- 
ably occurred largely during the filling operation because of their more perme- 
able character, as evidenced by the continuous flow of water from the toe of 
the advancing fill as it was constructed. Hence this settlement would be com- 
pensated for by additional fill in the operation of filling and grading to the 


PE ae ore 


November, 1941 BURMISTER ON SOIL INVESTIGATIONS 1755 


required surface elevation, as suggested by Mr. Rights. Deducting these 


amounts, the estimates of subsequent settlement to be expected for a 10-ft 
fill (total height), for Cases 1 and 2, are 6.1 and 5.5 ft, respectively, and for a 


_-o-ft fill, 3.9 and 2.7 ft, respectively. 


The rate of settlement is estimated roughly on the assumption of an average 
value of the coefficient of consolidation, C,, of 0.0012 em? per min for the de- 
posit, and of the natural voids ratio, én, of 3.32, and a deposit 47 ft thick, ex- 
clusive of the meadow mat and peat layers. The estimated times ¢ in years, 
corresponding to different percent- 
ages-of the ultimate settlement and TABLE 5.—EstiMaTEs OF THE 
time factors 7, are estimated by the Rate oF SETTLEMENT 
equation :?5 


2 Times 
= ( . ) T, _ 70. 8T,. (6) 


PERCENTAGE OF SETTLEMENT 


1+e,) 1,400 C. 10 20 30 40 50 
‘ ; . aD aver arn ete 0.02 0.08 0.17 0.31 0.50 
and are given in Table 5. brs, Seve omee 1.4 5.6 12.0 22.0 35.4 


In regard to the driving records 
of the casing and sampler, the writer 
agrees with Mr. Hough’s statement 
that the number of blows per foot to drive the sampler indicates more relia- 
bly the resistance encountered at each elevation. In the Flushing Meadow 
deposits, only about one or two blows were required to drive the sampler be- 


aT, = time factor; and ¢ = time, in years. 


cause of its soft consistency. Since, for all important structures, pile founda- 


tions were required, the driving resistance of the casing was considered to be 
a better indication of total resistance, in this case. 

In foundation studies for buildings and earth dams, the writer has devised 
and used the tentative values listed in Table 6, which has proved to be very 


TABLE 6.—TENTATIVE VALUES OF APPROXIMATE 
DEGREES OF COMPACTION 


No. Granular cohesionless soils Llgwae sity’ % Cohesive plastic soils 
TEM ViEryRLOOBGISEL Games aiclctl> nucle dictsica rate quele,s tere 6 Sua sheretsce aie <P alinar seat Very soft clay 
2 Pisces BAMCeOusslht re cera. mcg er ied sve sevlclay lar aifcne stale gia arsne le 5-15 <40 | Medium soft clay 
3 | Loose sand and gravel; medium compact sand or silt...| 15-35 | 40-70 Medium stiff clay 
4 | Medium compact sand and gravel; compact sand or silt. | 35-70 | 70-90 | Stiff or medium hard clay 
5 | Compact sand and gravel; very compact sand or silt...| >70 90+ | Very hard clay 


@ Blows per foot; 3-in. sampler; driving energy, 7,200 in-lb; weight of hammer, 300 lb; average drop, 24 in. 
> Relative density, expressed as a percentage. 


‘useful for investigating and analyzing subsurface conditions with respect to 


es 


their foundation properties. ahi i 
The liquid limit of cohesive plastic soils and the loose limit of cohesionless 


soils, as laboratory references, are assumed to be 40% relative density based on 
experience with the measured loosest states found in natural deposits. The 


2 Progress Report of Special Committee on Earths and Foundations, Proceedings, Am. Soc. C. E., 
May, 1933, p. 777. 
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plastic limit and the dense limit, respectively, as laboratory references, are 
assumed to be 100% relative density. On this basis very few natural deposits 


have a relative density greater than 100%. 
The relative densities Dg are determined by the relations: Cohesive plastic 


soils, 


Di 404260 es pe 
WL — Wp 
and cohesionless soil, 
Da = 40 + 60 ope PR mai So (7b) 


in which:2° w, = liquid limit; w, = plastic limit; wy = approximate natural 
moisture content; w; = loose limit, as a moisture content; and wa = dense 
limit, as a moisture content. 

A distinction is made in the driving resistance of sand-gravel moistures and 
sand or silt because the presence of gravel increases the resistance quite as 
much as an increase in the degree of compactness. There is no simple direct 
relation for different sizes of samplers and casings, and therefore the numerical 
values must be determined from field experience. However, for different 
weights of hammers and drops, fairly consistent values are obtained, if the 
blows per foot are made inversely proportional to the driving energy (weight 
of hammer times drop). 

The tentative values in Table 6 have not only made it possible to visualize 
subsurface conditions better as to their foundation properties, bearing capacity, 
length of piles, etc., but also have served a useful purpose in providing numeri- 
cal values by which to compare different situations, particularly in cases where 
settlements are known, where loading tests have been made, etc.; or, in cases 
where the allowable bearing capacity is to be estimated—for example, from the 
Boston Building Code, which differentiates between the values for loose and 
compact conditions of the soils. 

In conclusion, the writer wishes to express his gratitute to the discussers 
for their stimulating comments. 


‘ 


26 See “Soil Mechanics Nomenclature,” Manual of Engineering Practice No. 22, Am. Soc. C. E. 


poe 


—_—_— 


Pore lOoAN SOCIETY OR CIVIL ENGINEERS 
Founded November 5, 1852 


DISCUSSIONS 
i 


CONCRETE IN SEA WATER: A REVISED 
VIEWPOINT NEEDED 


Discussion 


By T.. B. RIGHTs, Assoc. M. AM. Soc. C. E. 


T. B. Rieuts,® Assoc. M. Am. Soc. C. E. (by letter) .***—Experience has 
led the writer to believe that concrete should never be used in sea water be- 
tween high-tide and low-tide elevations. If there is disintegration in concrete 
in sea water, above the high-tide level, the factor of the brand of cement used 
in the construction should be investigated carefully. 

In 1925, the engineers of an eastern railroad built a bridge across an estuary 
near New York, N. Y. At the eastern end of this bridge, two test piers were 
constructed. Pedestal piers that supported the steel work of the bridge pro- 
tected these test piers, so that mechanical abrasion due to floating ice or logs 
was reduced to a minimum. 

The test piers were identical except for the cement. The bottoms were 
about 2 ft below mean low water and the tops 2 ft above mean high water. 
No reinforcement was placed in either pier. Fresh water was used for mixing 
water. Both test piers were constructed “‘in the dry” with accurately measured 
water, and proper batching of aggregates. One test pier was built with the 
same brand of cement as the remainder of the bridge; the other was con- 
structed with quick-setting high-strength cement. 

Within two years after construction, the test pier made of the quick- 
setting cement began to disintegrate and within five years had disintegrated 
so much that it could only be seen at low water. 

Twelve years after construction, the test pier of regular cement was sound, 
and apparently unaffected by years of exposure to the tidal range of sea water. 
At that time, one would draw the conclusion that the failure of the one test 
pier was due only to the cement. At present (only sixteen years after con- 


struction), the regular cement test pier is beginning to disintegrate. 


Nors.—This paper by Homer M. Hadley, Assoc. M. Am. Soe. C. E., was published in January, 1941, 
Proceedings. i idduesiott on this paper has appeared in Proceedings, as follows: March, 1941, by Thomas 
E. Stanton, M. Am. Soc. C. E.; April, 1941, by Messrs. W. F. Way, and Glenn 8S. Paxson; May, 1941, by 
Messrs. Lester C. Hammond, Ladis H. Csanyi, and G. M. Williams; June, 1941, by Messrs. Harry BH. 
Squire, and J. W. B. Blackman; and October, 1941, by Messrs. E. C. Jack, and Alfred M. Freudenthal. 


33 Roselle, N. J. 
33a Received by the Secretary October 16, 1941. 
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Engineers of this railroad company find that, as a general rule, concrete of 
the better grade will not show disintegration for at least twelve years. Conse- 
quently, on important bridge piers built in salt water, it is their general practice 
to face the piers between a plane about 2 ft below low water to a height of 2 ft 
above high water, with either granite or hard paving blocks. The railroad 
bridge cited herein, where the test piers are situated, has its many piers 
constructed in this manner, with a belt of granite blocks between extreme high 
and low water. There is no apparent disintegration in any piers thus pro- 
tected. The concrete above the granite blocks seems (1941) to be in excellent 
condition. However, the mortar between the granite blocks, on the horizontal 
layers, is missing in a number of these piers. In fact, at some piers it seems as 
if only the bond at the backs of the granite blocks holds them in place. This 
railroad company has not experienced trouble with any of its concrete piers 
poured in fresh water. The only zone of attack and disintegration appears 
to be in sea water between the tidal range. 

Figs. 2 and 4 apparently show disintegration at the base of the wall. If 
a belt of granite had been used, the structure might be in good condition today, 
as the remainder of both walls above high tide appears sound. 

The writer does not know what caused this disintegration—whether it is 
sulfate-of-magnesium attack, freezing, or crystallization of the salt in the 
water—but he does know that if he were to construct piers in salt water, the 
concrete would be protected by a belt of granite at the tidal zone. 


— 
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“TUNNEL CONSTRUCTION, SIXTH AVENUE 
SUBVEAY NEWYORK) -NIY. 


Discussion 


By JOHN H. Myers, M. Am. Soc. C. E. 


Joun H. Myers,’ M. Am. Soc. C. E.**—There was a time when “rock men” 
had in mind only progress. Inasmuch as their work was done largely in the 
wilderness, it was not necessary to give much attention to safety. The rock 
men of that day were adepts in blowing down mountains and incidentally 
scattering spalls all over the landscape, or in making, with the machinery then 
available, what was considered remarkable progress in tunnel excavation. 
However, when engineers began to build large structures within existing cities, 
progress, tempered with the necessary precautions for the safety of life and of 
existing structures, was inevitable and as a result a new breed of rock men has 
been developed. Mr. Feld gives much evidence of this fact and he has done 
something very worth while in recording the methods used in the construction 
of the Sixth Avenue Subway. 

The so-called ‘umbrella section” of double-track tunnel, described by Mr. 
Feld, has been used for many years in the tunnel work of the New York Rapid 
Transit Railroads. To the writer’s knowledge, it was used in many places on 
the New York City subway work, among them being the connection between 
the Lexington Avenue Subway and the existing tunnels under Park Avenue; 
and also at many locations along Lexington Avenue north of the point where 
the subway emerges from under the Commodore Hotel. In fact, some of the 
tunnels under Lexington Avenue are two tracks high. The upper half of the 
tunnel is of the ‘umbrella section” and rests on a steel floor which is at the 
same time the roof of the lower half. The fact that the ‘umbrella section” 
_ is still being used gives proof that although, when completed, it furnishes an 

adequate encasing structure for the Rapid Transit Railroad tracks, it is, at 
the same time, a practical structure to build under many difficult conditions. 

Norr.—This paper by Jacob Feld, M. Am. Soe. C. E., was published in April, 1941, Proceedings. 


5 Div. Engr., Board of Transportation (Retired), White Plains, N. Y. 


5a Received by the Secretary October 16, 1941. 
6 “Construction Problems of the Manhattan-Bronx, and Lexington Avenue Subway Junction pod 


h T el Connections,” by George Perrine, Transactions, Am. Soc. C. E., Vol. L2 
be *i918, p. 278; see also ‘‘Tunnel Work on Sections 8, 9, 10, and 11, Broadway-Lexington Avenue 
Subway, New York City,” by Israel V. Werbin, ibid., Vol. LX X XI, December, 1917, p. 341. 
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In the writer’s experience with it, the difficult conditions were brought about 
by the rock encountered, and he has known the “umbrella section” to be con- 
structed by many different methods. At times it was built by excavating a 
central drift, placing the concrete center bench on the floor of this drift, erect- 
ing the permanent steel work, bracing the rock roof from this steel work and 
then concreting the “umbrella.” Following this step, the tunnel for one track 
was excavated without further timbering, the arch over the track was con- 
creted, and temporary bracing was placed against the unexcavated rock on the 
other side of the center line to take up the unbalanced thrust of the completed 
half tunnel. The remaining half was then excavated and the concrete poured. 
In Mr. Feld’s experience, however, he had to cope not only with bad rock 
conditions but, in addition, with buildings alongside the tunnel work and sub- 
surface structures, and an elevated railroad above it. All in all, it serves to 
demonstrate that the ‘‘umbrella”’ form of tunnel is a flexible design and that it 
is possible to erect it under many and various difficult conditions. The de- 
signers of the subway construction have no reason to be ashamed of it. 


q 
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COST OF PUBLIC SERVICES IN 
RESIDENTIAL AREAS 


Discussion 


By HOWARD WHIPPLE GREEN, M. Am. Soc. C. E. 


Howarp WHIPPLE GREEN,!° M. Am. Soc. C. E.1°*—With the United States 
approaching a stable population and its large cities beginning to realize that 
their population increases will be much more moderate in future decades, with 
several large cities for the first time showing actual decreases in population while 
their suburbs still continued to increase, with fewer and fewer persons left in 
the central city to bear larger and larger tax burdens, with industry and 
commerce showing indications of decentralization, and with slum and blighted 
areas increasing in extent and severity, the problem of rebuilding cities in the 
United States ranks near the top of the list of important things to be given 
attention following the present national emergency. 

A possible solution to this serious problem of the depopulation of the 
center of most large American cities with increases in population around the 
periphery is indicated by the detailed calculations presented in this paper. 
Although all computations presented are naturally based upon New York City, 
standards of land use, and unit costs of public improvements and services, 
similar computations made in smaller cities with different standards of land use 
and different unit costs may demonstrate even more striking differences between 
the rehabilitation of existing blighted areas, the entire rebuilding of these areas, 
and the relocation of their populations on vacant land in outlying sections within 
or beyond their corporation limits. 

The basic facts made available in Cleveland, Ohio, by the continuous Real 
Property Inventory started in October, 1932, augmented by unit costs of public 
improvements and services, make such a study possible with a minimum 
amount of effort. 

Cleveland being built horizontally, contrasted with New York’s vertical 
pattern (especially the Borough of Manhattan), doubtless will show quite 


—Thi 4 McHugh, Esq., was published in June, 1941, Proceedings. Discussion 
on "ee ees an tia er in ae rcllows, Oetober; 1941, by Donald M. Baker, M. Am. Soc. C. E. 
10 Secy., Cleveland Health Council; Director, Real Property Inventory of Met. Cleveland, Cleve- 
land, Ohio. 
10a Received by the Secretary October 14, 1941. 
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different factors. However, it is as true in Cleveland as in New York that the 
public utilities that were complete in the section designated as census tract J-1 
(with a population of 6,114 in 1910), which decreased to 493 in 1920, to 49 in 
1930, and to 3 in 1940, were of no assistance to census tract T-8 with a popula- 
tion of 59 in 1910, which increased to 1,557 in 1920 and to 10,577 in 1930, 
decreasing to 9,986 in 1940; nor were the schools, hospitals, and churches, or the 
retail stores, water mains, sewers, paving, gas lines, and electric and telephone 
networks serving the 6,114 inhabitants of census tract J-1 in 1910 and quite 
useless to the 3 persons living in this area in 1940 of any aid to the suburb of 
University Heights, which increased from a population of 156 in 1910 to 5,981 
in 1940. Such a shifting of population is one problem during periods of rapid 
population expansion accompanied by proportional expansions of industry and 
commerce, but it is quite another as a stable population is approached. 


ee 
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A DIRECT METHOD OF FLOOD ROUTING 


Discussion 


By MEssrs. W. B. LANGBEIN, FRED E. TATUM, AND H. C. WOSTER 


W. B. Lanesern,” Assoc. M. Am. Soc. C. E.°*—A reading of this paper 
seems to give the impression that the objectives of flood routing as set forth in 
the first paragraph are not being realized at present. In their presentation the 
authors seem to overlook the fact that floods are being routed daily and 
expeditiously by empirical methods as described in the following references 
which are evidently as simple as those they proposed: 


(1) ‘Flood of Ohio and Mississippi Rivers, January—February, 1937,” by N. 
C. Grover, M. Am. Soc. C. E., Water-Supply Paper No. 838, U. 8. Geological 
Survey, 1938. 

(2) ‘Natural Stream-Channel Storage,” by R. E. Horton, M: Am. Soe. 
~C. E., Transactions, Am. Geophysical Union, 1936, pp. 406-415. 

(3) ‘Definitions and Classification of Flood Waves,” by R. E. Horton, 
Bulletin No. 25, Permanent International Assoc. of Navigation Congresses, 
Brussels, Belgium, 1938. 

(4) “A Method for Correcting River Discharge for a Changing Stage,” by 
B. E. Jones, M.-Am. Soc. C. E., Water-Supply Paper No. 3875, U. 8. Geological 
Survey, 1916, pp. 117-130. 

(5) ‘Some Channel-Storage and Unit-Hydrograph Studies,” by W. B. 
Langbein, Transactions, Am. Geophysical Union, 1940, pp. 620-627. 

(6) “The Unit Hydrograph and Flood Routing,” by G. T. McCarthy 
(unpublished manuscript presented at conference of North Atlantic Div., 
Corps of Engrs., U. 8. Army, June 24, 1938). 

(7) ‘Hurricane Floods of September 1938,” by C. G. Paulsen, M. Am. Soc. 
C. E., and others, Water-Supply Paper No. 867, U.S. Geological Survey, 1940. 

(8) ‘Flood Routing,” by E. J. Rutter and Q. B. Graves, Assoc. Members, 
Am. Soe. C. E., and F. F. Snyder, Jun. Am. Soc. C. E., Transactions, Am. Soc. 
C. E., Vol. 104 (1939), pp. 275-313. 

; (9) “River Hydraulics,” by the late J. A. Seddon, M. Am. Soe. C. E., zbid., 
“Vol. XLIII, June, 1900, pp. 179-243. 

(10) “Engineering Construction: Flood Control,” the Engineer School, 
U.S. Army, Fort Belvoir, Va., 1940, pp. 127-177. 

Norn.—This paper by C. O. Wisler, M. Am. Soc. C. E., and E. F. Brater, Jun. Am. Soc. C, E., was 


published in June, 1941, Proceedings. Discussion on this paper has appeared in Proceedings, as follows: 
October, 1941, by Messrs. Ray K. Linsley, Jr., Harold C. Hickman, Robert B. Horonjeff and Herbert G. 


Crowle, L. K. Sherman, and Alfred L. Brosio. 
20 Associate Hydr. Engr., U. S. Geological Survey, Washington, D. Cc. 
20a Received by the Secretary October 15, 1941. 
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(11) “Synthetic Unit-Graphs,’’ by F. F. Snyder, Transactions, Am. 
Geophysical Union, 1938, pp. 447-454. 

(12) ‘The Hydraulics of Flood Movements in Rivers,” by H. A. Thomas, 
M. Am. Soc. C. E., Engineering Bulletin, Carnegie Inst. of Technology, 1934. 

(13) “Storage and the Unit Hydrograph,” by C. O. Clark, Jun. Am. Soc. 
C. E., U. 8. Engr. Office, Norfolk, Va., 1940 (unpublished). 


The authors undertake to compute a hydrograph of inflow from the unmea- 
sured area and refer (paragraphs preceding ‘Routing Q and IJ Through to 
Morgantown’’) to a comparison between two methods of computing the volume 
of inflow. It appears to the writer that the two methods are one; any difference 
should be ascribed to arithmetic discrepancies. 

For example, in method 1, >> outflow at Morgantown — > flow at 
Fetterman = total intervening inflow, whereas in method 2, 


— Ort O01 O24 Qi 4 8: = 59 


I 5 9 Apocctttnse 


in which At is time intervening between events indicated by subscripts 1 and 2. 
From the beginning of the hydrograph to its end, storage fluctuates from — 
zero back to zero; hence, 


Oo 1 2 1 
er: Oe eee Sa 


as before. Hydrographs of channel inflow from intervening, partial, and total 

basin areas were computed by the U. 8. Geological Survey by Eqs. 14 and 15 

as a part of its analysis of the Ohio River flood of January, 1937 (1). 
The authors state (see ‘‘Synopsis’’) that 


_ “The entire procedure is based upon the storage equation and upon the 
principal that, for all high stages, there is a straight-line relationship 
between the volume of storage contained in any reach of river channel and 
the sum of the inflow rate at the upper end and the outflow rate at the 
lower end of that reach. Except perhaps for unusual channel conditions, 
this relationship holds true.” 


This statement is not generally supported by studies of others. G.T. McCarthy, 
Assoc. M. Am. Soc. C. E. (6), showed that, in the general case, unless proper 
weights were assigned to inflow and outflow, the discharge-storage relation was 
aloop. The special case of the authors, of equal weights to outflow and inflow, 
has been shown by the writer (5) and others (13) to be comparable to simple 
translation. 

The straight-line relationship between weighted discharge and storage is 
approximated by many reaches. It is a convenience but not a necessary 
corollary to general flood-routing technique, and is not a proof of the authors’ 
general statement that overland flow ceases and channel storage-drainage begins . 
at the time of the point of contraflexure on the recession side of the hydrograph. 
It may be true for a minor tributary but certainly does not hold true for larger 
basins. For example, in Fig. 1 the point of contraflexure occurs later on the 


21 Numerals in parentheses, thus: 


1), refer to th i * “ 
Storage and Flood Routing.” (1) r to the foregoing references to current literature on “Channel 
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Morgantown hydrograph than on the one at Fetterman; evidently, this is simple 


hydraulic lag. The time of contraflexure was even later at Charleroi, Pa., and, 
as one proceeds downstream, even the peak may be considered as drainage 


_from upstream areas from which overland flow had long since terminated. 


The writer has used the method of computing storage relations from 
recession curves (5). From his experience he would be very much surprised if 
points prior to the point of contraflexure did not plot to the right of the curve 
as in Fig. 2, and he cannot accept this as proof that this is the point of termi- 
nation of overland flow. 

The method of verification adopted by the authors (applying empirical 
formulas directly to the material used to derive them) may be deficient to the 
extent that the data used in the derivation of the technique may have sampled 
only a limited number ofjexperiences. A later flood representing an entirely 
different combination of events may prove such empirical methods to be 
unreliable. Present flood-routing technique has many shortcomings, and there 
is a great need for the application of some of the more general laws of fluid 
motion to the problem to replace present empiricisms. It seems probable that 
the authors did not take full advantage of the considerable amount of published 
material relating to the technique of flood routing. 


Frep E. Tatum,” Jun. Am. Soc. C. E.”*—The method advanced by the 
authors for obtaining their storage curves saves considerable time. The curve 
thus obtained represents the true storage for that particular storm rather than 


_the average curve as computed by other methods. 


The true recession curve is an exponential curve”*:*4 and the recession factor 
can be designated by “‘A.”’ The recession factor ‘‘K,” of both the upper and 
lower gaging stations, must be equal for the S versus (Q + O)-curve to be a 
straight line. In the case of unequal recession factors, S versus (Q + O) will 
plot as a curved line. 

Since the recession curves are exponential and equal, the S versus (Q + Q)- 
curve should be a straight line starting at the origin and drawn parallel to the 
curve used by the authors. The curved line obtained at lower stages by the 
authors is apparently due to the fact that the point at which surface runoff 


‘appeared to end was sooner than the actual ending time. 


This routing method gives good results when the two gages are reasonably 
close together, but if the reaches are too long for the period of time required for 
routing, the results cannot be depended upon. One of the requirements in 


‘routing is that the reach should be of such length that the time of travel through 


the reach is about the same as the length of the period used in routing. 
It seems that the authors went to considerable trouble in computing the 


Jocal inflow and then routing it down to the gage, when it is readily obtainable 


by aneasier method. The hydrograph of local inflow, of necessity, would be at 


22 Junior Engr., U. S. Engrs., Rock Island, Il. 
22a Received by the Secretary October 15, 1941. 
23 ‘Relation Between Rainfall and Run-Off from Small Urban Areas,” by W. W. Horner and F, L. 
Flynt, Transactions, Am. Soc. C. E., Vol. 101 (1936), p. 140. 
2% The Mathematical Synthesis of the Flood Hydrograph,” by R. T. Zoch, Transactions, Am. Geo- 
07 


physical Union, 1939, p. 207. 
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the lower gaging station, and therefore would not need to be routed. The local 
inflow hydrograph can then be obtained by subtracting the routed flows of the 
upper gaging station from the flows of the lower gaging station. The difference 
will be the hydrograph for the local inflow. 


H. C. Woster,2° Assoc. M. Am. Soc. C. E.2°*—The method of flood routing 
developed by the authors is felt to be a distinct contribution to the methodology 
of delineating flood and damage source areas. The method is particularly 
adapted to use in the flood-control preliminary examinations and surveys of the 
Department of Agriculture, in the’ prosecution of which it is usually impracti- 
cable and economically impossible to obtain the channel cross sections and other 
hydraulic data requisite to the more exact methods of flood routing. 

The authors’ method has been used during and since its development in the 
flood-control preliminary examinations conducted by the Appalachian Forest 
Experiment Station, at Asheville, N. C., and, since May, 1941, under the 
supervision of the Regional Office, Bureau of Agricultural Economics, at 
Atlanta, Ga. The method was used first as a means of defining the principal 
sources of flow contributing to downstream damages, but in studies made since 
May, 1941, routings made by this method have been used as a basis for allo- 
cating actual flood damages at critical downstream points to the respective 
tributary areas. The alloeation of damages to source areas in turn becomes one 
of the bases for determining the critical areas on which a land-use improvement 
program can be expected to contribute to flood reduction. The flow routing 
is used also for approximating the contribution of each area to the anticipated 
reduction. 

This discussion is intended to present some of the difficulties encountered 
in the application of the method, in the hope that they may be considered by the 
authors in any further development and refinement of the method. It is 
regretted that solutions of the difficulties cannot be offered in this discussion. 

The authors state that their selection of gaging stations for illustration was” 
based partly on the excellent discharge records available. It is evident from 
the presentation that very good results have been obtained with these records. 
In the studies made by the writer it has been necessary to use the available 
discharge records for the watersheds studied, many of which are less reliable 
than those used by the authors because of lack of definition of stage-discharge 
relationships for high stages or because of complications due to backwater,’ 
slight regulation, or other causes. Gaging station records affected by a 
nounced stream regulation have not been used. The results obtained by using 
the regular run of discharge records are less fortunate than those encountered 
by the authors. It has been found necessary in most cases to adjust the 
routed hydrographs of Q and J after completion of the procedure because when 
they are combined they do not check, even closely, the actual hydrograph. In 
some cases the adjustments have been rather large, necessitating the exercise of 
personal judgment and hence detracting from the usefulness of the routing 
method as an exact procedure. 


See 
* Associate Hydr. Engr., Appalachian Forest Experiment Station, U. 8. F i 
2a Received by the Secretary October 16, 1941. + hn Se Honea ESOS et Sata 
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In most cases where adjustment of the routed hydrographs has been made, 
it has been found necessary to reduce the peak of the routed hydrograph of Q 
and move it ahead in point of time. This appears to indicate that the relation- 
ship of (Q + O) to channel storage does not yield sufficiently large storage 
values. This has been found to be particularly true in cases where the distance 
between gaging stations is long. One reason for this may be that the relation- 
ship between (Q + O) and channel storage was developed from the recession 
side of the hydrograph and does not take account of the fact that for a given 
stage the channel storage is greater on the rising than on the recession side of 
the hydrograph. Consequently, the application of the authors’ channel 
storage relationship reduces the peak discharge in transit between stations less 
than actually occurs. Also, the actual time of transit of the flood wave is 
greater than that obtained by this method. 

It has been found that, in computing outflow from the inflow hydrograph of 
Q, negative values of outflow are often obtained for a number of periods at the 
beginning of the outflow hydrograph. Since the total volume of Q’, including 
the negative values, equals the original volume of Q, then, if the negative values 
of Q’ are called zero, the total outflow becomes greater than the original volume. 
This is believed to be due to errors in the slope of the storage curve near its 
lower end and doubtless could be corrected by adjusting the slope of the storage 
curve by trial and error. It has been found to be quicker and more convenient, 
however, to adjust-the hydrograph of Q’ directly to the original volume. 


Correction for Transactions: In the inset of Fig. 1, the stream labeled 
“Monongahela River’’ is the ‘‘West Fork River.” 
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METHOD OF PREDICTING THE RUNOFF 
FROM RAINFALL 


Discussion 


By Messrs. RICHARD VAN VLIET, AND LEROY K. SHERMAN 


RICHARD VAN VLuIET,® Esq.**—Some of the factors that enter into the so- 
called water-loss curve have been evaluated in this paper. Water-loss curves 
based on monthly or seasonal rainfall have been used for a number of years by 
hydrologists in studying the yield of drainage basins. The authors have de- 
veloped such a curve for the Valley River, based on individual stream rises. 
The writer wishes to comment on a few of their conclusions. 

The authors refer to one of the ways by which rainfall is disposed of as 
“surface loss” which, as defined by the authors, is in reality the sum of two 
quantities—interception and depression storage.? In order to determine 
these quantities separately, a study of the storm rainfall pattern is required. 
It cannot be done with any degree of success by considering only the total 
amount of storm rainfall and duration. The volume of interception and de- 
pression storage depends on rain intensity. Interception occurs at all rainfall 
intensities, whereas depression storage cannot occur unless the rate of rainfall 
is greater than the infiltration capacity. The authors state that ‘surface loss” 
becomes constant at some extremely high rainfall, but this is true only if the 
particular “high rainfall” is equal to the infiltration capacity. Excluding 


infiltration, interception becomes constant at very moderate rain intensities — 


after interception storage is filled. This paper is a study of surface runoff 


a. 


phenomena, and in such a study the rainfall must be considered in detail, in - 


regard to both its intensity and duration. 


The authors state that the duration of surface runoff may be taken as the - 


length of the unit graph base. From analyses of various stream rises, together 
with the corresponding channel inflow graphs, it has been found that direct 
surface runoff ends at about the point of inflection on the recession side of the 


Norz.—This paper by Ray K. Linsley, Jr., and William C, Ackermann, Juniors, Am. Soc. C. E., was 


published in June, 1941, Proceedings. Discussion on this paper has appeared in P dit vS: 
October, 1941, by Bertram 8. Barnes, Assoc. M. Am. Soc. é: E. re ame eda DS 


8 Prin. Asst. Engr. to Robert E. Horton, Cons. Hydr. Engr., Voorheesville, N. Y. 
8a Received by the Secretary October 8, 1941. 


§ “Hydrologic Interrelations of Water and Soils,” by Robert E. Horton, } i i 
SR ueeat vert) ein nisin, Vy orton, Proceedings, Soil Science Soc. 
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hydrograph of a stream rise.” Beyond the point of inflection the recession 
side of the hydrograph is composed of two items—channel storage and ground 
water. The area under the recession side of the hydrograph beyond the point 
of inflection and above the ground-water flow curve is usually referred to as 
- “channel storage.” The use of the term “surface-runoff recession curve” by 
the authors to express this quantity is deemed unfortunate, as the term “chan- 
nel storage recession curve” is generally used to express this quantity, since 
surface runoff has ended. Attention is called to the fact that the method of 
developing channel storage recession curves was first published by Robert E. 
Horton,!° M. Am. Soc. C. E. 

In. Fig. 7 the authors correlate ‘duration of rainfall, in hours,” with “time 
to ground-water peak, in hours.” A study of the paper leads to an understand- 
ing that duration of rainfall is the total duration of storm rainfall, including 
any residual rainfall (rainfall in which the intensity is less than the infiltration 
capacity).. The writer cannot agree with the authors that this relation holds 
true for all cases if total rainfall is accepted under their definition. For ex- 
ample, consider two storms, each having identical periods of rainfall excess 
of 1-hr duration; that is, with rainfall intensity greater than infiltration capacity. 
In one storm, however, assume also a period of residual rainfall in which the 
intensity is, say, 0.05 in. per hr, or well below the infiltration-capacity rate, and 
lasting for 4 hr. In the first storm the duration of rainfall is 1 hr and in the 
latter storm 5 hr. Other factors being equal, the time at which the ground- 
water flow will reach its peak will be practically the same for both storms. It 
seems to the writer that any attempt to correlate total duration of rainfall 
with time for ground water to reach its peak will give results of little value if 
- the total duration of rainfall includes the period of residual rainfall. 


LeRoy K. Saerman," M. Am. Soc. C. E.““—The quantity of moisture in 
the soil materially governs the intake of rainfall and consequently affects the 
quantity of surface runoff. Several empirical procedures have been used to 
approximate this important antecedent soil-moisture index. The writer” and 
others have based their approximations on percentage of antecedent rainfalls 
together with the intervening amounts of “drying out” time. The authors have 
_ estimated the amount of ‘‘drying out’ with the logical and more specific use of 

an evaporation factor. 
. In Table 1 the usual practice of segregating base flow, or ground-water 
flow, and surface runoff has not been followed. Apparently the authors as- 
sume that ground-water runoff (Col. 3) is due to infiltration, not absorbed 
(Col. 10), and that this ground-water runoff all comes from the given storm on 
the basin. This may or may not be true. Ground-water runoff may originate, 
in part, from territory outside of the basin. A part of the ground-water flow 
may be measured by the stream gage and a part of this flow may by-pass the 


10 “Surface Runoff Phenomena,” by Robert E. Horton, Publication 101, Horton Hydrological Lab., 
Voorheesville, N. Y., 1935. 

ul Cons. Engr., Chicago, Ill. 

lla Received by the Secretary October 15, 1941. 

12“‘The Unit Hydrograph and Its Application,” by L. K. Sherman, Journal, Associated State Eng. 
Societies, April, 1941, p. 4. 
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gage in transit through the soil. It is possible to check the assumption made 


in this case. 
In Table 3 the writer has selected, at random, eight storms from Table 1. 
If the ground-water runoff is all accounted for in the manner assumed by the 


TABLE 3.——CurEck Computations oF Loss AND RUNOFF? 


Infiltra- Ground- | | Infiltra- | Difference 

. Surface : Absorp- Surface | j: - 

infall — = tion and water é + = tionand |(Col. A mi 

wee? — runoff initial loss runoff r ton loss initial loss | nus Col. B) 

(1) (2) (A) (3) (10) (11) (B) 

2-13-35 1.19 0.14 1.05 0.42 0.20 0.34 0.96 «| +—0.09 
2-14-35 1.66 0.37 1.29 0.53 0.23 0.42 1.18 —0.11 
3— 5-35 1.19 0.09 1.10 0.58 0.25 0.34 ig Wtf +0.07 
3-— 6-35 1.01 0.21 0.81 0.45 0.30 0.31 - 1.06 +0.25 
3-10-35 0.77 0.03 0.74 0.19 0.40 0.27 0.86 +0.12 
3-12-35 2.41 0.94 1.47 0 0.73 0.54 1.29 —0.20 
4— 1-36 4.30 ial 2.59 1.24 0.58 0.81 2.63 +0.04 
4— 5-36 3.88 1.42 2.46 1.38 0.34 0.75 2.47 +0.01 


2 The column numbers correspond with those in Table 1. 


authors, then the figures in Col. B will equal the corresponding figures in 
Col. A. The column of differences A — B is the error in the authors’ assump- 
tion, predicated upon correctness of computed absorption and surface loss. 
For a pioneering job this showing is not bad. It indicates that in this par- 
ticular basin the authors’ assumption as to ground-water flow and origin is 
correct. The authors have not made use of the more recent concepts of the 
infiltration theory, such as rainfall excess, the recession curve, and the mass 
curve of infiltration capacity. The writer used a few of the authors’ ante- 
cedent soil moisture figures in such tests, but the number so used was not 
sufficient to draw any conclusions. 

Further research, on the derivation of initial soil moisture along the lines 
suggested by the authors, is much needed in applied hydrology. 4 
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By T. J. RODHOUSE, JR., Assoc. M. Am. Soc. C. E. 


T. J. Ropuouss, Jr.,? Assoc. M. Am. Soc. C. E.°*—The recommendation 
made in Section II of thie Joint Committee’s Progress Report that appropriate 
measures be taken to hasten official recognition and use of the state plane 
coordinate systems by enlisting the cooperation of state agencies is certainly 
a step in the right direction. If state highway departments, and other depart- 
ments of the various state governments whose use of surveys is substantial, 
will use the state coordinate systems and make available the coordinates of 
-monumented points, legal recognition will undoubtedly be materially speeded 
up in most states. 

It is notable that a state highway engineer was largely responsible for the 
start of the computations of the state systems of plane coordinates. LHarly in 
1933, the late George F. Syme, M. Am. Soc. C. E., of the North Carolina State 
Highway and Public Works Commission, requested the U. 8S. Coast and 
Geodetic Survey to study the possibility of setting up systems of plane coordi- 
nates for North Carolina and thereby furnished the incentive for the initiation 
of such schemes.!° 
Certain agencies of the federal government are also in a position to aid 
materially in the campaign for the adoption of the state plane coordinate 
systems. In fact, much has already been done in this direction, notably by 


Norre.—This Report was published in June, 194i, Rypoecuinas. Discussion on this Report has ap- 
peared in Proceedings, as follows: October, 1941, by Dorr Viele, Esq 
9 Associate Engr. (Civ.), U. S. Engr. Office, Rock Island, Ill. 
9a Received by the Secretary October 16, 1941. 
10 “State Systems of Plane Coordinates: Development of State Grid Systems,” by O. S. Adams, Civil 
Engineering, January, 1937, p. 33. 
1771 


; 


1772 RODHOUSE ON LAND SURVEYS AND TITLES Discussions © 


the Federal Board of Surveys and Maps, which, as early as 1936, urged its 
member organizations to use state plane coordinates wherever practicable. 

The state plane coordinate systems were called to the attention of the 
various district and division engineers of the U. 8S. Engineer Department by 
circular letter from the office of the Chief of Engineers, dated May 1, 1936. 
Incorporated in this letter was the following statement: 


“In so far as may be practicable, it is proposed that consideration be 
given to the future use of this system of basic controlled coordinates in 
surveys for river and harbor and flood control projects throughout the 
Engineer Department where strictly geodetic methods are not warranted, 
due to the relatively restricted area of the survey.” 


The U.S. Engineer Office at Philadelphia, Pa., has adopted the New Jersey 
system of plane coordinates for all of its work within the boundaries of that 
state! The surveys for the Denison Reservoir Project on the Red and 
Washita rivers along the Texas and Oklahoma border, by the U. 8. Engineer 
Office at Denison, Tex., were based on the Oklahoma Coordinate System, 
South Zone.” The Pittsburgh (Pa.) Engineer District has conducted numerous 
large-scale mapping operations in connection with proposed projects for flood 
protection for the City of Pittsburgh and vicinity. This mapping has been 
based on state plane coordinate systems.1® 

The question of utilizing state plane coordinates for the surveys in connec- 
tion with the development of the Upper Mississippi River Nine-Foot Channel 
Canalization Project arose after geodetic surveys had already been initiated. © 
This project extends from Alton, IIll., to Minneapolis, Minn., a river distance 
of approximately 658 miles, and embraces parts of five states. The use of state 
plane coordinates was not considered feasible, since the surveys were geodetic 
in scope and, furthermore, since the use of five different plane coordinate 
systems in the surveys and mapping for a single project could only lead to con- 
siderable confusion, particularly in the work of land acquisition. Accordingly, 
geographic coordinates referred to the North American Datum were used for all 
horizontal control surveys and mapping. 

Preliminary surveys and mapping required for studies of the proposed 
Coralville Reservoir Project on the Iowa River in the Rock Island Engineer 
District have been based on the Iowa Coordinate System, South Zone, although 
the system has not as yet (1941) received legislative approval. This project, 
which covers a reach of about 40 river miles and has a maximum width of about. 
3 miles, readily lends itself to the use of plane coordinates in all survey and 
mapping operations. When and if the construction of this reservoir is begun, 
it is proposed to incorporate the state plane coordinates of monumented corners 
in land descriptions and plats in general conformance with the recommendations — 
contained in the Joint Committee’s Progress Report. 

Other agencies of the federal government are making extensive use of the 


state plane coordinate systems. The Tennessee Valley Authority uses the 
u“The Utilization of the Plane Coordinates in New J Nilo’ ilip Ki L 

Geodetic Survey, Geodetic Letter, January, 1937, p. 17. Se a ED A ee ang 
2 “Maps, Monuments and Control Surveys,’ by W. W. Studdert, ibid., p. 27. 


18 ‘Control Surveys for Flood Protection Projects in the Pi istrict,’’ 2 i 
Civil Engineering, May, 1939, p. 27. zoos re the ee ae ee 
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systems as the basis for various types of property surveys, topographic surveys, 
and many special surveys.!4 The Bureau of Reclamation, in establishing the 
specifications for the surveys of the Grand Coulee Project, evolved in 1933- 
1934 a local rectangular coordinate system for the Columbia River Basin 
Project. However, late in 1935 it was decided to adopt the North Washington 
system of state plane coordinates for all future Bureau coordination over the 
reservoir site. 

There are undoubtedly numerous other instances of the use of state plane 
coordinate systems by governmental agencies that have not come to the 
writer’s attention. All such use will no doubt assist in the education of the 
engineering profession, the legal profession, and the laity in the use of state 
plane coordinates in surveys and land descriptions. 

The writer concurs in the Committee’s recommendation that it is desirable 
for a land description to be supplemented by a suitable plat, either as an in- 
tegral part of the description itself, or by reference to its place of filing in the 
public records. The former method is recommended, since it makes the plat 
readily available to all persons having occasion to refer to the instrument in 
which the description is incorporated. This method is desirable, for instance, 
in land acquisition by condemnation, where the descriptions and plats may 
not be filed in the local records until title to the lands passes, often a year or 
more after the acquisition proceedings are instituted. Copies of the descrip- 
tions and plats of all parcels involved are first incorporated in the condemnation 
petition and become a most important part of it. 

As a matter of economy, it is often not feasible to attach a separate plat to 
each description. A large number of small, contiguous parcels can be incorpo- 
rated in a single plat with a considerable saving of drafting time. In such 
cases reference to the plat by number in the descriptions of all tracts shown on 
it should suffice. 

The sample descriptions recommended by the Joint Committee include a 
minimum amount of survey data in the descriptions themselves. As a general 
practice the minimizing of the survey data in the written description and 
making reference to the recorded plat for more particular description appear 
sound. There are instances, however, in which the use of a plat, either as an 
integral part of the description or by reference to its place of filing, is not 
- practicable. In such cases a description of the form given as Sample Descrip- 
tion 3 in the Committee’s Report should be used. 

6. Sample Right-of-Way Description Based on a Center Line, by Metes and 
Bounds, Where No Plat is Available—An important form of description for 
" right-of-way tracts of uniform width is the description based on the surveyed 
center line of the right of way. This type of description is frequently used for 
highway, levee, and other right of ways, and is recommended for such use. 
Describing the center line rather than the boundaries of the tract makes for 
brevity in the description as well as for easy retracement of the survey. It is 
believed desirable to add this form of description to those recommended by 


4 ‘Use of State Plane Coordinate Systems in Property Surveys by the Tennessee Valley Authority,’ 
by George D. Whitmore, U. 8. Coast and Geodetic Survey, Geodetic Letter, January, 1937, p. 21. : 

15 ‘Combining Geodetic Survey Methods with Cadastral Surveys,”’ by Carl M. Berry, Transactions, 
Am. Soc. C. E., Vol, 105 (1940), p. 1300. 
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the Joint Committee. Sample descriptions, both with and without a plat, 
are given herewith: 


“BLANK RESERVOIR 
Tract No. 1 Buank County, lowa 


A tract of land situated in the County of Blank, State of Iowa, being a strip 
of land of uniform width of 66.0 ft located in SWiN W3 section 2, township 90 
north, range 8 west of the 7th principal meridian, bounded on the westerly 
end by the west line of said section 2 and on the southerly end by the east and 
west quarter line of said section 2 and being 33.0 ft on each side of the following 
described center line, all coordinates and bearings being referred to the Iowa 
Coordinate System, South Zone: 


Beginning on the west line of said section 2 at a point (coordinates: 
x = 2,499,896.4 ft, y = 601,131.3 ft) which is north 01° 53’ west, 543.9 ft 
from the west quarter corner of said section 2; thence north 75° 17’ east, 
498.2 ft to a point of tangency; thence 366.4 ft along the arc of a curve to 
the right, the radius of which is 286.48 ft and the long chord of which bears | 
south 68° 05’ east, 341.9 ft, to a point of tangency; thence 494.5 ft along 
the arc of a curve to the left, the radius of which is 1,432.40 ft and the long 
chord of which bears south 41° 20’ east, 492.0 ft, to a point on the east and 
west quarter line of said section 2 which is south 88° 54’ west, 125.3 ft 
from the southeast corner of said SW4N W} section 2, containing 2.3 acres, 
more or less.” 


Description 6 is complete in itself and is recommended for use in the event 
reference cannot be made to a plat. The numbers are given only in numerals 
and are expressed only to the nearest minute in the bearings and to tenths of a 
foot in the distances. These units reflect the accuracy of the field work and 
computations and make the use of the term “more or less’’ unnecessary. 

Descriptions based on a center line are often unsatisfactory in that they fail 
to describe the end bounding lines adequately. In the absence of a definition 
of such lines it is logical to assume that the tract is bounded at the two ends by 
lines perpendicular to the center line at its end points. In Description 6 the 
end bounding lines are stated definitely and this practice is recommended in 
all center-line type of descriptions. 

7. Sample Right-of-Way Description, Including a Plat As Part of De- 
scription.— Description 7 is similar to the general part of Description 6 in that 
it locates the tract by section, township, and range, defines the end bounding 
lines, and gives the width as well as the area of the strip (see Fig. 2). 

The plat incorporated by reference to the file number gives the coordinates 
of two land corners, as well as of the point of beginning of the tract, and the 
courses and distances along the center line of the right-of-way tract. The — 
courses are expressed as grid bearings, although they could be stated equally 
well as grid azimuths. The latter have the advantage of being more readily — 
utilized in the field in making a retracement survey. Bearings, on the other 
hand, are undoubtedly more readily understood by the abstracter of titles, or 
title examiner. Both grid north and true north are shown by arrow on the 
plat, together with the departure of grid north from true north, expressed in 
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“BLANK RESERVOIR 


Tract No. 1 Buank County, Iowa 


A tract of land situated in the County of Blank, State of Iowa, bein tri 
of land of uniform width of 66.0 ft located in SWiNWi section 2, fovinalin 90 
north, range 8 west of the 7th principal meridian, bounded on the westerly end 
by the west line of said section 2 and on the southerly end by the east and 
west quarter line of said section 2, containing 2.3 acres, more or less, said Tract 
No. 1 being more particularly shown on a plat designated as file BR-F-1 
attached hereto and made a part hereof.”’ 
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degrees and minutes. These data should be shown on the plat in every case 
where the relationship can be computed readily. 

The use of coordinates for descriptions and plats of boundary prior to 
official recognition of the coordinate systems through the enactment of enabling 
laws must necessarily proceed with caution. Two properly executed inde- 
pendent surveys originating at different control stations and touching upon 
identical points may result in disagreement as to the coordinates of those points 
unless the two surveys are properly coordinated. Without proper coordination 
of adjacent or overlapping surveys, identical points might carry different sets 
of coordinates on recorded plats or descriptions compiled from different surveys, 
thus creating confusion in the minds of title examiners. In other words, 
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although a point has one and only one set of coordinates, the determination of 
those coordinates by survey is limited by the accuracy of the survey work. 
The situation is analogous to that which confronted the U. S. Coast and 
Geodetic Survey in the development of the horizontal control net over the 
United States. As the work progressed it became necessary to adjust new 
ares of triangulation in order to fit them into the net that was already in 
existence and already adjusted. Eventually a comprehensive adjustment was 
required, changing all coordinates except those for one central station. The 
ideal procedure in the use of state plane coordinates would be to establish an 
adequate number of adjusted control stations prior to the use of the coordinates 
in land descriptions that are to be filed for record. However, the benefits to 
be derived from the use of the systems are great enough to justify beginning 
such use at the present time in spite of the problems that are certain to arise 
in the coordination of surveys. 


To avoid continued difficulty in boundary locations and in the tracing of. 


land titles, a central bureau in each state for the filing and dissemination of data 
necessary for the establishment of boundary locations is imperative. This 
agency might best be in the form of a State Land Court with sufficient authority 
to exercise control over all surveys and descriptions to be recorded. The results 
of the Joint Committee’s survey to determine what methods have already been 
put into practice to accomplish this end clearly show the past negligence of 


most states in the matter. The recommendations contained in Section IV 


of the Committee’s Progress Report point the way toward improvement in the 
recording and use of survey data, particularly in land descriptions. 


i dete 
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WIND STRESS ANALYSIS BY THE 
K-PERCENTAGE METHOD 


Discussion 


By OTTO GOTTSCHALK, Esq. 


Orro GorrscHaLK,'® Esq.!°*—For more than a century structural analysis 
has been almost entirely characterized by abstract mathematical speculation. 
This is especially true of the eighties. It seems as if this trend was started by 
specialists to establish—as a mystery—the art of expressing simple relations 
in endless formulas and equations. Even today this characteristic of structural 
analysts is admired and emulated the world over. In the United States, writers 
of textbooks have mitigated the learned excesses, but fundamentally confusing 
and complicating expressions such as “redundants,” “least work,” etc., still 
abound—concepts that are not essential to the type of structure to be designed. 
The present trend is toward simplified methods of balancing moments or rota- 
tions, such as that developed by Professor Cross.7 This symbolizes a much 
needed reaction to a study of how a structure acts in nature and of relative 
efficiencies. The cycles of computation, back and forth, to balance a dis- 
turbed equilibrium in a structure are easily perceptible to the analyst. Even 
these arithmetical devices are unnecessary, however, if the analyst will study, 
directly, the geometrical deformations that can be observed by the eye. 

Professor Witmer states (see heading ‘‘Present Methods of Design’’) that 
“Of the so-called ‘exact’ methods, the ‘slope deflection method’ * * * and the 
method of end-moment distribution * * * are the most outstanding.” This 
statement is incomplete. A form of visual experiment has been advocated by 
the writer for many years?’ as the logical basis of all structural analysis. A 
model composed of flexible splines, subjected to a unit geometrical alteration at 
any place, bends into curves which are the parts of the influence line for the 


Norty.—This paper by F. P. Witmer, M. Am. Soc. C. E., was published in June, 1941, Proceedings. 
Discussion on this paper has appeared in Proceedings, as follows: September, 1941, by C. M. Goodrich, 
M. Am. Soe. C. E.; and October, 1941, by Messrs. Francis L. Castleman, Jr., and Clyde T. Morris. 

19 Buenos Aires, Argentine Republic. 

192 Received by the Secretary September 9, 1941. 

7 “Analysis of Continuous Frames by Distributing Fixed-End Moments,’’ by Hardy Cross, T’ransac- 
tions, Am. Soc. C. E., Vol. 96 (1932), p. 1. 

20 Tbid., Vol. 105 (1940), p. 1019. 


1777 


1778 GOTTSCHALK ON K-PERCENTAGE METHOD Discussions 


stress represented by the flexed part. The resistance to rotation at the end of 


~ 


a member, of specific stiffness K = =, is the relative stiffness”! 


th 


Sa Kl 05m) 


This simple expression defines implicitly and automatically the end value of a 
balancing series and is obtained in a minimum of time. 

One of the principal lessons derived from the use of splines is to keep the 
analysis of structures entirely separate from load and stress computations in 
order to avoid relapsing, even partly, into the former state of “earned” chaos. 
To analyze a structure for wind stress assume the upper floor (Fig. 4) to be 


Fie. 4.—DIsPLAcEMENT ‘“‘1’’ oF Upprer FLOOR 


pushed to the left by a unit distance 1. The columns then assume a curved 
form whose end tangents intersect the floor levels at distance f and f’, as shown. 
The resistance of any one.column to the unit horizontal sway is: 


; _6EK(f'—f) 
A ee (6) 


in which, generally, f and f’ have opposite signs and P is the force required to 
produce the unit displacement. Then aa P indicates the share absorbed by that 
column of the total horizontal thrust P acting at the upper floor. The per- 
centage thus obtained is multiplied by the horizontal thrust P to compute the 
thrust at each column. The analyst scarcely realized that he has introduced 
the thrust P into the geometrical analysis of (f’ — f) itself; yet that is what is 
being done all the time. 

The AP values in every story are relative. Therefore, it is possible to intro- 
duce any simplification that affects all members in approximately equal propor- 


tions. Generally, in solving Eq. 6 for any single story is canceled and (for 


a ee ee 


1 “Structural Analysis Based Upon Principles Pert: ” 
Ditiencinns, (Amn. Boo, CB. Vol 158 (19 38) a es on aining to Unloaded Models,” by Otto Gottschalk, 


2 Tbid., Vol. 105 (1940), Eq. 5, p. 1020. 
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Kips~y feel ie b= 30'— example) it will be admissible to 

A 5.195 B 8.010 11.33" e I 
[ee Sates substitute S by K = ZL for all 
the structural members, without 
affecting the results materially. 
Similarly, in structures generally 
the columns joining at the upper 
and at the lower floor of each 
story will influence the members 
of that story in equal propor- 
tions, and for the purpose of in- 
terior analysis, may be omitted. 
Fig. 5 shows clearly** how the 
distribution of all these shears is 
influenced by the relative mas- 
siveness of the columns at the 
Ez sides, at the center, or at one side 
of the building, proving again 
that the load distribution is en- 

tirely different from that deter-- 
mined with the assumptions 
_ made in some of the older meth- 
ods, as rightly emphasized by 

Professor Witmer. 

Fig. 6 is the three-bay, 10- 
story bent presented elsewhere 
by Professor Witmer™ which the 
writer has analyzed according to 
his views. It will be noted that 
the flexibility of exterior columns 
is exceptionally great in relation © 
to the remainder of the structure. 
Theanalysis can be demonstrated — 
as applied to the story between 
the sixth and fifth floors (Fig. 7). 

The girder shears are ob- 
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Fig. 6.—Turee-Bay, 10-Story Bent tained as follows: : 
Ka ey sth ii si = 0.932 
Kg 6’. = 3.388 X 50 = 2.050 
Kz 0, = 3.388 X Soi Re = 2.382 
Sum each side of center line 5.364 


Total at one floor, 2 X 5.364 = 10.728 


% Transactions, Am. Soc. C. E., Vol. 105 (1940), Fig. 7, p. 1038; see also Fig. 10, p. 1043, which 

the possibility of obtaining comparative values for the flexibility and sway of ae Banciny pigs 
24 “Sixth Progress Report of Sub-Committee No. 31, Committee on Steel of thi ivisi 

on Wind Bracing in Steel Buildings,” Proceedings, Am. Soc. C. E., J inet 1939, “9 re aeira ai kee: : 


if 


j 


ao 


_ November, 1941 GOTTSCHALK ON K-PERCENTAGE METHOD 1781 


; 0.932 2.050 2.382 
Proport >; ——— = 0.087: Hee, . Q ve 
portions 10.728 0.087; 10.78 0.191; and 10.798 = 0.222. 

Mas ; 

05M = 0.087 + 0.191 = 0.278; Sa=— Rs, = 10 = 22.24 kips 
My M 
DE pf = 0-222 + 0.222 = 0.444; Sy = nis = 23.68 
Reaction at column B: Rp = 8S, —S,= + 1.44 kips 
a=20! 6=30! 
: ae: sts 


| 
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a b b 90 Kips 
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5th Floor K,=5.195 


Column Pressure 
15.30+17.82=33.12 Kips 
Column Pressure | 


Fig. 7.—ComPuTaTION OF STRESSES AT THE SIxTH FLOOR 


22.24 Kips 


The shear at the columns between the fifth and sixth floors may be com- 


puted as follows: 
2 1.137 X<,5.195 


a USC ear FPS ST ey Pee 
Lipa tie BIBS) X15 LOB north 
LOL SIGS rey farter ToT] el otc 
Kp 6; —  3:388.X 8.0102 ste, 


8.010 + 3.388 


Sum each side of center line 6.015 
Total, 2 X 6.015 each at bottom and top = 12.030 


Section modulus for this level: i= zak (@ — 0’) = 24.060 


; 1.583 2.050 2.382 

13 : = ; = ; ———. = (1), 198 
roportions: 12.030 0.132; 12.030 0.170; and 12.030 

4 —=-90) X 0.132 = 11.88 K: and Sp = 90 (0.170 + 0.198) = 33.12 K. 


Table 4 shows the bending moments obtained by the foregoing analysis in 
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TABLE 4.—ComparaTIVE MoMmENTSs IN A SYMMETRICAL THREE-BAY 


Tren-Story Bent (Fie. 6) 


(C =Cross Method (Averages); W = Witmer Method; G = Gottschalk Method; 
D, = Percentage Difference Between G and C; and Dy» = Percentage Difference Between 
G and W.) 


OutTER MEMBERS INNER MEMBERS 
Floor or 
story 
Cc w G De. Dw Cc WwW G De Dw 
(a) GIRDERS 
10 15.6 ASC 14.8 —5 +8 21.7 22.7 20.6 —5 -9 
9 60.5 54.7 59.2 —2 +8 79.5 90.6 82.1 +4 -—10 
8 110.6 109.4 111.2 +1 +2 182.3 181.3 177.6 —3 —2 
7 164.3 164.1 166.8 +1 +2 281.0 271.9 266.4 —5 —2 
6 217.0 218.7 222.4 +2 +2 368.7 362.5 355.2 —4 —2 
5 273.4 273.4 278.0 +2 +2 453.5 453.1 444.0 —2 —2 
fb 326.6 328.1 326.4 0 —1 551.5 543.8 547.2 —1 +1 
3 379.8 382.8 380.8 0 =] 649.7 634.4 638.4 —2 +1 
2 431.8 437.5 430.4 0 —2 729.4 725.0 742.3 +2 +2 
1 448.8 440.3 433.1 —3 —2 753.5 729.5 747.0 =—1 +2 
(b) CoLumMNs 

10 15.6 13.7 15.9 +2 +13 33.4 36.4 34.1 +2 —7 
9 48.0 41.0 47.7 —1 +14 103.0 109.0 108.3 +5 —7 
8 62.3 68.4 62.5 0 -8 187.6 181.7 187.5 0 +3 
7 88.6 95.7 87.5 —l —8 261.3 254.3 262.5 0 +3 
6 120.1 123.0 118.8 —1 —3 328.9 326.9 331.2 +1 +2 
5 147.0 150.4 145.2 =] —3 403.0 399.6 404.8 0 +1 
4 166.5 177.7 163.8 —2 —7 485.8 472.3 486.8 0 +3 
3 196.7 205.1 189.0 —4 —8 558.5 544.9 561.0 0 +3 
2 228.4 232.4 222.7 0 —5 621.6 617.6 627.3 +1 +2 
1 208.6 207.9 208.4 0 0 597.6 552.2 631.9 sated Pashto 

Base 267.9 251.5 255.2 —5 +2 825.9 884.4 804.5 


girders and columns respectively, compared with the average moments of the 
Cross method and the moments of the Witmer methods. It will be seen that 
the writer’s results are close to the average of the Cross moments and generally 
between Professor Cross and Professor Witmer. 

The lower part of Fig. 7 shows the column pressures and column shears” 
produced by the 90 kips of wind pressure acting at the sixth floor, and by the 
M = 1,600 kip-ft of moment, quite distinct again from general, arbitrary 
assumptions. 

Knowing the accumulated column pressures, and their shortening or length- 
ening in relation to the nearest column, the correction is simple enough to 
determine by Eq. 6, substituting for H the length L of the connecting beam 
between columns.?° Additional important data obtained by the writer?’ are 
the section modulus and ‘accumulated sway” in Fig. 6, which establish and 
define a valuable criterion for the flexibility of different column arrangements 
in a bent. 

Altogether the merits of Professor Witmer’s paper and the K-percentage 
method cannot be questioned, especially in comparison with the results of the 
older arbitrary methods; but a method, separate from the structure, is not 
needed if it is analyzed in the manner suggested herein. The three-bay, 10- 
story bent is most convenient for training purposes and demonstration; yet 
results obtained with it do not apply to the irregular bents encountered in daily 


practice, where exterior columns are less flexible compared with the other 
members of the structure. 
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DESIGN AND CONSTRUCTION OF SAN GABRIEL 
DAM NO. 1 


Discussion 


By E. SOUCEK, JUN. AM. Soc. C. E. 


EK. Soucex,® Jun. Am. Soc. C. E.**—This discussion is confined to Fig. 24 
and one of the author’s comments in connection with it. The ranges of heads 
plotted for each model and the corresponding prototype ranges (in feet) are 
approximately as follows: 


Model Model heads Prototype heads 
1: 20 ; 0.50 to 0.85 10 to 17 
eet OO 0.10 to 0.20 10 to 20 
1 : 500 0.02 to 0.05 10 to 25 


It may be that there was no necessity for discharges corresponding to heads 
lower than about 10 ft. If this was the case, the tests served their purpose but 
they do not justify the author’s statement (see heading “Spillway’’) ‘that the 
discharge for all models and probably also for the prototype” can be expressed 
by Eq. 5. This inference should be qualified as to the range of head within 
which the formula is to be applied. The conformity between the models is 
excellent in the range of heads compared. An extension of the comparison to 
lower heads would be equally valuable and interesting. 


Nors.—This paper by Paul Baumann, M. Am. Soc. C. E., was published in September, 1941, Pro- 
ceedings. 

3 Hydr. Engr., The Panama Canal, Balboa Heights, Canal Zone. 

3a Received by the Secretary October 3, 1941. 
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PILE-DRIVING FORMULAS 


PROGRESS REPORT OF THE COMMITTEE ON THE 
BEARING VALUE OF PILE FOUNDATIONS 


Discussion 


* 
By Messrs. HOWARD T. EVANS, WILLIAM G. ATWoopD, DONALD M. 
BURMISTER, WALLACE E. BELCHER, CLEMENT C. WILLIAMS, 
AND D. P. KRYNINE 


Howarp T. Evans,” Esq.**— Working along the lines suggested in 1936 by 
R. D. Chellis,22 M. Am. Soc. C. E., the writer has obtained some checks on 


the use and value of the general formula (Eq. 3) which he believes may be of © 


interest in analyzing the Report under discussion. He has also developed a 
method of applying the formula on the job which has proved itself in practice. 

The first question usually raised in regard to the ‘‘complete’”’ formula is 
whether or not the assumptions on which it is based are sufficiently correct to 
make it possible to estimate, by this means, the force required to make the 
ground fail and yield under the tip during driving. Were it possible to insert 


an accurate spring balance under the tip and read it at each blow of the driving © 


hammer, the general accuracy of the formula could be verified. In effect, this 
can be accomplished by regarding the pile itself as the spring balance, and 
measuring its elastic compression. 

The next question raised in regard to the formula is whether or not the force 
thus estimated or measured is the true ultimate bearing value of the pile. 
Conclusive proof or disproof of the answer to this question can only be obtained 
by elaborate and expensive tests which it may never be practicable to make. 
It would be necessary to install and apply long-time load tests to groups of 
piles, from which all support by side friction had been removed. The ordinary 
short-time load test is useless because the pile receives frictional support along 


Notre.—This Report was published in May, 1941, Proceedings. Discussion on this paper has appeared 


in Proceedings, as follows: September, 1941, by Messrs. G. G. Greulich, C. O. Emerson and D. O. Northrup, - 


Harry J. Engel, and John D. Watson; and October, 1941, by Messrs. Robert D. Chellis, Lazarus White, 
John G. Mason, Carlton 8. Proctor, George Paaswell, and Abraham Woolf. 


* Care of Supervisor of Shipbuilding, U. 8S. Navy, Bethlehem Steel Co. (Shipbuilding Div.), Terminal 
Island, California. 


82a Received by the Secretary September 15, 1941. 


20 “‘A Consideration of Pile Driving with Application of Pile Loading Formul »’ by Robert D. is. 
Journal, Boston Soe. of Civ. Engrs., January, 1941, Vol. XXXVIII, Ne a ‘iced aaa ine 
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its entire length, a considerable proportion of which often comes from a stratum 
of silt or soft clay, and has only temporary value. This temporary gripping 
effect will gradually disappear under a load applied over a period of months or 
years, and if it has been counted upon for support, serious settlement may re- 
sult. This side friction from silt or soft wet clay is negligible during driving, 
where the downward motion is unceasing and steady under a steam hammer; 
but the pile is “seized” the moment the driving stops. For the very common 
condition in which it is necessary to penetrate a soft layer and deliver a load 
to a firm underlying stratum, it does not appear that any better guide to the 
bearing value of a pile has yet been determined than the tip resistance under 
the last few blows of the hammer. It is certainly more valuable in this respect 
than any practicable load test. 

An interesting check on the accuracy of the “‘complete formula” as a 
measure of this tip resistance was afforded by a job, of which the writer had 
supervision. At this site, 10-in.-H-42-lb steel piles, 50 ft long, were driven to 
rock with a single-acting steam hammer having a ram of 7,500 lb and a stroke 
of 42in. Assuming 0.9 as the efficiency of the hammer, the energy input was 
270,000 in-lb. At twenty blows to the inch, the computed losses were: (1) 
Impact loss assuming ‘‘coefficient of restitution’ of 0.32, 66,000 in-lb; (2) loss 
in compression of head and cap, 40,000 in-lb; (3) loss in elastic compression of 

pile, 134,000 in-lb; (4) loss in ‘‘quake”’ of earth, 10,000 in-Ib; and (5) loss in 
friction through soft silt, negligible. Subtracting these losses from the input, 
the energy remaining at the tip was computed as 20,000 in-lb. Dividing this 
value by 0.05 in. (which was the movement of the pile at each blow) the tip 
resistance was found to be 400,000 lb. 


. Ral 3 
If this was the true tip resistance, and Eq. 10 is correct, then a = ONG 


400,000 x 600 
29,000,000 X 12.35 
= 0.67 in. In other words, according to the computations, the pile should - 
shorten and rebound 0.67 in. at each blow. 

This effect was measured in the field, near the completion of the driving of 
a pile, by holding a piece of paper flat against it near its head and tracing (by 
means of a pencil guided by a rigidly supported straight edge) the actual elastic 
compression at each blow. The records in Fig. 1 are reproduced from a 


the “‘elastic compression as driven” (see Paragraph A-4) = 


Penetration per Blow 


A AAA \A 
hy eae 0b) Ae ~ 


(a) Elastic Compression of Pile 
Fie. 1 


acs} 
Baer dy 


tracing of the original field sheets. The compression was found, constantly and 
repeatedly, to be almost exactly $in. It requires a little practice to make this 
field measurement, but it can be done as many times as is necessary to obtain 
a convincing result. 


ae 
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A further check is necessary, however, before one is justified in accepting 
the measurement of elastic compression as evidence of the presence of a force 
of 400,000 lb in the pile. The validity of using the deformation of a pile as 


a measure of the force by application of the static formula ( deformation = 


force X length 

EA 
is a “sudden” load and not a static one. According to one theory, the tem- 
porary deformation under a suddenly applied force should be double the con- 
stant deformation under a static load. If this were true, the actual tip re- 
sistance in this case would have been shown to be 200,000 lb instead of 400,000 
Ib. Another method of analysis takes into consideration the travel of a wave 
of compression along the length of the pile. All these complications are 
undoubtedly present to some degree. 

However, the evidence seems to indicate that, although the simple static 
formula by no means represents exactly what takes place within the pile, it 
serves as a means remarkably accurate, even though empirical, of computing 
the elastic compression and the energy loss. In the case described herein, 
further verification of the true tip resistance was obtainable by watching these 
piles closely for yielding of the metal. With a normal yield point of 33,000 lb 
per sq in., failure should begin at approximately 12.35 X 33,000 = 407,550 lb. 
Therefore, driving any harder than twenty blows to the inch should produce a 
noticeable effect on the steel. Such was actually the case, as was observed 
repeatedly. 

If the driving was carried to thirty blows to the inch, yielding near the 
heads of the piles usually became noticeable. One good pile that had been 
driven at twenty-five blows to the inch was pulled, ‘and slight ‘“‘ripples’”’ were 
found at two points, about midway of the shaft, indicating that yielding, had 
begun. The pile was straight and true nevertheless. 

If the “complete” formula is solved for increasingly small penetrations, it 
will be found that the maximum force, which can be applied to these piles by 
this hammer under the conditions assumed, is in the vicinity of 410,000 lb. 
Beyond this, the losses become so great that no more driving force can be 
developed; that is, at one hundred or three hundred blows to the inch, the tip 
resistance is little, if any, greater than at thirty blows. This is true for this 
one set of conditions only. The maximum limit of the force will vary for each 
length and kind of pile and type of hammer. 

The slight yielding of the metal was not damaging to the piles, since driving 
was stopped before any buckling or serious deformation occurred. The yield 


) has been a matter for considerable discussion, since the force 


point, of course, is far short of the ultimate strength of the metal, and a strain 


just to the beginning of flow tends simply to raise the yield point for subsequent 


_ applications of force in the same direction. 

The absence of any tendency to buckle in this case was of special interest 
as an indication of the very great value of even very soft silt in affording lateral 
support to the piles, and the needlessness of being too much concerned about 
the application of ordinary column formulas in their design. One pile struck 
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a hard mass of iron a few feet below the surface of the ground, and before the 
hammer could be stopped, the steel shaft buckled and was destroyed. In this 
case there was no side support, and a dramatic example of column failure was 
afforded. Nothing like this occurred when the pile tips hit the solid rock 
about 45 ft to 50 ft below the surface, even though the only lateral support 
was that afforded by a stratum of soft silt. In two or three instances, piles 
buckled underground when their tips were deflected by boulders or irregularities 
near the surface of the underlying rock, but in such cases they did not “fetch 
up” at all, and were definite failures. One of these was pulled and examined, 
and the battered tip and bent shaft were clear indications of what had happened. 

There have been a large number of other instances (both within the writer’s 
direct experience and as reported to him by engineers with whom he has been 
associated) in which the measurement of the elastic deformation of the pile 
checked almost exactly the computed deformation. In no case of which the 
writer is informed has there been any great deviation from it. 

The method of applying the ‘‘complete formula” discussed herein (which 
the writer believes to be a new and possibly useful angle of approach) consists 
of plotting, in advance of the driving, a separate curve for each type and 
length of pile and each kind of hammer used on a job. This curve shows the 
tip resistance to be expected for the entire range of values of s._ It also shows 
this resistance graphically in a way that is both interesting and useful. 

The z-values in Fig. 2 are shown in terms of blows per inch, and the y-values 
in terms of the corresponding tip resistances, or ultimate bearing values. Curve 
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Fic. 2.—Pine-Drivine Curves witH SINGLE-AcTING STEAM HAMMERS 


A was used as a guide in the driving of the 10-in.-H-42-Ib piles, 50 ft long, with 
a single-acting steam hammer (7,500-lb ram and a stroke of 42 in.), as described 


in the preceding paragraphs. 
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Points along such a curve can be plotted quickly and easily by assuming a 
series of ultimate bearing values and computing the corresponding energy 
losses in each case. Deduct the result from the energy input; then divide the 
residues by the corresponding assumed ultimate bearing values, thereby ob- 
taining the corresponding penetrations in inches. For convenience in field use, 
convert these into “blows per inch,” or “blows per foot.” Data presented 
elsewhere” by Mr. Chellis are useful, and in fact necessary, in making these 
computations. 

The method of assuming the ultimate bearing value and solving for the 
corresponding penetration per blow eliminates the ‘‘cut-and-try” procedure 
required if the reverse process is followed, since the ‘‘tip resistance” enters into 
the computation of all the “‘C”’ values in the general formula. The traditional 
approach comes, of course, from the fact that, in the field, “‘s” is observed and 
known, and “R” is the value it is desired to find; but the solution of the formula 
is much more easy and direct if it is taken the other way around. 

The curves plotted as suggested herein will be found to be especially 
interesting in the way they show what may be expected if driving is carried to 
refusal. In one case within the writer’s experience, in driving 55-ft wood piles 
with a single-acting hammer (3,000-lb ram and 293-in. stroke), difficulty was 
encountered in getting them well seated in the underlying solid stratum, the 
presence of which was shown by borings. The job superintendent felt sure 
that, whereas thirty or forty blows to the inch might not be too severe on the 
piles, driving of one hundred to three hundred blows to the inch certainly was 
too hard and should not be tolerated under any circumstances. The curve 
showed otherwise, as it flattened out at about thirty blows to the inch, ahd 
indicated clearly that three hundred blows did not stress the piles appreciably 
more than thirty. Such proved to be the case in actual practice, and several 
hundred piles were driven hard in this manner until they were at the desired 
depth, without any sign of injury. The fact was, of course, that the hammer 
was not large enough. A heavier hammer was not available at first, but when 
a 5,000-lb single-action hammer (stroke 36 in.) was finally obtained, the piles” 
penetrated to the desired level without difficulty in most cases. The curve for 
the latter hammer showed, however, that with it, driving to absolute refusal 
would set up stresses beyond the ultimate compressive strength of the wood, 
and it was necessary to exercise special care to stop before damage was done 
to the pile. 

The curves plotted for use on this job for the two sizes of hammers are 
shown as “B”’ and “OC” on Fig. 2. It is desirable that a separate curve or set 
of curves be plotted for each job. No attempt should be made to develop 
and use a set of master graphs, as this might tend to discourage the study of | 
the special conditions pertaining to each project. | 

In conclusion, the writer protests against the development or use of any — 
“pile-driving formula” as such. It is misleading and unsafe to seek a magic 
combination of terms, in a formula, that will fit any and all cases regardless, | 
and which is supposed to indicate just what load a pile will support. Evidence 
of this fact is the manner in which “practical” men, for years, have applied 
the “Engineering News” formula blindly and have stated flatly that such and 


i 
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such a pile was good for exactly so many tons. As long as there is a formula 
of any kind, this attitude will be encouraged. Instead, the engineer should 
seek to promulgate the use of a “method of analysis,’ to be handled by engi- 
neers, the same as the design of a girder or truss, for example. To be sure, 
there are many formulas used in girder and truss design, but there is no one 
“grand formula’ that does it all. The girder designer computes his loading, 
determines how much fixity he should assume at the supports, and computes 
_ the bending moments and shears. Then, taking into consideration the charac- 
teristics of the material of which the girder is to be made, he computes the 
section required. He does not seek to have at hand a ‘“‘complete formula” 
into which he can feed all the elements of the design like nickels into a gambling 
machine, and turn a crank expecting to “hit the jackpot.” He proceeds, 
instead, through a series of steps, each of which he may be assumed to under- 
stand thoroughly and which leads logically to the desired result. 

The analysis of pile driving should be approached the same way; first, by 
a careful study of the boring data and soil conditions; then by taking into 
consideration, one by one, as they occur, all such elements as the type of 
hammer, material, size and length of pile, quake of the ground, friction of the 
ground, and the like, using the appropriate formulas and coefficients for each. 
Thus will the ‘‘complete formula” be applied, not as a mystic and marvelous 
combination of terms, but as a series of steps in a logical method of analysis. 
Only by such an approach will engineers be able to solve pile-driving problems 
intelligently. 


Wiuuiam G. Atwoop, M. Am. Soc. C. E.**—Report A presents several 
formulas of questionable value. It would seem that there are no formulas of 
general or even local value unless they are treated with good judgment and 
corroborated by many tests. If that is true, why try to use a formula? 

The writer remembers a wharf built under his general direction near St. 
Nazaire, France, during World War I, The bottom was very soft, and the 
longest piles that could be obtained were little longer than 100 ft. They 
were driven to cutoff with single-acting steam hammers (5,000-lb ram and 
36-in. stroke) and averaged about 6 in. at the last blow. After the piles had 
set overnight, it required long pounding to start them again. 

Under war emergency it was necessary to take chances, and a safe loading 
of 300 lb per sq ft was given. This amounted to about 15 tons per pile. 
After the wharf had been in service under a load of 1,200 lb per sq ft, parts of 
it settled about 2 ft and then stopped settling. No known formula would have 
justified the original 300 lb per sq ft, to say nothing of the 1,200 lb per sq ft 
under which it settled. 

The writer also remembers a pile trestle on the Alaska Central Railway 
where 100-ft piles were driven into glacial silt with a very large penetration 
under a light drop hammer. This trestle carried trains safely, but no formula 
would have shown it to be safe. 

Another case with opposite results also comes to mind. A foundation of 


33 Cons. Engr., Winter Park, Fla. 
33a Received by the Secretary September 20, 1941. 
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poured-in-place, concrete, mandrel driven piles was constructed under a high 
buried abutment on the Cleveland (Ohio) Short Line Railway. The piles 
were from 25 to 35 ft long, driven to refusal and, as the writer remembers, 
figured for about 15 tons loading. This abutment settled 2 in. by the time 
the girders were placed and before there was any traffic over it. 

It would seem, with the knowledge now available, that the best the Com- 
mittee could do would be to make some very general statements as to the 
unsafeness of using formulas, and the necessity for testing and the exercise of 
judgment. Engineering may be an exact science, but this is a case in which 
there is no basis for being exact. 


Donato M. Burmister,* Assoc. M. Am. Soc. C. E.%4*—In view of the 
limitations of any pile-driving formula and of the uncertainties involved in the 
successful application to the installation of pile foundations in any given situa- 
tion, it is believed that Report B represents the better practice. Once a formula 
has been printed, it takes on a more or less authoritative character, and the 
assumption on which it is based and the limitations in its use tend to be for- 
gotten or overlooked. It is believed that not enough is known, definitely, 
about the dynamics of pile driving and the way a pile develops its permanent 
bearing capacity for different subsurface conditions to warrant the inclusion 
of formulas in the Manual of Engineering Practice at the present time. It 
seems doubtful that any consistent relationship can exist between them that 
will be of general application for different types of soil and for the extremely 
varied subsurface conditions usually encountered in practice at a given site. 

According to the concepts of soil mechanics, bearing capacity must be 
determined in relation to some maximum allowable safe settlement for a given 
structure. The question may be asked: ‘‘Does the settlement of a pile under 
the design static loading bear any relation to the penetration of the pile under 


the driving energy of the hammer at the last few blows?” It does not seem 


likely that piles, driven into soils of varying subsurface character, will stress 
the soil mass under a static loading in anything like the same manner that the 
driving of a pile does under the impact of a hammer. It seems quite certain 
that two piles driven to the same resistance (inches per blow) under the last 
few blows of a hammer will have quite different settlement characteristics, 
because of the following differences: (a) Total depth of penetration into the 
soil; (b) total energy (total number and distribution of blows) to drive the pile; 
and (c) the question of whether the resistance has been developed (Case 1) 
gradually and quite consistently along the length of the pile as it is driven: or 
(Case 2) rapidly only in a resistant stratum into which the point of the pile has 
been driven. 

These differences are indicated by plotting the profile of the variation of the 


blows per foot to drive the pile and the profile of the total blows. Experience — 


mane 


seems to indicate, so far as the settlement of the pile with respect to the soil 


in which it is embedded is concerned (not due to presence of deeper compressible 


material below the pile points), that the group effect is likely to be considerably © 


34 Asst. Prof., Civ. Eng., Columbia Univ., New York, N. Y. 
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more important for Case 1, where the bearing capacity is developed primarily 
by frictional resistance slong the embedded length of the pile, and may be 
considerably less important for Case 2, where the bearing capacity is developed 
primarily by point resistance. In as first case, the settlement of the group 
may be ten to twenty times, or even more, than that of a single test pile under 
the same static load per pile; in the second case it may be only of the order of 
five times as great. This depends on the way the pile load is transmitted to 
the soil and on the capacity of the soil to take stress—that is, its stress-strain 
properties. Preliminary model studies of pile foundations for idealized con- 
ditions have revealed some interesting facts on this phase of the subject.* 

These aspects of the problem must be considered for each given case. 
Accurate knowledge of subsurface conditions over the site, complete driving 
records of a number of piles over the site, and load testing of piles represent the 
only safe basis for design and installation. With experience and the application 
of suitable factors based on loading tests and on these other factors, almost any 
formula can be used as a “yardstick to help the engineer secure reasonably safe 
and uniform results over the entire job.” 


Wauuace EK. Betcuer,*® M. Am. Soc. C. E.**%*—The Report is particularly 
gratifying in that neither Report A nor Report B places any reliance on the 
“Engineering News” formula for determining the safe sustaining power of piles 
as now being driven. Both sections also place emphasis on the criterion for 
satisfactory load tests calling for a total net settlement not exceeding 0.01 in. 
for each ton of applied load. The Report would be of greater value if the 
advocates of the two sections had seen fit to unite on all such items which they 
could agree upon, before making separate statements of points on which general 
agreement could not be reached. 

The attempt to introduce a new formula (Report A) is of very doubtful 
value as it is based on the same fundamental data that invalidate the “Engi- 
neering News” formula, and it contains an unknown quantity ho which is very | 
difficult to arrive at in the case of individual piles and hammers. The tabula- 
tion of values of skin friction could well be more complete to include other 
materials, such as sand, and a more definite description of the material in which 
- the tests were made. 

It is the opinion of the writer that additional emphasis should be placed on 
the redriving of piles after a rest period to be taken in connection with the test 
loads prescribed. The number of test loads that can be applied is very limited, 
in any case; whereas, it would be comparatively easy to make a redriving test 
on a larger number of piles including one pile of each group. 

The ‘‘Engineering News” formula can give results that are either too high 
or too low. For instance, in soils such as quicksand and silt, a temporary 
resistance is offered that may decrease suddenly within a short time as the 
material adjusts itself, particularly in the presence of ground water. Piles 
driven on the shore of the Hudson River in New York showed 1 in. of penetra- 


as ‘Model Studies of Pile Foundations,” by M. K. Khalifa, Bulletin No. 7, Civ. Eng. Research Labora- 
tories, Columbia Univ., New York, N. 
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tion under seven blows of a double-acting steam hammer, but, on the following 
day, five blows were sufficient. The use of any formula, based on final pene- 
tration per blow in such material, will be misleading on the dangerous side, 
giving apparent safe loads that could disappear overnight. 

On the other hand, most soils show an increase of sustaining power by skin 
friction as the ground sets against and around the pile. The presence of clay 
facilitates driving, acting as a lubricant while the pile is in motion and tighten- 
ing up after it begins to rest. When the formula was first developed, driving 
was done exclusively by the drop hammer method with a sensible lapse of time 
between blows. The pile had a short rest period between blows and the formula 
had greater usefulness. Now, with steam hammers being used almost ex- 
clusively, the piles and the ground are in practically continuous agitation and 
the dynamic formula fails to indicate the full value. Engineers have driven 
many feet of unnecessary piling under such conditions to meet a formula which 
is not applicable. 

Data from records in northern New York are of interest (see Table 12), 
showing the great variation of safe bearing power, according to the formula, 


TABLE 12.—VaRIATION OF SAFE LOAD AS COMPUTED BY 
“HNGINEERING News” ForRMULA 


Or1aInaL DrIvING REDRIVING 
oe | 
NO. Penetration Formula Penetration Formula 
Date me under load Date during load 
last blow (tons) redriving (tons) 
36V6 Dec. 10 35 0.6 in. 26 Dec. 18 6 blows, 0.25 in. 43 
36V7 Dec. 10 38 0.55 in. 23 Dec. 18 4 blows, 0.25in. |: 43 
1B2 Jan. 31 48 0.92 in. 15 Jan. 31¢ 22 blows, 1 ft 23 
5H1 Jan. 21 39 12.0 ft? 0.1 Jan. 215 | 17 blows, 2.00 in. 69 
38M4 Dec. 12 47.5 0.5 in.¢ 25 Dec, 12¢ 5 blows, 1 in. 50 
15B2 Jan. 6 48.58 0.86 in.¢ 16 Jan. 6¢ 7 blows, 1 in. 62 


moving (formula load, 150 tons). Driven normally to a depth of 39 ft, this pile then sank 12 ft under 
one blow. Two hours later 15 blows were required to start it moving again (formula load, 150 tons). 
¢ Five hours later, 7 blows were required to start this pile moving (formula load, 150 tons). ¢ After 1 hr, 


4 ee ore required for a penetration of 1 in. (formula load, 43 tons), then it required 7 blows for the 
next inch. 


between time of driving and after a rest period. The ground was wet blue clay | 


; 


\ 


2 Immediately after changing core, when driving was resumed, it required 15 blows to start the pile * 


and fine sand and clay. The piles used were step-taper piles driven with a_ 


single-acting hammer having a 5,000-lb ram and a stroke of 36 in., sinking 
initially 15 ft to 20 ft under the weight of the hammer alone. 

A static load test was made for reference, December 18 to December 26, on 
a pile driven December 11. The pile sank 26 ft under the weight of the hammer 
and then required 115 blows to drive it to a depth of 40.25 ft with a penetration 
under the last blow of 0.86 in. (formula safe load, 16 tons). The loading test 
showed a settlement of 0.009 ft at 30 tons and 0.03 ft at 60 tons which increased 


pile was entirely acceptable for a working load of 30 tons. 
The foregoing examples are given to illustrate the fact that penetration 
under the blows of a hammer during driving is not a reliable measure of load- 


to 0.04 ft when pile driving was begun on adjacent footings. Therefore, the 
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sustaining power. An extreme example would be that of a pile jetted into 
beach sand where no blows whatever are required and yet, after a rest period, 
the sustaining power of a substantial pile might be limited only by the strength 
of the pile material. 

For a practical procedure the writer suggests that load tests be made on a 
few piles for control reference and that redriving tests be made in sufficient 
number to assure the uniformity of conditions or to discover possible variations.*7 


CiEemMEenT C. Wiuiiams,** M. Am. Soc. C. E.***—The Committee is to be 
commended for their orderly statements of the general significance of pile- 
driving formulas and for their cautions relative to their use. They might well 
have stated some of the obvious general characteristics, or axioms, of pile 
foundations which would aid in interpreting the estimates of bearing capacity 
derived from such formulas, such as: 


(1) The elements involved; namely, the soils, the piles, and the driving 
are so variable that precision in the estimates cannot be expected. Any pile 
formula based on principles of dynamics of driving involves assumptions of 
elasticity and impact that are known to be only approximately true at best. 
A formula having complicated refinements is not consistent with the nature 
of the problem. 

The plethora of elaborated literature on “soil mechanics” seems to have 
misled some engineers into the belief that soil is an engineering material with 
a well defined ‘‘mechanics”’ analogous to hydraulics for water and metallurgy 
for steel, following mathematical relationships of elasticity and friction. This 
science is nearer an “‘ology”’ that it is an ‘‘ics,” and only as it makes possible a 
more precise designation of soils with definite properties does it apply to pile 
formulas. 

(2) The bearing of piles can be estimated only by inference and should not 
be considered as adequately determined by any one formula. By a comparison 
of results from dynamics formulas and statics formulas, and by test piles, 
assigning relative weights to the methods in accordance with the completeness 
of the information in each process, a reliable value can be obtained. For 
example, if little is actually known with regard to the soils in contact with the 
piles, formulas from statics are of little significance, while if the soils informa- 
tion is complete, much weight might properly be attached to statics formulas. 
Identical soils will yield identical behavior. 

(3) The soil stratum at the point of the piles is of primary importance, since, 
_ by principles of statics, it must carry the total superimposed load however that 
load may be communicated to it, either directly by the piles or indirectly 
through the soil surrounding the piles. Sufficient explorations should be con- 
ducted to determine the nature at this stratum. 


37 See “Soil Mechanics and Foundations,”’ by Fred L. Plummer and Stanley M. Dore, Pitman Pub- 
lishing Corp., New York and Chicago, 1940, Chapter 14. 

38 Pres., Lehigh Univ., Bethlehem, Pa. 

38a Received by the Secretary October 14, 1941. 
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In considering dynamics formulas, attention should be called to the neces- 
sity of adzing the top of the pile to sound wood before making the impact on 
which calculations are to be based. A large proportion of the energy of the 
driving hammer may be dissipated in heat if the head of the pile is entirely 
broomed and this loss of energy tends to vitiate any dynamics formula. For 
example, in one instance a broomed pile sank about a third as much under a 
blow as it did after being adzed. 

For small penetrations, as in sand, the deformation of the pile itself should 
be added to the penetration, s, to preserve the theory of the formula. If this 
is not done, the results for a penetration of + in. may be as much as 50% too 
large. This principle has been confirmed by observations. 

The Hiley formula follows dynamics theory more closely than does the 
‘Engineering News’ formula, but unless definite information is at hand for 
the various factors, it may be less trustworthy than a formula with the factors 
generalized. Although the “Engineering News” formula is little more than 
empiric, the large amount of observed data accumulated around it renders it 
a useful rough index of pile capacity. However, its application must be stand- 
ardized to obtain reliable results and should be checked against other estimates. 

The simple statics formula, 


a being the area of cross section at the point and p the soil bearing capacity at 
the point, has sufficient utility to warrant its inclusion in the report, chiefly 
because of the experience that clusters about it. The deformations of the soils 
under compression at the pile point and in shear by skin friction at the sides 
are normally of such magnitude that these two sources of resistance are oper- 
ative simultaneously and are therefore additive. Where the pile rests on rock 
or other rigid stratum, the pile acts as a column supported along the sides 
within the lateral resistance of the soil. The reliability of this formula de- ~ 
pends on the completeness of the knowledge relative to the soils in contact 
with the pile. If, through borings, that information is complete, this formula 
yields dependable values. 

The fact that theories of conjugate stresses applicable to an elastic solid 
do not apply to soils as Rankin assumed should not be held to nullify the prin- _ 
ciple that the intensity of lateral pressures in soils increases approximately — 
with the depth and hence to justify jettisoning all statics formulas; and the . 
Committee might well have explored the relationships which affect the relia- 
bility of this type of formula. 


D. P. Kryninz,** M. Am. Soc. C. E.3°*—Of the two reports, A and B, the 
latter is preferable. It is too concise, however, and probably its practical 
application will be difficult for an engineer not familiar with the bibliography : 
of the subject. Besides amplification, some small changes, perhaps, are 
necessary. For instance, at the end of Paragtaph B-1 the writer would make 


39 Research Associate in Soil Mechanics, Dept. of Civ. Eng., Yale Univ., New H 
' , 5 be - aven, : 
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the following addition: “and, in some occasions, possible non-uniform pressure 
distribution between individual piles.” 

Mathematics in Report A—There is too much mathematics in Report A. 
An engineer must have an excellent knowledge of mathematics, which is one of 
his “tools”; but in all cases, without any exception, mathematical results must 
be checked against sound engineering judgment based on experience which 
can be replaced by no theories. This statement is especially true in the case 
of pile driving. 

The Hiley Formula Examined—tThe value of k in the Hiley formula (ne 4) 
forms the bulk of the denominator s + k, if penetration per blow is small; 
hence, in this case the value of & controls ite value of the dynamic resistance. 
Therefore, the values of k should be determined with great care. 

In Paragraph A-8 the value of k is defined as one half of the rebound of the 
hammer. It equals the sum of C + C; + C2, neither of these values depending 
on the weight of the hammer. It follows that the value of the rebound of the 
hammer is assumed to be independent of the weight of the hammer. 

Furthermore, a question that arises in examining the Hiley formula is the 
following: Is the value of the dynamic resistance, Ra, as furnished by this 
formula, a constant for a given pile? In other words, does the dynamic re- 
sistance, Ra, depend on the properties of the hammer, particularly on its 
weight? Personally, the writer is not so sure that the value of Ra doeg not 
depend on the weight of the hammer. Therefore, in the following computa- 
tions both assumptions are made. 

In Fig. 3 the accumulated number of blows is plotted against penetration, 
thus obtaining curves for two H-piles 14 in. by 143 in. (weight 89 lb per ft). 
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Fic. 3.—Numprr or Birows (Accumunarep) Acatnst ToTaL PENETRATION FOR Two H-PiLrs 


The total final length of these piles is about 114 ft; but, in driving them through 
water, a follower about 48 ft long and weighing about 3.5 tons was used. 
Pile I was driven with a single-acting steam hammer (weight of ram 7,500 Ib 
and a 39-in. stroke). To drive pile II another single-acting steam hammer 


1796 KRYNINE ON PILE FORMULAS Discussions — 


was used (weight of ram 5,000 lb and a 36-in. stroke). Piles I and II were 
about 5 ft from center to center so that the soil conditions were practically 
the same for the two piles. The behavior of piles driven subsequently in the 

vicinity of piles I and II justified 


TABLE 13.—AVERAGE VALUES this assumption. Pile II was 

OF Ss; AND S2 driven several days after pile I. 

Both of them passed through 

! Pu Ie | Prre Il organic silt, fine sand, and 
Thick- k Length & ‘ 

Layer| ness Soil §=|————_|——_ “in. coarse sand before reaching re- 
t : ; : 

oD Blows| s1 |Blows} s2 sistance. Approximate soil con- 


Organic silt] 16 |2.25| 62 |0.58] 1.38\4 ditions, as revealed by a boring 
Fine sand | 51 |1.41| 134 |0.54] 0.48 ‘ , 
Fine sand SL 1.18 127 0.47 0.36 | 25 ft away, are shown in Fig. 
49 | 0.73] 1 i : eis 
Satire . 025] 3. A part of the driven depth 
as; and s2 represent average penetration in inches per in Fig. 3 has been subdivided 
blow. © Half the rebound 2 k, in inches. . 5 
into four layers, one of which 
corresponds to silt, two to fine 
sand, and one to coarse sand. Average penetrations si and s of piles I and 
II, respectively, are to be found in Table 13 (compare also Fig. 3): 
The symbols, £, and EF: (used hereafter for energy furnished by the two 
hammers), correspond to the values of e W hasin the Hiley formula. Compute 
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the values of a Pe for the two cases and call these abstract numbers a1 
and ae, respectively. Then, applying Eq. 4: 
, ay Ey 

R'a FC Ene et See ae ee (45a) 

and 

wr a2 E, 

aloes ay Cas eo (45D) 


In Eqs. 45 the symbols R’a and R’’a represent the values of the dynamic re- 
sistance for pile I and pile II, respectively. Let R’3 = x Rg. Thecasex = 1 
means that the driving resistance is independent of the weight of the hammer. 
If it does depend on the weight of the hammer, the value of x would be pre- 
sumably greater than unity; thus, using Eqs. 45: 


a, FE, ay Ee 
Pelagia onan my ene rs aT z.... (46a) 
or 
2 ay Ey eal Si + k 
- x teks spk le hike ee (46d) 
For the case shown in Fig. 3, the writer estimated the value of the ratio nds 
Ag Le 


at 1.85. Placing z = 1 in Eq. 46d, values of & for different layers have been. 
computed as shown in Table 13. A simple analysis of Eq. 46 shows that. 
these values are lower limits of the value k. They correspond to the case in. 
which the driving resistance does not depend on the value of the hammer. If’ 
it is otherwise, the values of & would be even greater than those in Table 13. . 
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Fig. 3 was prepared on the basis of some pile-driving records of the Con- 
necticut State Highway Department. It is given in this discussion with a 
twofold purpose: (a) To suggest that, in addition to the direct field measure- | 
ments as advised in Paragraph B-10 of the Report, there may be other, perhaps 
more direct, field methods of estimating the value of k; and (b) to show how 
considerable the value of k (computed using the Hiley formula) may be in the 
case of long, heavy H-piles, which practically are not discussed in the Report. 

Rebound of the Hammer.—For the case of a rather indeformable hammer 
and a rather deformable pile the value of 2 & practically depends on the elastic 
deformations of the pile only, as Report A rightly states. When a heavy 
hammer strikes an equally heavy pile, and both of them are elastically de- 
formed, elastic forces may act differently. The writer would like to know 
definitely whether or not the value 
of k may depend on the properties 
of the hammer. Another question 
that arises from simple visual in- 
spection of both Fig. 3 and Table 
13 is whether the value of k depends 
on soil characteristics. 

Length and Weight of the Pile. 
—Consider the case shown in Fig. 
4. <A heavy pile penetrated a stra- 
tum of soft material to level A and Material 
afterward was driven with a hammer 
to level B. What is the length Z to 
be introduced into Eqs. 10 and 11— 
the driven length Zi; the length 
from the earth surface L»; or perhaps 
the full length L;? The same ques- 
tion arises as to the weight P of the 
pile, and to the weight of thefollower, 2 
if any. All these questions should Rock 
-be clarified in the ‘‘Manual,” if un- Fiat de anor Oia Paes 
fortunately the Hiley formula is re- 
commended for the general use. The writer sincerely hopes, however, that 
this will not happen. 

Battered Piles—It would be important to give to the profession at least a 
few rules concerning the driving of both battered piles and vertical piles loaded _ 
with horizontal forces. 

Local Use of Empirical Formulas—The writer would not say that the 
“Wngineering News” formula, or some other empirical rule, is entirely inappli- 
cable. It may happen that an engineer working for many years in a locality 
under given soil conditions has elaborated his own formula or has noticed that 
in his case the ‘“‘Engineering News” formula applies. Such an engineer should 
not be discouraged from using his rules, on the condition, however, that he 
limit such use to the given locality. As an analogy, the case of forecasting 
weather may be quoted. Local residents sometimes forecast weather ad- 
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mirably from the signs known to them alone—often better than the ‘‘weather- 
man” does. Nobody, however, would say to these people: “Stop forecasting 
weather because your method is not scientific.” On the contrary, persons 
depending on weather look for this information, and every engineer who has 
worked in a primitive country knows it. 

Observations Needed. —It is regrettable that the Committee did not furnish ~ 
more examples from American practice. Examples and references in Report 
A are European, referring mostly to drop hammers and, in some cases, to 
single-acting steam hammers. Information on the drop hammer is still im- 
portant, perhaps; but, in addition, it is desirable to give some data on the 
double-acting steam hammer, which is entirely ignored in the Report. 

It would be advisable to take advantage of the enormous statistical material 
on pile driving which may be obtained throughout the United States, and 
which probably has been obtained already by the Committee. Such practical 
examples would contribute to the success of the proposed Manual. 

Reinforced Earth—In some cases as, for instance, in locks or under bridge 
piers, piles may form a whole with the earth mass. Perhaps simplified methods 
of analysis could be applied in such cases. This idea was advanced by the 
writer some time ago.*° 

Conclusion.—The prospect of having a Manual of Engineering Practice on 
Pile Foundations is very attractive. This Manual, as the writer believes, 
should be based on Report B. However, the text should be tangible and should 
give genuine information to the practicing engineer, and not mere declarations. 
Otherwise it is possible that from the two reports, A and B, the practicing 
engineer will choose the former, which, though objectionable, gives him some 
data to be used immediately in his everyday work. 


Correction: In Kq. 12, change the “minus” sign to “plus”; and, on page 859, 
line 5, change ‘‘Boulogne siirmer”’ to “‘Boulogne-sur-Mer.”’ 


49 Transactions, Am. Soc. C. E., Vol. 102 (1937), p. 283. 


